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Preface 


Surfaces of constant mean curvature (cmc surfaces) play an important role in clas- 
sical differential geometry because they are the local solutions of one of the oldest 
problems in geometry, namely, the isoperimetric problem: find those surfaces of 
least area enclosing a prescribed volume. These surfaces are of great interest not 
only for mathematicians, but also for physicists and engineers since they provide 
mathematical models in contexts where a physical system seeks a state of least en- 
ergy. A number of texts are available which deal with this type of surface in more 
or less depth. The classical book of H. Hopf [Hop83] contains interesting material 
that can be used as an introduction. We also refer to Nitsche and Osserman for min- 
imal surfaces [Nit89, Oss86] and the recent book of K. Kenmotsu [Ken03]. See also 
[Boy59, EJ07, Law80, Opr00]. 

This book introduces the reader to that part of the subject concerning ‘surfaces 
with boundary’. Our aim is to present as much as possible of the theory of compact 
constant mean curvature surfaces spanning a given boundary curve, selecting the 
results that represent the core of this theory. The initial motivating problem is the 
simplest case of boundary, say a circle, and we ask what type of symmetries of 
the circle are inherited by the surface that spans it. We describe various methods, 
such as, the tangency principle, the Alexandrov method, the flux formula and the 
Dirichlet problem and we shall emphasize the geometric aspects of these techniques 
in the context of the theory of surfaces with constant mean curvature. Most of the 
results are given in Euclidean space and in particular in the three-dimensional case, 
but we can consider other ambient spaces and dimensions. In this monograph we 
only extend the discussion to hyperbolic space and we dedicate the last chapter to 
the study of these surfaces in Lorentz-Minkowski space. The references that appear 
in this book are only a small part of the bibliography in this theory. 

One of the main goals of this book is to help graduate students to get started 
on research in the theory of surfaces in Euclidean space with constant mean cur- 
vature. We have tried to write a reasonably self-contained text so that the reader 
can learn the techniques of the subject in such a way that they will begin with ba- 
sic methods and results and end with recent research topics. We do assume that 
the reader knows the elementary theory of surfaces, as presented for example in 
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do Carmo [Car76] and Montiel and Ros [MRO9] and the basic theory of inte- 
gration and submanifolds in Riemannian manifolds as described in selected parts 
of [Car92, Chv94]. 

The text is organized as follows. In Chap. | we present an historical review of sur- 
faces with constant mean curvature motivating their study by the classical isoperi- 
metric problem. Historically there are two parallel problems depending on whether 
we consider only one constraints (the volume) or two constraints (the volume and 
the boundary). In the first case, we recall the different characterizations of the sphere 
within the family of closed surfaces with constant mean curvature. The absence of 
new examples brought as a consequence a great effort to find new surfaces (and 
techniques), finally succeeding in the discovery by H.C. Wente of a torus immersed 
in Euclidean space with constant mean curvature. This opened new avenues of re- 
search in the theory. For surfaces with boundary, Douglas and Rado considered the 
Plateau problem for minimal surfaces and later, in the 1950s, Heinz and others con- 
sidered the general case of mean curvature. 

In Chap. 2, anticipating the main discussions of the book, we focus on the basic 
properties of cmc surfaces. We derive the first variation of the area and we give 
the variational characterization of a cmc surface. We give the notion of stability 
of a surface when we compute the second variation of the area. Next we prove 
the Hopf theorem, introducing complex coordinates on a cmc surface. Following 
this, we compute the Laplacian of the position vector and the Gauss map. With 
these techniques we obtain height estimates for a cmc graph and finally we prove 
the classical results of Jellet and Barbosa-do Carmo that characterize the sphere 
within the family of closed cmc surfaces under the corresponding hypothesis that 
the surface is starshaped and stable, respectively. 

Chapter 3 introduces the comparison principle and the tangency principle, two of 
the main tools employed in this book. These are obtained first by writing a surface 
locally as the graph of a function z = u(x, y). Then the constancy of the mean cur- 
vature implies that u satisfies a second order partial differential equation of elliptic 
type. The ellipticity of the equation allows the use of the classical Hopf maximum 
principle. We will obtain an initial set of results on compact cmc surfaces with pla- 
nar boundary giving conditions which ensure that the surface lies on one side of 
the boundary plane. Comparing the surface with spheres and cylinders, we obtain 
characterizations of a sphere if the surface is included in the closure of a Euclidean 
ball or a cylinder whose radii are related to the value of the mean curvature of the 
surface. 

In Chap. 4 we study embedded cmc surfaces using the reflection technique of 
Alexandrov. With this method we will give conditions determining whether the 
symmetries of the boundary are inherited by the surface, in particular, when the 
boundary is a plane curve. We employ the method of reflection by means of planes 
orthogonal to the plane containing the boundary, proving that, under some condi- 
tions, if the boundary is a circle the surface is rotational. In this context, we also use 
the reflection method with planes parallel to the boundary plane, obtaining results 
that prove that the surface is a graph. Finally, we use the Alexandrov method for 
embedded cmc surfaces whose boundary lies in a sphere and we give conditions 
that ensure that the surface lies on one side of the sphere. 
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In Chap. 5 we study how the geometry of a given closed curve imposes restric- 
tions on the existence of surfaces with constant mean curvature that span such a 
curve. We shall obtain a flux formula that will play an important role, not only in 
this chapter but throughout the rest of the book. With the aid of the flux formula, and 
jointly the tangency principle, we will derive some geometric configurations where 
the surface is contained in a Euclidean ball or a cylinder whose size is related with 
the value of mean curvature of the surface. In the last section, we will prove that if 
an embedded surface with convex boundary is transverse to the boundary plane then 
it lies on one side of this plane. 

Chapter 6 addresses the study of the area and the volume of a compact cmc sur- 
face with boundary. The control of the area or the volume will give information on 
the geometry of the surface. The chapter begins by obtaining a monotonicity for- 
mula for the area in terms of the height of the surface and we will show that the 
solutions of the isoperimetric problem for convex planar domains are graphs if the 
volume is sufficiently small. In the last section, we will consider embedded sur- 
faces with large volume and we will prove that, under some conditions, the surface 
converges to a large spherical cap if the volume is sufficiently big. 

Chapter 7 treats the case where the given boundary is a circle. When the topology 
of the surface is a disk, we shall characterize a spherical cap under hypotheses on 
the area. In this chapter, it will be shown that the planar disk and the spherical cap 
are the only stable disks with constant mean curvature spanning a circle. 

Chapters 8 and 9 are devoted to the Dirichlet problem of the constant mean cur- 
vature equation. First we consider the case where the domain is bounded, whereas 
in Chap. 9 the domain is unbounded. We will describe the techniques used to solve 
the Dirichlet problem, namely, the continuity method and the Perron method. We 
shall give a set of existence results when the domain is convex under hypotheses 
on the curvature and length of the boundary curve or the area of the domain. If the 
domain is not convex, we assume a uniform circle exterior condition. In order to get 
the desired estimates, we shall employ pieces of rotational cmc surfaces as barriers. 
In addition, we will give estimates of the height of a cmc graph. If the boundary val- 
ues are bounded, the estimates depend only on the mean curvature and the boundary 
data. When the domain is bounded, we also obtain estimates of the graph in terms 
of the area of the domain. 

Chapter 10 concerns the study of compact cme surfaces in hyperbolic space Hi? 
and we ask questions similar to those posed in Euclidean space. A basic difference 
in this ambient space is the variety of umbilical surfaces because, besides totally 
geodesic surfaces and spheres, there are equidistant surfaces and horospheres. We 
shall see that the problems differ depending on the value of the mean curvature 
H. For example, if |H| > 1, the surface exhibits behaviour similar to that in R3, if 
|H| = 1, the surface has some similarities with a minimal surface of R? and finally, 
if |H| < 1, the nature of the problem has no equivalent in Euclidean space. 

Chapter | 1 deals with the Dirichlet problem for geodesic graphs in the hyperbolic 
setting. We shall consider the solvability of the problem when the domain is included 
in a geodesic plane, an equidistant surface and a horosphere. Here we restrict to the 
case that the domain is bounded and strictly convex. 
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Finally, in Chap. 12 we consider cmc surfaces with boundary in Lorentz- 
Minkowski space L?. Here we study spacelike surfaces because the induced metric 
on the surface is Riemannian. We shall characterize the umbilical surfaces as the 
only spacelike compact surfaces of constant mean curvature spanning a circle. We 
also treat techniques such as the tangency principle and the flux formula, and finally, 
we shall consider the Dirichlet problem for the constant mean curvature equation. 

There is an appendix, where we derive the first and second variation of the area, 
and we finish with an open problems section. 

We point out some topics on cmc surfaces that are beyond the scope of this book. 


1. Complete surfaces with constant mean curvature. After the discovery by 
H.C. Wente of an immersed torus with constant mean curvature in Euclidean 
space [Wen86], a great deal of work has been focused on the description 
of complete and closed cmc surfaces with arbitrary topology. This effort 
was initiated by N. Kapouleas, who constructed surfaces with high genus. 
See [Kap90, Kap91, Kap92]. 

2. Existence of parametric constant mean curvature surfaces. The techniques are 
based on functional analysis. The pioneering results were established by, among 
others, E. Heinz and S. Hildebrandt. The two texts of Struwe are good introduc- 
tions to the topic [Str88, Str00]. 

3. Existence of non-parametric surfaces whose mean curvature is not constant. The 
constant mean curvature equation is just one of a whole family of equations of 
divergence type, which have been widely studied in the theory of partial differ- 
ential equations. The text of Gilbarg and Trudinger [GTO1] is a suitable starting 
point for the techniques and the first results. 

4. The DPW method. For a non-minimal cme surface, J. Dorfmeister, F. Pedit and 
H. Wu developed a generalized Weierstrass representation in terms of holomor- 
phic functions by combining the Sym-Bobenko formula with integrable systems 
methods [DPW98]. Using loop groups, this technique can be used to construct 
cmc surfaces. We refer to [FKRO5, Hel01]. 

5. Capillarity. The condition that the boundary curve is prescribed is replaced by 
the fact that the angle between the surface with a given support is constant. We 
refer to [Fin86, Lan02]. 

6. Minimal surfaces, that is, surfaces with zero mean curvature. See [BaCo86, 
CM11, DHKW92, Nit89, Oss86]. 

7. Generalizations in other ambient spaces, such as homogeneous spaces. In the 
last decade, there has been an intensive effort to develop the theory of cmc sur- 
faces, including minimal surfaces, in Thurston’s eight models for 3-dimensional 
geometries [Thu97]. This interest is due after the recent work of U. Abresch and 
H. Rosenberg concerning the extension of the Hopf theorem [AR04]. See the sur- 
veys [DHM09, MP12]. Some works that consider the topics of this book in these 
spaces are [Bar13, CS12, Daj06, ET08, ET11, EFR10, FM11, FR12, HRSO9, 
Lop12, NESTO08, Pin09, Sen11, Spr07]. 


This monograph is an outgrowth of a series of seminars entitled “Surfaces with 
constant mean curvature in Euclidean space” that I gave in 2010 at the University 
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of Granada. The origin of some of the material can also be found in the author’s 
articles [Lop96, Lop05, Lop06a, Lop 10a]. 

Some of the results of this book which relate to my own research grew out of 
discussions with colleagues and collaborators. Firstly, I am grateful to Sebastian 
Montiel, the advisor of my Ph. Doctoral Thesis [Lop96], who first introduced me 
to the field of differential geometry and, in particular, to the topic of surfaces with 
constant mean curvature. Also, I am indebted to Antonio Ros who has always stim- 
ulated my work and with whom I have enjoyed many fruitful discussions. Finally, I 
wish to thank Luis J. Alias, Bennett Palmer, Joaquin Pérez and Miguel Sanchez for 
valuable conversations. 


Granada, Spain Rafael Lépez 
May 2013 
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Chapter 1 
A Brief Historical Introduction and Motivations 


The problems that we consider in this book are easily explained to a non- 
mathematician and can be introduced as follows. Let us take a drinking straw with 
circular cross-section and lower one of its ends into a container filled with a soap so- 
lution. When we extract the straw, a soap film has formed which coincides with the 
flat disk whose boundary is the circular rim at the straw’s end. Now we slowly pump 
air into the straw from the other end and we see that the flat disk changes into a soap 
bubble attached to the border. On the end into which we are pumping air, we place 
a finger so that the air cannot escape from the straw. The soap bubbles we always 
observe are spherical caps. Once the spherical cap is formed, we can perform small 
movements of the bubble without removing our finger and without destroying the 
soap bubble in such way that the bubble remains attached to the straw. The bubble 
will perturb and change shape, but when we stop and the soap bubble attains a new 
equilibrium, the surface formed is the initial spherical cap again. This cap has the 
property that its mean curvature is constant on the surface. In our experiment, this 
constant is proportional to the difference in air pressure on both sides of the soap 
film according to the Laplace equation. For example, in the flat disk, the first formed 
soap film, the pressures on each side of the surface are the same and agree with the 
atmospheric pressure. In this case, the mean curvature of the surface is zero. Once 
we introduce air into the interior of the straw and the spherical cap has been formed, 
the pressure of the air inside the straw is greater than the atmospheric pressure on 
the other side of the soap bubble. 

From a physical viewpoint, the surface has been constructed under two con- 
straints. First, the boundary, which is fixed and, in our case, is the circular rim of the 
straw. Second, the volume of air enclosed by the bubble’s surface together with the 
straw which also remains fixed. In this sense, a spherical cap is a solution of a varia- 
tional problem because when we perturb the surface preserving both constraints, the 
energy of the soap bubble is bigger since it increases as the surface area grows. Then 
physical equilibrium is attained again when the surface minimizes its area, and this 
occurs when this surface is spherical. From the mathematical viewpoint, it is natural 
to ask: 
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2 1 A Brief Historical Introduction and Motivations 


What is the shape of a mathematical soap bubble with circular boundary? 


More generally, we want to investigate the relationship between the shape of the 
rim and that of the soap bubble formed. The contribution of this book is to explore 
the answers to the following question: 


Given a closed curve I, what is the shape of a compact surface of constant 
mean curvature whose boundary is I”? 


Returning to the experiment, if we continue to blow air into the straw, the bubble 
eventually becomes detached from the straw, taking the shape of a sphere; the so- 
called soap bubble that any child makes with a bubble wand. Again the soap bubble 
minimizes area but now there is only one constraint, namely, the volume enclosed 
by the bubble. In this case, and from a topological viewpoint, the soap bubble is 
a closed surface, that is, a compact surface without boundary. Closed surfaces of 
constant mean curvature have been studied from the beginning because the sphere 
was the first example of such a surface. 

In differential geometry, the mean curvature of a surface appears when we con- 
sider the classical isoperimetric problem, which can be stated as follows: 


Among all surfaces that enclose a given amount of volume, find the surface 
of least area. 


The answer is the round sphere, as was shown by H.A. Schwarz using previous 
ideas of J. Steiner [Swz84, Stn42]. If we only look for infinitesimal solutions of the 
isoperimetric problem, the area of a compact surface immersed in Euclidean space 
is stationary with respect to all volume preserving variations if and only if the im- 
mersion has constant mean curvature. In other words, surfaces with constant mean 
curvature are the critical points of the area functional with respect to local deforma- 
tions that preserve the enclosed volume. In the case of zero mean curvature at each 
point, the surface is called a minimal surface. The study of surfaces with constant 
mean curvature is of interest in itself, besides the isoperimetric problem, and it is a 
common thread in many works in differential geometry. As N. Hitchin asserted in 
his contribution to the volume “Mathematics Unlimited—2001 and Beyond”, refer- 
ring to the surfaces of constant mean curvature [Hit00, p. 577]: 


“[...] the objects, though perhaps not the methods, would have been recognizable by par- 
ticipants at an International Congress a hundred years ago.” 


Surfaces of constant mean curvature, or simply cmc surfaces, are used as math- 
ematical models in physical settings where the energy is proportional to the surface 
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area. For example, they are models of the rise of a liquid in a thin tube introduced 
into a tank of liquid in the absence of gravity that ascends or descends by the capil- 
lary action. The first works on capillarity were initiated by T. Young and P.S. Laplace 
at the beginning of the 19th century [Lap05, You05]. The notion of mean curvature 
appeared around 1810 in elasticity problems studied by S. Germain who coined the 
name ‘mean curvature’ [Ger31], although it was J.B. Meusnier who first considered 
the sum of the principal curvatures to characterize surfaces that locally minimize 
area [Meu85]. 

Other examples in physics where cmc surfaces arise are the so-called interfaces. 
An interface is the region where two different homogeneous phases meet, such as 
two immiscible liquids or between a liquid and air. We may consider this region 
separating both media to have negligible thickness in such way that the interface 
is modeled by a mathematical surface. In the absence of gravity, the shape of this 
interface changes until it attains a state of physical equilibrium, which occurs when 
the interface minimizes the energy. In this setting, the energy of the interface is 
proportional to its surface area. Then the pressure difference P. — P; between the 
exterior and the interior across the interface S is proportional to the surface tension 
y of S and the shape of the interface is governed by the Laplace equation 


P, — P; =2Hy. (1.1) 


Here H denotes the mean curvature of the surface S and y is a constant depend- 
ing only on the materials. In the case where the pressures are constant, the mean 
curvature of S is constant. Soap bubbles and soap films are examples of interfaces 
in this context. If we consider liquid drops resting (or hanging) on a plane in the 
presence of gravity, the Laplace equation (1.1) is modified, adding an extra term 
that reflects the weight of the drop. In this setting the mean curvature of the liquid- 
air interface is a linear function of the vertical coordinate, say, towards where the 
gravity acts. The literature on interfaces and capillarity is extensive and we do not 
include here a complete list. From a physical viewpoint, we refer to Adamson and 
Gast [AG82], Boys [Boy59] and the most recent texts of de Gennes, Brochard-Wyart 
and Quéré [GBQ04] and Langbein [Lan02]. In mathematics, we cite Finn [Fin86] 
and Isenberg [Ise92]. 

A special topic is the case of minimal surfaces. By the Laplace equation (1.1), the 
mean curvature is zero on the interface if the pressures on both sides are equal. Math- 
ematically this means that a minimal surface is a critical point of the area for arbi- 
trary variations without the need to preserve the volume. Although the equation H = 
0 is the simplest one, the theory is extremely rich. Here we mention the classical 
texts of Nitsche [Nit89] and Osserman [Oss86] and, recently, the book of Colding 
and Minicozzi [CM11]. See also [BaCo86, CM99, DHKW92, FT91, Hof05, Law80] 
and references therein. 

As we have pointed out, motivated by the round sphere, it is natural to consider 
cme closed surfaces as a first step. For many years, the only known example of a 
closed cmc surface was the sphere and the works of geometers focused on charac- 
terizing it. Already by 1853, J.H. Jellet had proved that the sphere is the only star- 
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shaped surface of constant mean curvature [Jel53]. In 1900 H. Liebmann showed 
that an ovaloid of constant mean curvature must be a sphere [Lie00]. 

Half a century later, two results were proved which are milestones in the theory. 
In 1951, H. Hopf [Hop83] proved, associating to each cmc surface a holomorphic 
differential 2-form, that 


The sphere is the only closed cmc surface of genus 0. 


Later, in a sequence of articles between 1956 and 1962, A. D. Alexandrov [Ale56, 
Ale62] showed that 


The sphere is the only closed embedded cme surface. 


This result was indeed surprising not for the statement, which was expected, but 
for the method that Alexandrov used to prove it, which was completely different to 
that of Liebmann and Hopf. The technique, called the reflection method of Alexan- 
drov, is based on a clever use of the maximum principle for linear elliptic equations 
and it has been utilized by a number of authors in differential geometry and in the 
theory of partial differential equations. Combining these two results, a last theorem 
due to J.L. Barbosa and M. do Carmo completes this scenario [BC84]: 


The sphere is the only closed stable cme surface. 


Until the eighties, the sphere was the only known closed cmc surface in Euclidean 
space and many geometers asked if it was the only example. This is the so-called 
Hopf conjecture, or “‘Hopf’s problem’ of M. Spivak in [Spi79, vol. IV, p. 451], al- 
though Hopf’s quote is [Hop83, p. 131]: 

“The question whether there exist closed surfaces of genus > 1 with H =c and with self- 

intersections (i.e., not simple) which are not spheres remains unanswered.” 


Finally, another milestone in the theory, H. C. Wente demonstrated in 1986 the exis- 
tence of an immersed torus in R? with constant mean curvature [Wen86], introduc- 
ing an exciting development of finding closed cmc surfaces with arbitrary genus, 
that continues today. 

After these classical results, the study of cmc surfaces without boundary in Eu- 
clidean space and, in general, of hypersurfaces of this type in R”, has followed dif- 
ferent paths. One of them was the discovery by R.C. Reilly in 1978 of a new proof of 
the Alexandrov theorem, more analytic but less geometric [Rei77]. Next, S. Montiel 
and A. Ros explored other methods obtaining results of Alexandrov type for more 
general ambient spaces and curvatures [MR91, Ros87, Ros88]. Another approach 
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was the one initiated by H.C. Wente with his discovery. The technique he developed 
established a relation between cmc surfaces and certain integrable systems that al- 
lowed a deep study of cmc tori in R3 [Abr87, Bob91, PS89, UY92, Wal89]. 

New examples of soap bubbles were produced by N. Kapouleas who con- 
structed in 1991-1992 closed cme surfaces immersed in R? with arbitrary genus 
[Kap91, Kap92]. Motivated by the work of R. Schoen on the construction of com- 
plete, constant scalar curvature metrics [Sch88], the technique is based on a per- 
turbing argument from an initial configuration in equilibrium by gluing Delau- 
nay surfaces. Along the lines of contact, the surface is not smooth, but an anal- 
ysis of the kernel of the Jacobi operator and the Leray-Schauder fixed-point the- 
orem allows slight perturbations of the initial surface obtaining a smooth sur- 
face with constant mean curvature. The idea behind his construction method 
was used later by authors searching for compact cmc surfaces: see for example 
[JPO5, MPPO1, MPPO5, RatO1]. 

With respect to complete non-compact surfaces, the classical examples, discov- 
ered by C.E. Delaunay in 1838, are the (non-spherical) cmc surfaces of revolution: 
cylinders, unduloids, nodoids and catenoids, whose generating curves are the traces 
of the focus of a conic (circle, ellipse, hyperbola and parabola) that rolls on a straight 
line which is the axis of revolution of the surface [Del41]. Besides these surfaces, 
N. Kapouleas constructed examples of complete cmc surfaces with finite topology 
and more complicated than a cylinder [Kap90]. See also [Jle09, MPO1, MP02] 

W.H. Meeks III showed in 1998 that the ends of a complete cmc surface properly 
embedded in R? must be cylindrically bounded, as is the case for the Delaunay sur- 
faces. As a consequence, it was shown that there do not exist complete cmc surfaces 
properly embedded in R? with only one end [Mee88]. Later, in 1989, N. Korevaar, 
R. Kusner and B. Solomon proved that the only properly embedded complete cmc 
surfaces with only two ends are the Delaunay surfaces [KKS89]. More results on 
complete cmc surfaces appear in [BK12, GK99, GKSO0, GKS03, GKS07, KK93, 
KKRO6, KMP96, PR10]. 

Recently, another method has appeared for constructing cmc surfaces by us- 
ing loop groups. This is the DPW method initiated by J. Dorfmeister, F. Pedit and 
H.Y. Wu [DPW98]. This technique is motivated by the fact that away from umbili- 
cal points, a cmc surface is described in terms of a sinh-Gordon equation where, 
in order to be integrated, the theory of integrable systems can be applied. See 
[DH98, DHO0, DH03, DW93, DW08, KKRS05, KMS00, KSS04] and the mono- 
graphs [FKROS, Hel01]. 

There are several web sites containing ‘galleries’ of cmc surfaces. Their ad- 
dresses are listed below (accessed in May, 2013): 


1. The Center for Geometry, Analysis, Numerics and Graphics (GANG) at the Uni- 
versity of Massachusetts, Amherst: 


http: //www.gang.umass.edu/ 
2. Indiana University, maintained by Mattias Weber: 


http://www. indiana. edu/~minimal / 
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3. The University of Granada, maintained by Francisco Martin: 
http: //www.ugr.es/~fmartin 
4. The Scientific Graphics Project at the Mathematical Sciences Research Institute: 
https://secure.msri.org/about/sgp/jim/geom/index.html 
5. The University of Tubingen, maintained by Nicholas Schmitt: 


http://www.mathematik.uni-tuebingen.de/ab/ 
Differentialgeometrie/gallery/ 


Some of the above problems can be posed in other ambient spaces and dimen- 
sions. Among the variety of cases, there is no doubt that one of the most interest- 
ing is the study of compact cmc surfaces in the three-dimensional sphere S*. From 
the beginning, interest was focused on the family of compact minimal surfaces. In 
contrast to the Euclidean space, there are compact minimal surfaces in S3, as for 
example, an equator S? x {0} of S*. A result of FJ. Algrem proves that the equator 
is the only immersed compact minimal surface in S* with genus 0, obtaining the 
analogous result of Hopf in the setting of S*. In fact, he used Hopf differentials in 
the same way as they are used in the Euclidean case. See also [Law70a]. 

For the next genus g, g = 1, the Clifford torus defined by the product of two 
circles of radius 1/./2, namely, 


1 1 1 
1 — 1 — — 3. 2 2 2 2 
s'(=) xs'(=) Jovnenes :x°+y ze+t I. 


is a minimal torus in S*, which is also embedded and rotationally symmetric. If we 
increase the genus g, H.B. Lawson proved the existence of a compact embedded 
minimal surface in S* for each g > 2 [Law70a]. Later, some techniques have been 
developed to construct new compact minimal surfaces for g > 2 [Kap11, KY10, 
KPS88]. In [KY 10], N. Kapouleas and S.D. Yang employed Clifford tori connected 
by catenoid necks imitating the way as Kapouleas had used Delaunay surfaces to 
find compact cme surfaces in Euclidean space [Kap91]. 

However, the case of genus | presented an interesting attraction for geometers 
due to the lack examples. In 1970, H.B. Lawson conjectured that the Clifford torus 
was the only compact embedded minimal surface in S? of genus | [Law70b]. Many 
efforts were made to solve this problem and some partial affirmative answers were 
obtained [MN13, MR85, Ros95, Urb90]. The difficulty of the problem is high- 
lighted by the fact that the Lawson’s conjecture was included in the Millennium 
Problems series [Nor05]. Recently S. Brendle has proved affirmatively Lawson’s 
conjecture [Bre13]. We remark that the embeddedness assumption is necessary be- 
cause H.B. Lawson constructed an infinite family of minimal immersions from a 
torus into S? [Law70a]. If the mean curvature is a non-zero constant, U. Pinkall and 
I. Sterling conjectured that all embedded cmc tori in S* are surfaces of revolution 
[PS89]. This fact has been confirmed by B. Andrews and H. Li [AL 12], giving the 
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classification of rotationally symmetric cme surfaces of S* and completing the work 
initiated by O. Perdomo in [Per10]. 

Running alongside this flow of results on complete and closed cmc surfaces, 
there is another trend of research corresponding to surfaces with boundary. Roughly 
speaking, the question is the following: 


Given a closed curve  C R? and H €R, find the surface with constant mean 
curvature H spanning I". 


An approximation to this question is again by means of the isoperimetric prob- 
lem. Then we need that the surface is compact in order to consider its area. Now the 
surface has non-empty boundary and there are two versions of the problem depend- 
ing on whether or not we consider the volume as a constraint of the problem. 


Given a closed curve I C R?, find the surface of least area with boundary I". 


The surfaces that are solutions of this problem are minimal surfaces. If we pre- 
scribe a volume enclosed by the surface, the problem is the following: 


Given a closed curve  C R? and a real number V, find the surface of least 
area with boundary I” and enclosing a volume V. 


The surfaces that are solutions to this problem have constant mean curvature but 
not necessarily zero mean curvature. Classically there are two ways to approach 
these problems. 

Firstly, we start with the Plateau problem. It was J.A.F. Plateau himself who 
conducted many experiments with soap films and soap bubbles producing minimal 
and cmc surfaces for a variety of contours [Pla73]. The natural question that arose 
was, if given a closed curve I”, there exists a cmc surface spanning J” and how many 
such surfaces are there? We point out that the surfaces obtained in the experiments 
with soap bubbles, i.e., surfaces that are physically realizable, are stable and they 
are minimizers, at least locally, of the surface area. Mathematically, we look for a 
parametric surface X = X (u,v) where (u, v) belongs to a given domain §2 C R?. 
This fixes the topology of the immersed surface that we are looking for. Usually 2 
is the unit disk and for constant mean curvature H, the Plateau problem formulates 
as follows. 
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Given a Jordan curve 7 C R? and H €R, find a parametric surface M span- 
ning I” such that the mean curvature of M is H. For this, we consider a sur- 
face M parametrized on the closure of the unit disk 2 = {(u, v) € [ee 
v* < 1}, M = X(), where X : 2 > R? satisfies 


AX =2H(X,, x Xy) on 2, 
[Xul? — |Xyl? = (Xu, Xv) =0 on @, (1.2) 
X:02>T is a homeomorphism. 


The works of J. Douglas and T. Rad6é on minimal surfaces solved the case H = 0 
[Dou30, Dou31, Dou39a, Dou39b, Rad30a, Rad30b, Rad32]. For his contributions 
on the Plateau problem, J. Douglas was one of the first two Fields Medallists in 
1936. More information on the Plateau problem for minimal surfaces can be found 
in [Alm66a, Cou50, DHKW92, Nit89, Rad51]. Later, E. Heinz initiated in the fifties 
the study of the Plateau problem when H # 0 [Hei54]. There exists a number 
of existence theorems of (1.2) due to S. Hildebrandt, K. Steffen, H.C. Wente and 
H. Werner, among others: [Hi170, Ste76, SW78, Wen69, Wen71, Wen80b, Wer57]. 
See also [GuSp71, GuSp72, HK72]. Surveys on this subject are [BCG02, DuSt96, 
Ste99, Str88, StrO0]. 

We do not know about the geometry of a solution of the Plateau problem be- 
cause the surface may have self-intersections, multiple coverings and branch points. 
Without entering into details, for H = 0, it is more useful to replace the area of X, 
namely, A(X) = te |X, x Xy| du dv, by the Dirichlet integral 


1 
D(X) = Al |VX|? dudv, (1.3) 
2 


since A(X) < D(X) and a minimizer of D minimizes the area functional A. If 
H £0, the surface is obtained by minimizing the functional 


DEO = D+ = | (X, x X),X)dudv (1.4) 
2 


in a convenient class @(J”) of immersions defined on the unit disk {2 with bound- 
ary I”. The second term of Dy is, up to the constant 2H, the algebraic volume with 
respect to the origin of the surface X (uw, v). Notice that the surface is obtained as a 
solution of a variational problem associated to the Dirichlet integral with an extra 
term, a Lagrange multiplier, involving the volume of the surface. However, we do 
not prescribe the volume of the immersions of the class @(J") (see also Sect. 2.1). 
The results summarize as follows. Given a simple closed curve [ C R* and H 
a number sufficiently ‘small’ in terms of the geometry of I”, there exists a disk im- 
mersed in R? with mean curvature H and boundary I”. The techniques use direct 
methods of the calculus of variations and we find the minimum of the functional as 
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CS a 


planar disc small cap large cap 


Fig. 1.1 Surfaces with constant mean curvature spanning a given circle I” obtained by intersecting 
a sphere with a plane: a planar disk and two spherical caps 


the limit of a minimizing sequence. With an appropriate concept of compactness and 
properties of the functional Dy, such as, lower semicontinuity, we guarantee the ex- 
istence of a limit, which minimizes Dy. In order to obtain convergent subsequences 
of minimizing sequences, we consider immersions whose images are included in 
bounded domains and finally apply the machinery of functional analysis. 

For the Plateau problem, all these results have been established by H. Brézis, 
J.M. Coron, K. Steffen and M. Struwe, who proved the existence of a second solu- 
tion with the same mean curvature and boundary [BC82, BC84, Ste86, Str85, Str86]. 
This gives an affirmative answer to a conjecture attributed to Rellich that stated that 
for H #0, there will be at least two geometrically distinct (‘small’ and ‘large’) sur- 
faces of constant mean curvature H spanning a given curve: see [HC99, p. 227]. 
This second solution is usually called a ‘large’ solution. 

H.C. Wente follows an alternative approach in the Plateau problem, prescribing 
the value V of the volume instead of the mean curvature. The method consists of 
minimizing the Dirichlet integral D in the class of immersions from the disk enclos- 
ing the volume V and with the same boundary. He proves that for each real number 
V and each simple closed curve I’, there exists an immersion from the disk into R? 
with constant mean curvature bounded by I” and with volume V [Wen71]. 

Even when the boundary I of the surface is a circle, we know very little about the 
family of compact surfaces M immersed in R? with constant mean curvature H and 
with 0M =T’. E. Heinz proved that a necessary condition is || < l/r, where r is 
the radius of J” [Hei69]. If H = 0, the maximum principle proves that the flat disk 
spanning I is the only possibility. If H 4 0, two known examples are the spherical 
caps of constant mean curvature H and with boundary I" obtained by intersecting a 
sphere of radius 1/|H| with an appropriate plane. From now on, we distinguish both 
caps, and we call a small spherical cap if it is contained in a hemisphere and a large 
spherical cap if it contains a hemisphere as depicted in Fig. 1.1. When both caps 
agree, we have two equal hemispheres and this occurs when the plane goes through 
the center of the sphere. Notice that: 


1. Flat disks and spherical caps are the only compact umbilical surfaces spanning a 
circle. 

2. Flat disks and spherical caps are the only compact cmc surfaces of revolution 
spanning a circle. 


The last statement is a direct consequence of Delaunay’s classification of the family 
of cmc surfaces of revolution in R? [Del41]. 
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Using the construction method of closed cmc surfaces based on balanced dia- 
grams, N. Kapouleas proved the existence of a non-rotational compact cmc surface 
immersed in R? spanning a circle [Kap91]. This example has self-intersections, 
genus greater than 2 and lies in one of the halfspaces determined by the boundary 
plane. However, at the present time, we do not have any numerical pictures of such 
examples. This contrasts with the profusion of figures of closed and complete cmc 
surfaces, such as those found in the previously cited web sites. 

Motivated by the above three characterizations of the sphere in the family of 
closed cmc surfaces, together with the lack of examples, we make the following 
three conjectures: 


Conjecture 1 A cmc disk immersed in R? with circular boundary is umbilical. 


Conjecture 2 A compact embedded cmc surface in R? with circular boundary is 
umbilical 


Conjecture 3 A compact stable cmc surface in R? with circular boundary is um- 
bilical. 


It is surprising that the boundary versions of the Hopf, Alexandrov and Barbosa- 
do Carmo theorems for the simplest boundary curve, i.e., a circle, remain as open 
problems. In this sense, we could say that at present, unlike the sphere, spherical 
caps cannot be granted their own section of characterizations in the Hilbert and 
Cohn-Vossen’s famous book “Geometry and the Imagination” [HC99, §32]. 

Another approach to the study of cmc surfaces with boundary is the Dirichlet 
problem, which roughly says: 


Given a closed curve  C R* and H € R, find a graph with constant mean 
curvature H spanning I’. 


This is the non-parametric approach for finding cmc surfaces with boundary. Of 
course, J” must be a graph on a plane curve and so, we view I" as a function g 
defined on the boundary of a planar domain. Explicitly, the problem is as follows: 


Given a domain 2 Cc R?, H € Rand gy : 082 — R, find a smooth function u 
such that 


p Vu 
div —_ =2H onQ (1.5) 
1+ |Vul? 
u=q@g along 02 (1.6) 


where V and div are the Euclidean gradient and divergence operators in R*. 
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The graph z = u(x, y) is a surface with constant mean curvature H and its bound- 
ary is the graph of g. Equation (1.5) represents the constant mean curvature equation 
and it is the expression of the mean curvature H of the surface z = u(x, y). 

Independently of the value of ¢, there are a priori conditions on the values of H 
for the solvability of the problem. For example, if 2 is a bounded domain, a simple 
application of the divergence theorem in (1.5) shows that |H| < L(0S82)/(2a(82)), 
where L(02) and a(S2) are the length of 0§2 and the area of §2, respectively. In the 
case that §2 is around disk of radius r, then |H| < 1/r, as occurs for spherical caps. 
On the other hand, if 2 contains a disk of radius r > 0, then necessarily |H| < 1/r. 
This is a consequence of the maximum principle comparing spherical caps with the 
graph of uw. In fact, R. Finn proved that if H #0 and 92 contains a round disk of 
radius |/|H|, then the graph describes a hemisphere [Fin65]. 

The first existence result is due to R. Finn in the particular case of minimal 
graphs, i.e., H = 0 in (1.5). Extending previous results of S.N. Bernstein and 
T. Rado, he showed in 1965 [Fin65]: 


There exists a minimal graph on Q2 C R? for each arbitrary boundary condi- 
tion ¢ if and only if 2 is convex. 


See also [Brn10, Fin54, Rad51]. T. Radé showed the sufficiency proving that the 
solution of the Plateau problem when the prescribed boundary curve I” is a graph 
on the boundary 482 of a convex domain 2 Cc R* must necessarily be a graph on 
§2. This was generalized in 1982 by W.H. Meeks III and S.T. Yau proving that if 
W CR? is a bounded region whose boundary dW has non-negative mean curva- 
ture with respect to the inward normal and I” C dW is a simple closed curve null 
homotopic in W, then the solution of the Plateau problem is properly embedded 
[MY82a, MY82b]. In the case of the Rad6 result, W is the right cylinder 2 x R. 
In addition, T. Rad6 modified the initial Plateau problem proving the existence of a 
minimal surface when the prescribed boundary I" has single valued radial projection 
onto a plane convex curve [Rad32, Rad51]. 

For H £0, J. Serrin [Ser69b] showed in 1969: 


If 2 CR? is a bounded strictly convex domain, then there exists a solution of 
(1.5)-(1.6) for each arbitrary boundary condition ¢ if and only if 


k>2H>0, 
where « is the curvature of the plane curve 0{2. 
The machinery for solving the Dirichlet problem involves the Leray-Schauder 


theory for quasilinear elliptic equations of second order. The existence reduces to 
finding a priori estimates of sup¢ |u| and sup, |Vu| for a prospective solution u 
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of (1.5)-(1.6), that is, if there is a constant C, depending only on the initial data 
H,, Q and g, such that if u is a solution of (1.5)-(1.6), then 


lu| + |Vu| <C 


on §2. This assertion seems to be surprising because in order to prove the existence 
of a solution, we assume in principle that such a solution u exists. Then the effort 
consists of bounding |u| and |Vu| by a constant C independently of u. If we are 
able to find this constant C, then, indeed, u does exist. 

Other kinds of boundary conditions can be considered to find cmc surfaces but 
they will not be covered in this book. Among them, it should be pointed out, are 
boundary conditions of Neumann type, where we replace the prescribing boundary 
function g in (1.6) by the angle between the graph of the solution u of (1.5) and the 
right cylinder 092 x R. This is expressed as 


(Tam) 
————. ,n}) = cosy, 
14 |Vu|? 


where n is the inner unit normal along 02 in R*. We say that the graph is a capillary 
surfaceand physically represents the height z = u(x, y) of a liquid that raises in the 
vertical tube (2 x R by the capillary forces in absence of gravity. The constant 
y represents the angle of the surface with the walls of the cylinder. We refer to 
[Fin86, Lan02]. 


Chapter 2 
Surfaces with Constant Mean Curvature 


In this chapter we shall review some basic aspects of the theory of surfaces with 
constant mean curvature. Rather the reader should take this chapter as a first intro- 
duction to the problems and as a way to become acquainted with the methods that 
will be needed in successive chapters. In the process of this review, we shall obtain 
results on compact cmc surfaces with boundary. The surfaces with constant mean 
curvature will arise as solutions of a variational problem associated to the area func- 
tional and we shall relate it to the classical isoperimetric problem. Then we state the 
first and second variation formula for the area and we give the notion of stability 
of a cmc surface. Next, we shall introduce complex analysis as a basic tool in the 
theory and we define the Hopf differential. This will allow us to prove the Hopf 
theorem. In addition, we compute the Laplacians of some functions that contain ge- 
ometric information of a cmc surface. As the Laplacian is an elliptic operator, we 
are in position to apply the maximum principle and we will obtain height estimates 
of a graph of constant mean curvature. Finally, and with the aid of the expression of 
these Laplacians, we will derive the Barbosa-do Carmo theorem that characterizes 
around sphere within the family of closed stable cmc surfaces of Euclidean space. 


2.1 The Variational Formula for the Area 


Let M be a connected orientable (smooth) surface with possibly non-empty bound- 
ary 0M. Denote by int(M) = M \ 0M the set of interior points of M. Let x : 
M -> R? be an immersion of M in Euclidean three-space R*. We say that M is 
immersed in R? if the immersion x is assumed. If p € M, we write p instead of 
x(p), or simply, x. We represent by N : M — S* a Gauss map (or an orientation), 
where S? denotes the unit sphere of R*. An immersion x is called an embedding if 
x : M — x(M) is a homeomorphism and we say that the surface M is embedded 
in R>. If M is compact, this is equivalent to x(M) having no self-intersections and 
we will identify the surface M with its image x(M). 

Let PC R? be a (smooth) space curve. Consider an immersion x : M —> R? ofa 
surface M. We say that I” is the boundary of the immersion x if xjay:d0M — I is 
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a diffeomorphism. In particular, we prohibit that x)3,7 turns many times around I". 
We also say that x (or M) spans I or that I” is the boundary of x(M). If x is an 
embedding we will use interchangeably 0M and I’. 

We endow M with the Euclidean metric (-, -) induced by the immersion x. If M 
is a compact surface, the areaof M is defined by 


A= | dM, 
M 


where dM denotes the area element of M@. Now we introduce the volume of the 
immersion and we motivate the definition by considering M a closed embedded 
surface. In such case, M defines a bounded 3-domain W C R?. We call the volume 
V enclosed by M the Lebesgue volume of W. An expression of V in terms of an 
integral on M may be derived by an easy application of the divergence theorem. The 
divergence of the vector field Y(x, y, z) = (x, y, z) is 3 and thus 


a 1=3f Div) =—5 f in. vam =—> f (.xyam, 
WwW 3 JW 3 JM 3 Ju 


where N is the Gauss map on M that points towards W. In general, if x : M > R? 
is an immersion of a compact surface M with possibly non-empty boundary, the 
algebraic volume of x with respect to the orientation N is defined by 


v=-5/ (N,x)dM. (2.1) 
3 Ju 


When 0M # &, the number V measures the algebraic volume determined by the 
surface together with the cone C formed by 0M and the origin of R*. This follows 
if we parametrize C as $(s,t) =ta(s), witha : 0M — x(0M) a parametrization of 
x(0M) and 0 <t < 1. Since C together with M forms a 2-cycle, the same vector 
field Y gives 


sv=-f ww.xpam— | (We. d)ac, 
M Cc 


where Nc is the unit normal vector to C. Finally, observe that (Nc, @) = 0. 

We remark that the volume of the immersion depends on the origin, or in other 
words, the number V changes by translations of the initial surface. However, when 
the boundary is planar, and as a consequence of the divergence theorem again, we 
have: 


Proposition 2.1.1 Let x : M — R? be an immersion of a compact surface M. As- 
sume that x(0M) =T is contained in a plane P. Then the volume is invariant 
provided the origin lies in P. 


A particular case occurs when M is the graph of a function u € C 2(2)N CQ), 
where 2 C R? is a bounded domain and u = 0 on 82. Choose on M the usual 
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parametrization of a graph, namely, W(x, y) = (x, y, u(x, y)) and the orientation 
given by 


N(x, y, u(x, y)) = uy, 1). (2.2) 


1 
(—ux, 
aut 
As dM =,/1+u% +u} dxdy, we have 


1 1 
v=-./ wwowjam == | (xux + yuy — u)dx dy. 
3 M 3 2 


Define on (2 the vector field Y(q) = u(q)q. Then Div(Y) = xu, + yuy + 2u and 
using that u = 0 on 092, we find that 


[es + yuy + 2uydxdy == | u(n,g)ds =0, 
2 02 


where n is the inward conormal vector of (2 along 0§2. We conclude that 


v=-f udx dy. (2.3) 
2 


As was noted in Chap. 1, the mean curvature of the surface can be motivated if 
we consider the so-called isoperimetric problem. 


Isoperimetric problem: Among all compact surfaces in Euclidean space R? en- 
closing a given volume, find the surface of least area. 


If we modify the question and we only ask for those surfaces that are solutions of 
the isoperimetric problem up to the first order, the problem becomes the following: 


Variational problem: Characterize a compact surface in Euclidean space R? 
whose area is critical among all variations that preserve the volume of the sur- 
face. 


Definition 2.1.2 A variation of an immersion x : M —> R? is a differentiable map 
X:M x (—e, e) > R? such that for each t € (—e, €), the maps x; :M—> R? given 
by x;(p) = X(p,t) are immersions for all t, and for t = 0, x9 = x. The variational 
vector field of the variation {x;} is defined by 


_ 9X(p,t) 
E(p)= a 


», pemM. 
t=0 


The variation {x;} is said to be admissible if preserves the boundary of x, that 
is, x:(p) = x(p) for every p € 0M. In particular, § = 0 on 0M. Assume M is a 
compact surface. Consider the area A(t) and the volume V(t) of M induced by the 
immersion x;: 


1 
aa = f dM,, vo=-5 | (Ni, Xr) dM, 
M M 
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where dM, and N; stand for the area element of M induced by x; and the unit 
normal field of x,, respectively. In particular, A(O) and V(O) are the area and the 
volume of the initial immersion x. We obtain the variation formula for A(t) and 


V(t) att=0. 


Proposition 2.1.3 (First variation for the area) The area functional A(t) is differen- 
tiable at t = 0 and 


Ao) =-2 f HIN, 6)aM ~ [| (v, €) ds, (2.4) 
M aM 


where v is the inward unit conormal vector of M along 0M and H is the mean 
curvature of the immersion. 


The mean curvature H is defined by 


K\(p) + k2(p) 


H(p)= 5 


M, 

where «;(p) and «2(p) are the principal curvatures of x at p, i.e., the eigenvalues 
of the Weingarten endomorphism A, = —(dN)» :T)pM — T,M. In particular, the 
sign of H changes by reversing the orientation N. On the other hand, the second 
fundamental form of the immersion is 


OplUu,v) = —((dN) p(u), v), u,veTpM. 


Then the value 2H (p) agrees with the trace of oy. Recall that the norm |o| of o is 
|o |? = 4H? —2K, where K = k ky is the Gauss curvature of the surface. Moreover, 
|o |? > 2H? on M and equality holds at a point p if and only if p is umbilical. 


Proof of Proposition 2.1.3 A proof of (2.4) appears in Proposition A.0.1, Ap- 
pendix A. Here we restrict to the case when the variational vector field is perpen- 
dicular to the surface. Let x;: M — R? be the variation of x given by x;(p) = 
x(p) + tf (p)N(p), t € (—e, €) with f € C(M). The variational vector field is 
normal to the surface because € = f N. A computation leads to 


(dx1)p(v) =u+tf(p)dNp(v) + tdfp)N(p), 


for v € T,M. By the compactness of M, we can choose ¢ > 0 sufficiently small in 
order to obtain (dx;)»(v) 4 0 for all tangent vectors v and thus, x; is an immersion. 
Let e; denote the principal directions at p ¢ M. Then 


(dx1) (ei) = (1 — tei (p) f(p))ei + td fp (Ei) Np). 


The Jacobian of x; is 
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Jac(x;)(p) = |(dx1)p(e1) x (dx1) p(e2)| 
= |-1(1 — te0(p) f (p))dfp(erer — t(1 — te (p) f(p)) a fp(ender 
x (1 2tH (p) f(p) +P K (p) f (py) N(p)]- 


Hence it follows that 


Jac(x;)(p) = —2H(p)f(p). (2.5) 
t=0 


Finally, by (2.5) and the formula for change of variables, we find that 


toyed = 


showing (2.4). Observe that the boundary integral in (2.4) vanishes because 
E(p)LT,M. 


Jac(x;)dM = -2f HfdM= -2f H(N,&) dM, 
=0 M M 


t 


We say that M is a surface with constant mean curvature if the function H is 
constant. We abbreviate this by saying that M is a cmc surface or an H-surface if 
we want to emphasize the value H of the mean curvature. In the particular case that 
H =0on M, we say that M is a minimal surface. 

In view of Proposition 2.1.3, we obtain the following characterization of a mini- 
mal surface: 


Theorem 2.1.4 Let x : M —> R? be an immersion of a compact surface M. Then 
the immersion is minimal if and only if A'(0) = 0 for any admissible variation of x. 


Proof If H = 0, then (2.4) gives immediately A’(0) = 0. Conversely, let f € 
C®(M) be a function with f > 0 in int(M) and f =0 on aM. Define the vari- 
ation x;(p) = x(p) + tf (p)H(p)N(p), which is admissible and é = fHN. Then 
(2.4) yields 


o= a= -2f HIN, §)aM = 2 [| fH dM. 
M M 


As f is positive on int(M), then H =0 on M. 


This theorem establishes that a compact surface is minimal if and only it is a 
critical point of the area for any admissible variation. As a consequence, if I” is 
a closed curve and M is a surface of least area among all surfaces spanning I, 
then M is a minimal surface since for any variation of M, the functional A(t) has a 
minimum at t = 0, hence, A’(0) = 0. The reverse process does not hold in general 
and there exist compact minimal surfaces that are not minimizers. A special case is 
studied in Proposition 2.1.8 below. 
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Proposition 2.1.5 (First variation for the volume) The volume functional V(t) is 
differentiable at t = 0 and 


vo=-| (N,é) dM. (2.6) 
M 


For a proof, see Proposition A.0.2, Appendix A. Once the formulas for the first 
variation for the area and for the volume have been obtained, we have the conditions 
for characterizing a surface with constant mean curvature. If we recall the motivation 
of cmc surfaces by soap bubbles given in the preceding chapter, we require that the 
perturbations made on the soap bubble keep the enclosed volume of air constant. 
Thus we give the next definition. A variation is said to be volume preserving if the 
functional V(t) is constant. In particular, V’(t) = 0. Comparing with the proof of 
Theorem 2.1.4 for minimal surfaces and viewing the integral in (2.6), for a cmc 
surface it does not suffice that f = 0 on 0M. For this reason, we need the following 
result [BC84]. 


Lemma 2.1.6 Let x : M — R? be an immersion of a compact surface M and let 
f € C%(M) with ta f dM =0. Then there exists a volume preserving variation 
whose variational vector field is § = f N. Furthermore, if f =0 on 0M, then the 
variation can be assumed admissible. 


Proof Let g be a differentiable function on M such that g = 0 on 0M and 
Jug aM £0. If I = (—e, €), define 


X:MxIxI->R’, X(p,t,s)=x(p)+ (tf (p) + sg(p))N(p). 


For ¢ > 0 sufficiently small, the function X may be seen as a variation of x fix- 
ing s or fixing t, with X(p,0,0) = x(p). Let V(t, s) be the volume of the surface 
X(—,t, 5): M — R? and consider the equation V(t, 5s) = c, where c is a constant. 
By (2.6), 


dV(t,s) 
Os 


=— / gdM £0. 
(t,s)=(0,0) M 
The implicit function theorem guarantees the existence of a diffeomorphism ¢ : 
I, — In, where J; and /> are open intervals around 0, such that g(0) = 0 and 
V(t, g(t)) =c for all t € J,. This allows us to consider the volume preserving vari- 
ation of x given by x;(p) = X(p,t, g(t)). We show that € = fN. The derivative of 
V(t, g(t)) =c with respect to ¢ yields 


i) 


V aV 
0= +9 =- | (f+ 9 O)s)am =-9'0 | gee 
Ss M M 
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This says that y’(0) = 0. Thus 


0 
E(p) = = =(f(p) + 9'(0)g(p))N(p) = F(p)N(p). 
t=0 


In the particular case that f = 0 along 0M, and since g = 0 on 0M, we have x;(p) = 
x(p) along 0M and thus the variation is admissible. 


Theorem 2.1.7 Let x : M > R? be an immersion of a compact surface M. Then 
x has constant mean curvature if and only if A'(0) = 0 for all volume preserving 
admissible variations. 


Proof Assume that the mean curvature H is constant. For a volume preserving vari- 
ation of x, V’(t) = 0. In addition, if the variation is admissible, § = 0 on dM. Since 
A is constant, the expression of A’(0) in (2.4) gives 


Ao) =—2H | (N,é)dM =2HV'(0) =0. 
M 


Conversely, assume that x is a critical point of the area for any volume preserving 
admissible variation. Let 


1 
Ho= > | HdM, 
Ao JM 


where Ag is the area of M and define the function f = H — Ho. Observe that H 
is constant if and only if f = 0. By contradiction, assume that at an interior point, 
f #0. As fy, fdM = 0, the sets MT = {p € int(M): f(p) > 0} and M~ = {pe 
int(M) : f (p) < 0} are non-empty. Fix points pt € Mt, p~ € M~ and consider 
the corresponding bump functions g*, g~ : M > R, that is, smooth non-negative 
functions with supp(gt) C M*, supp(g~) C M~ and gt (pt) =~ (p~) =1.In 
particular, gt, ~~ =0 on 2M. Let 


a) ot fdM >0, w= f pram <0 
M M 


and A > 0 be the real number such that wt + Aw~ = 0. Define gy = y* + Ag”. This 
non-zero function satisfies g > 0 on int(M), gp = 0 on 0M and 


/ ofam= | ot pam +3 | gy fdM=0. (2.7) 
M M+ M- 

From the preceding lemma, there exists an admissible variation of x that preserves 
the volume and whose variational vector field is § = gf N. Then (2.4) and (2.7) now 


give 


0=4'0)=-2 Hefam =—2 [ (H— Hoof am = —2 [ of? dM. 
M M M 
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Thus yf? = 0 on M. However, at the point pt, (gf)*(pt) = f(pt)* > 0, a con- 
tradiction. 


For cmc graphs, we have: 


Proposition 2.1.8 Let 2 CR? be a bounded domain and let M be a compact cmc 
graph on 92. Then M minimizes the area among all graphs spanning 0M and with 
the same volume as M. 


Proof Suppose that M is an H-graph of a function wu defined on @ and let M’ be 
another graph with dM’ = aM and the same volume as M. Then MU M’ determines 
an oriented 3-domain W C R? with zero volume V because the volumes of M and 
M’ agree. On W define the vector field Y(x, y, z) = N(x, y, u(x, y)), where N is 
the unit normal field of M according to (2.2). We compute the divergence of Y. 
Taking into account (1.5) we see that 


: —Uyx —Uy 1 
Div(t) = 8, ==) +,( 5) +3.( =) 
“AMT vues OMT + 1VuP? J14+|Vul? 


Vu _ 
JV14+ |Vul? 


The divergence theorem gives 


= —div 


o=-2HV= | Dvir) = | (Y, nam + [ (Y, N’\dM' 
W M ‘ 
= areata) +f (Y,N’\dM’, 
M’ 


where N’ is the unit normal of M’ pointing outwards from W. Hence, and as 
|(Y, N’)| < 1, we conclude 


area(M) =~ | (y.w'jam' = [ dM’ = area(M’). 
M' M! 


In fact, a more general result asserts that a minimal graph over a convex do- 
main is area-minimizing among all compact surfaces with the same boundary 
[Fed69, Mor95]. Since a surface is locally the graph of a function defined in a con- 
vex domain, then we conclude that a minimal surface locally minimizes area. 

There exists another variational characterization of a surface with constant mean 
curvature using Lagrange multipliers. Given a (not necessarily volume preserving) 
admissible variation X and 4 € R, define the functional J, as 


Jy(t) = A(t) —2AV(t), te (—6, 8). (2.8) 
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By (2.4) and (2.6), 


Ji) = -2f (H —2)(N,é) dM. (2.9) 
M 


Theorem 2.1.9 Let x : M — R? be an immersion of a compact surface M. Then x 
has constant mean curvature H if and only if J;,(0) = 0 for all admissible varia- 
tions. 


Proof Vf x has constant mean curvature H, take 1 = H in (2.9). To prove the con- 
verse, assume that there exists a A € IR such that Jy (0) = 0 for any admissible varia- 
tion. In particular, it holds for any volume preserving admissible variation {x;}, and 
since A is a constant, we have 


0= J) = A'(0) — 2AV"(0) = A'(0). 


Since A’(0) = 0 holds for all volume preserving admissible variation, we apply 
Theorem 2.1.7 concluding that H is constant. 


This characterization of a cmc surface is related to the Plateau problem (1.2), 
where the solutions are obtained by minimizing Dy in a suitable space of immer- 
sions from a disk into R*, as was remarked in Chap. 1. Comparing the expressions 
of J, and Dy in (2.8) and (1.4) respectively, the area integral is replaced by the 
Dirichlet integral and the volume V by its formulation for a parametric surface. 

Among all critical points of the area, we consider those that are local minimizers. 
Then it is natural to study the second variation of the area because for a surface of 
least area, the second derivative A’ (0) is not negative. Since a surface with constant 
mean curvature is characterized in variational terms by Theorems 2.1.7 and 2.1.9, 
there are two different notions of stability. 


Definition 2.1.10 Let M be a compact surface and let x : M — R? be an immersion 
of constant mean curvature H. 


1. The immersion x is said to be stable if A” (0) > 0 for all volume preserving 
admissible variations. 
2. The immersion x is said strongly stable if J, (0) > 0 for all admissible variations. 


With respect to the first definition, some authors prefer to use the term “volume 
preserving stable’ rather than ‘stable’. 


Proposition 2.1.11 (Second variation for the area) Let M be a compact surface and 


let x : M — R? be an immersion of constant mean curvature H. If {x;} is a volume 
preserving admissible variation with f = (N,&), then 


aro=— f(Af + lol? f)dM. (2.10) 
M 


Here A denotes the Laplacian-Beltrami operator on M. 
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For a proof, see Corollary A.0.4 in Appendix A. The term in the parentheses of 
(2.10), namely, L(f) = Af +|o|* f, is called the Jacobi operator of the immersion. 
As aconsequence, the solutions of the isoperimetric problem are stable because they 
are minimizers of the area. 

Similarly, the formula for the second variation of the function Jy is 


Ji, 0) = -f f(Af +loP f)dM, 


for all admissible variation of the immersion. Here the function f only satisfies 
f =O along 0M. 

Let f be asmooth function on M with f =0 on 0M. Since div(f V f) = fAf + 
|V f|?, the divergence theorem changes the expression of A’ (0) into 


aroy= f (IVI? — lol? f?) dM. (2,11) 
M 


This allows us to extend the right-hand side of (2.11) as a quadratic form J in the 
Sobolev space Hy (M), the completion of CS (M) in L?(M): 


I: Hy?(M) > R, 1)= f (IwsP loam, 


where now V f denotes the weak gradient of f. Therefore, a surface M is: 


1. stable if 1(f) > 0 for all f € Hj’?(M) such that fy, f dM =0; 
2. strongly stable if /(f) > 0 for all f € Hy’?(M). 


A first example of a stable surface is the sphere. 
Proposition 2.1.12 A round sphere is stable. 


Proof Assume without loss of generality that the sphere is S?. Consider the spec- 
trum of the Laplacian operator A. The first eigenvalue is Ay = O and the eigenfunc- 
tions are the constant functions. The second eigenvalue is (42 = 2 [CH89]. By the 
Rayleigh characterization of A2, 


JeolV FP aS? 
Sea f? dS? 


Hence fg. |Vf|? dS* > 2 foo f? dS? for all differentiable function f with 
ly f dM =0. Since |o|? = 2 on S?, this proves the stability of S. 


2= ta = min} i cms’), [ fas*=o}, 
S2 


Proposition 2.1.13 A planar disk and a spherical cap are stable. Moreover, a small 
spherical cap and a hemisphere are strongly stable but a large spherical cap is not 
strongly stable. 
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Proof If M is a planar disk, then |o|* = 0 and /(f) = [,,|V f|? dM = 0, showing 
that M is strongly stable. Consider now a spherical cap M. Without loss of gener- 
ality, assume that the radius of the spherical cap is 1. Denote by St a hemisphere 
of S’. 

We use the spectrum of the Laplacian A with Dirichlet conditions, that is, the 
solutions of the eigenvalue problem Af + Af =0on M, f =0 on 0M. The first 
eigenvalue for the Dirichlet problem in S* is A;(St) = 2. Now we employ the 
monotonicity property of A;: if M; © Mo, then 4;(M)) > A, (M2) [CH89]. 

1. Consider f € C°(M) with f =0 on 0M and Le f dM =0. Extending f to S? 
by 0, we obtain a function f ¢ H!?(S*) with Jee f dS* =0. As S$? is stable by 
the preceding proposition, J(f) = I (f) = 0. 

2. Since a small spherical cap M is included in a hemisphere ST, 41(M) > 


44(ST) = 2. Thus if M is a small spherical cap or a hemisphere, the variational 
characterization of 4;(M) gives 


SulVfP dM 


2<A1(M) < I, f2dM 


for all f € Co (M). As lo |? =2 on M, we conclude I(f) => 0. 
For a large spherical cap M, 41(M) < 41 (S*) = 2. If f is an eigenfunction 
of A;(M), then 
SulVfl?aM 
ty f° aM 


so I(f) <0 and M is not strongly stable. 


=11(M) <2, 


As we observe in the above proof, strongly stability is related to the eigenvalue 
problem associated with the Jacobi operator L = A + |o/’, that is, 


eae on M 40) 


f=0 on 0M. 


The operator L is elliptic and thus its spectrum has many properties (see Lemma 8.1.3). 
For example, the first eigenvalue A; (ZL) is characterized by 


—fyufL(f)dM 
ty f?4M 


ia (L) = min| :fEC™(M), f =00n amt], 


Then we have immediately from (2.10): 


Corollary 2.1.14 A compact cmc surface is strongly stable if and only if 4, (L) = 0. 
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2.2 The Hopf Differential 


In this section we associate to each cmc surface a holomorphic 2-form, the so-called 
Hopf differential, that informs us about the distribution of the umbilical points on 
the surface. 

Let x : M — R? be an immersion of an orientable surface M. We use the classi- 
cal notation {E, F, G} and {e, f, g} for the coefficients of the first and second fun- 
damental forms, respectively, in local coordinates x = x(u, v). Consider conformal 
coordinates (u, v) defined on an open subset V of M, ie., 


E = (Xy,Xu) = G = (Xy, Xv), F = (Xy,Xy) =0. 


Take the Gauss map 
Xy X Xy 


|Xy X Xy| ; 


where x is the cross product of R*. The first and the second fundamental forms are, 
respectively, 


(-,-) = E(du?+dv’),  o =edu? +2 fdudv + gdv*, 
where 
e=(N, Xu), f = (N,Xuv), g= IN, Xv). 
The mean curvature H is given by 


fa. (2.13) 
2E 


In terms of the Christoffel symbols, the second derivatives of x are: 


Xyy = Pa _ ae +eN 
uu — IE u IE Uv 
Ey Ey 
Xuv = aE + aE + SN (2.14) 
Ey Ey 
Xuyuu = mye + BY + geN. 
On the other hand, 
e f f g 
Nu = —Fku — BX Ny = — Xu — rv (2.15) 


Using (2.13), (2.14) and (2.15), the Codazzi equations are 
Ey 
ev — fu = (Nv. Xuu) — (Nu, Xuv) = ag et g)=E,H, 


E 
Fu — 8u = (Nv, Xuv) — (Nu, Xvv) ==, et oa et 
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By differentiating 2E H = e + g with respect to u and v, we have 
2E,H +2E Ay = ey + gu, 2EyH +2EH, =eyt+ gv. 
With both expressions, the Codazzi equations now read as 
(€— 8)ut2fo =2EMy, (€— 8)v —2fu =—2EMy, (2.16) 


respectively. Let us introduce the complex notation z = u + iv, Z =u —iv and 


1 1 
Oz = 5 (Ou — ty), 0: = 5 (Oy + 14). 


Define 
@(z,Z)=e-—g—2if. 
Equations (2.16) are then simplified as 


@; = EH,. (2.17) 


We point out that the zeroes of ® are the umbilical points of the immersion since 
®(p) = 0 if and only if e = g and f =0 at p. We express @ as follows. Let us 
consider the derivatives x, and N;: 


1 ; 1 . 
Xz = 5 Xu — ix), Ni; = 5 Nw tN): 


Then 


1 1 
(xz, Nz) = a? g—2if)= 4? &2), (2.18) 
and thus 
P(z, Z) = —4(xz, Nz). 


We study ® under a change of conformal coordinates w = h(z), where h is a holo- 
morphic function. Then x, = h’(z)xw, Nz =h'(z)Nw and 


@(z, Z) = —Alxz, Nz) = —4h! (z)"(xw, Nw) = h' (z)° O(w, w). 
Hence 
O(w, w)dw* = O(w, w)h'(z)°* dz = ®(z, Z)dz’. 


This equality means that @dz* defines a global quadratic differential form on the 
surface M. 


Definition 2.2.1 The differential form @dz? is called the Hopf differential. 
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Theorem 2.2.2 A conformal immersion x : M — R? has constant mean curvature 
if and only if ®(dz)* is holomorphic. In such case, either the set of umbilical points 
is formed by isolated points, or the immersion is umbilical. 


Proof Given a conformal parametrization x(u, v), Eq. (2.17) gives ®; = 0, which 
is equivalent to saying that ® is holomorphic on V. Thus the umbilical points agree 
with the zeroes of a holomorphic function. This means either ® = 0 on V or the 
umbilical points are isolated. In the first case, an argument of connectedness proves 
that the set of umbilical points is an open and closed set of M and so M is an 
umbilical surface. 


Theorem 2.2.2 is also valid in hyperbolic space H/ and for the sphere S*. A direct 
consequence is the Hopf theorem [Hop83]: 


Theorem 2.2.3 (Hopf) The only closed cmc surface of genus 0 in the space forms 
R?, H? and $3 is the standard sphere. 


Proof Since the genus of M is zero, the uniformization theorem says that its confor- 
mal structure is conformally equivalent to the usual structure of C. This is defined 
by the parametrizations z in C and w = 1/z in C — {0}. The intersection domain of 
both charts is C — {0} and in this open set, the Hopf differential ® is 


1 
@(z) = w'(z)’ ®(w) = Pw). 


It follows that 
1 
lim @(z)= lim (=) ew = 0) =0. 
Z—>00 Z>O\ Z 


This shows that by writing © = &(z) in terms of the parametrization z on C, @ 
can be extended to oo by letting ®(oo) = 0. Therefore ® is a bounded holomor- 
phic function on C. Liouville’s theorem asserts that the only bounded holomorphic 
functions on C are constant. As ®(oo) = 0, then © = 0 on C and all points are 
umbilical. Finally, the only umbilical closed surface in a space form is the sphere. 


2.3 Elliptic Equations for cmc Surfaces 


Let x : M — R? be an immersion of a surface M and let N be the Gauss map. 
Denote by X(M) the space of tangent vector fields on M. Recall the Gauss and 
Weingarten formulae: 


VOY =Vx¥ +0(X,Y)N, (2.19) 
VEN =—AyX =-AX, o(X,Y)=(AX,Y), (2.20) 


2.3 Elliptic Equations for cmc Surfaces 27 


for X, Y € ¥(M). Here V° is the usual derivation of R3, V is the induced connection 
on M and A is the Weingarten map. 

We calculate the Laplacian of the position vector x and the Gauss map N. In 
order to compute these Laplacians, we use the fact that, fixing p € M, there exists a 
geodesic frame around p, that is, an orthonormal frame {e1, e2} around p such that 
at p, (Ve;e;) p = 0 (for a proof see, for instance, [Car92, Chv94]). Then (V¢,e;)p is 
orthogonal to M at p and if f is a smooth function on M, the Laplacian of f is 


2 


2 
Af (p) Pa (ei, Vf) => e(ei(f)). (2.21) 
i=l 


The next result is valid for any immersion without the need that H is constant. 


Proposition 2.3.1 Let x : M — R? be an immersion of a surface M. If a € R?, then 


A(x,a) =2H(N,a) (2.22) 
A\x/? =44+4H(N,x). (2.23) 


Proof Fix p € M and let {e;,e2} be a geodesic frame around p. Using (2.19) 
and (2.21), we obtain 


2 2 2 
A(x,a) => ei( (ei ( x, a) 2 (ej, a p= Ve €j,a 
i=1 i=1 


2 
= Yo, e:)(N, a) =2H(N,a). 


Equation (2.23) derives from (2.22) and the properties of the Laplacian. Indeed, let 
{a,, 42, a3} be an orthonormal basis of R3. Let x; = (x,a;) and N; = (N,a;). As 
|[Vxi|? =1— Ne we have 


3 3 3 3 
Ala? = So xjAx; +25 (Vai? =4H D\xiN; +2) (1 WP 
tl i=l i=] i=1 


=4H(N,x) +4. 


Now assume that the mean curvature H is constant. 


Proposition 2.3.2 Let x : M — R? be an immersion with constant mean curvature. 
Then 


A(N,a) +|o|?(N, a) =0. (2.24) 
A(N, x) =—2H —|o|?(N, x). (2.25) 
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Proof Fix p € M and let {e;, e2} be as above. Using (2.19) and (2.20) and because 
2H = trace(A), we know that 


2 2 
H =) ((Aei,ei) 2 vase 
i=l i=1 


is constant on M. Thus for j € {1, 2} we find that 


2 2 2 
= (Ee) =~ DIVE, 8.0) + DAWG. 98) 
i=1 i=l 


i=] 


2 2 
= Dive Ve, N21) = >, e:(Ve,N, e)- (2.26) 


2 
A(N,a) =) ei(V2, N, a) = del (ve N, ej) a, e;)) 


2 


((Ve, N, ei)e (a, e;)) = a ((Ve,N. ei}a. Ve,ei)) 


i,j=l i,j=l 


2 

Dea | 

i,j=l i,j=l 
2 


2 
=— )> o(e,e;)"(N,a) =—|o/?(N,a). 
es 
We have used in (*) that VON = —Av is a self-adjoint endomorphism; in the step 


(**) we apply (2.26). 

As in the proof of (2.23) and for the computation of the Laplacian of (N, x), we 
express (N, x) = ye , Nix; with respect to an orthonormal basis of IR} and use the 
properties of the Laplacian. 


Equations (2.22) and (2.24) generalize to the other space forms. Denote by M3 (c) 
the space forms H*, R? or S? if c = —1,0 or 1, respectively. We view the three- 
dimensional sphere S* as a submanifold of IR* and the hyperbolic space Hi? as a 
submanifold of the 4-dimensional Lorentz-Minkowski space L4 (see Chap. 10). We 
have [KKMS92, Rsb93]: 
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Proposition 2.3.3 Let x : M —> M3(c) be an immersion of a surface M anda € R*. 
Then 


A(x, a) = —2c(x,a) +2H(N,a). (2.27) 
If, in addition, the mean curvature H is constant, then 


A(N, a) = 2cH (x, a) — lo|7(N, a). (2.28) 


Equations (2.22), (2.23), (2.24), (2.25) involve the Laplacian operator and thus 
are elliptic. Moreover, the last two equations have been obtained using the property 
that the mean curvature is constant. This justifies the title of this section. Once we 
compute these Laplacians, we shall obtain some geometric results for a given cmc 
surface. The key ingredient is that for a linear elliptic equation, such as the equation 
for the Laplacian operator, there is a maximum principle. In our context of com- 
pact surfaces, if f is a smooth function on M such that Af > 0 (resp. < 0), then 
maxy f =maxay f (resp. miny f =mingy f) andif f attains a maximum (resp. 
minimum) at some interior point of M, then f is constant [GTO1]. 

The first result provides an estimate of the height of a compact cmc graph, usually 
called the Serrin estimate in the literature. This will be achieved by forming an 
appropriate linear combination of the functions (x, a) and (N, a). We first need the 
following auxiliary result: 


Lemma 2.3.4 Let M be an H-surface of R* and a € R*. Consider the function 
f =A (x,a)+(N,a). Then f is constant if and only if M is umbilical. 


Proof It is straightforward that if M is an open subset of a plane or a sphere, then f 
is constant. Assume now that f is constant. By contradiction, suppose p € M is not 
umbilical. Then there exists an orthonormal frame {e1, e2} of principal directions in 
an open set V around p, that is, VoN = —x;e; on V. Then 


O=e(f) =(H—-K)(ej,a), i=1,2. 


Since there do not exist umbilical points, H ~ «;, i = 1,2. We deduce that (e;, a) = 
0 in an open subset of V C M, i = 1,2. This means that N =a in V and M is part 
of a plane. In particular, p is an umbilical point, a contradiction. 


The proof of the next theorem has its origin in the use of Bonnet’s parallel sur- 
faces by H. Liebmann and later by J. Serrin [Ser69a]. Here we follow W.H. Meeks 
If in [Mee88]. Further generalizations can be found in [Lop07]. 


Theorem 2.3.5 Let 2 C R* bea bounded domain and H € R. Let M be an H- 
graph of R? of a function u € C?(2) 1 C°(Q). Let e3 = (0,0, 1) and we orient M 
so that (N, e3) > 0. 


1. If H > 0, then 


. 1 
minu — — <u <maxu. 
aQ AH aQ 
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In addition, if the equality holds at a point on the left-hand side, then M is part 
of a sphere of radius 1/H. 
2. If H <0, then 


1 
minu <u <maxu— —. 
aQ aQ H 
In addition, if the equality holds at a point on the right-hand side, then M is part 
of a sphere of radius —1/H. 
3. If H =0, then 
minu <u < maxu. 
Che) a2 
In the particular case H #0 and u = 0 along 022, we have |u| < 1/|H| and equality 
attains at a point if and only if 92 is a round disk and M is a hemisphere 


Proof Instead of working with the function u, we consider the surface M as an 
embedding x : M —> R?. Recall that wu is the height function u = (x,e3). As M 
is a cmc surface and the boundary 0M is an embedded analytic curve, then M 
extends analytically across 0M [Mul02]. Suppose H 4 0. We give the proof for 
the case H > 0 (the proof is similar if H <0). By (2.22), A(x, e3) > 0 and by 
the maximum principle, (x, e3) < maxgy (x, e3). This proves the right inequality of 
item (1). Combining (2.22) and (2.24), jointly |o |? > 2H”, we obtain 


A(H (x, €3) + (N, e3)) = (2H? — |o|?)(N, 3) <0. 
We apply the maximum principle: since (N, e3) > 0, we have 


A(x, N, e3) > min(A (x, N, > H min(x, e3). 
(x, €3) + ( e3) 2 min( (x, €3) + (N, €3)) min(x e3) 


As H > 0, 


(x, e3) > ee ata Saree (2.29) 
= fel aM ~ Ham 
proving the left inequality of item (1). 

If at a point p € M, (x(p), e3) = —1/H + mingy (x, e3), then we conclude by 
(2.29) that N(p) = a and p € int(M). Then the function f = H (x, e3) + (N, e3) 
attains a minimum at an interior point and this implies that f is a constant function. 
Lemma 2.3.4 proves that M is umbilical and as H £0, M is part of a sphere. 

Assume H = 0 and u = 0 on 0M. Then (2.22) yields A(x, e3) = 0 and the esti- 
mates follow from the maximum principle. If H #0, u=0 on 0M and at a point, 
|u| = 1/|H|, then M is part of a sphere with planar boundary. But the estimate is 
sharp if M is a hemisphere. 


Observe that for small values of H, the above estimates are not good in the 
following sense. Assume that u = 0 on 082. Then the graph of u = 0 on 22 is a 
minimal surface and for values near to H = 0, there exist H-graphs on 92 spanning 
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92. By continuity, these H-graphs are close to the plane z = 0 of R? and thus their 
heights are small. However, the number 1 /| | is very large. 

When the domain is not bounded, a generalization of the estimates for H-graphs 
will be given in Theorem 9.1.3 and Corollary 9.1.4. 


Remark 2.3.6 Similar arguments to those used in Theorem 2.3.5 will be used later 
in different contexts to obtain ‘height estimates’ provided we have elliptic equations 
such as (2.22) and (2.24) in order to use the maximum principle. Here we recall 
two settings. First, consider a hypersurface M” in a space form M"*!(c). Denote 
by k1,...,, the principal curvatures of M and let S, = >> Ki, +++ Ki,. The 
r-mean curvature H, of M is defined by 


(")H=s. 
: 


We remark that H, coincides with the mean curvature H of M, n(n — 1)Mp is 
the scalar curvature and H,, is the Gauss-Kronecker curvature of M. H. Rosenberg 
obtained height estimates for a compact graph M” on a geodesic hyperplane of 
R"+! or H"t! provided for some r, H,+1 is a positive constant [Rsb93]. 

The second setting is the class of compact surfaces in Euclidean space with pos- 
itive constant Gauss curvature K. If M is a such surface, the second fundamental 
form o defines a Riemannian metric on M. With respect to this metric, we compute 
the Laplacian of the height function and the Gauss map, obtaining elliptic equations 
by the positivity of K [GMO0a]. Then one can obtain height estimates for a graph 
with constant Gauss curvature K > 0 on a domain of a plane or a radial graph on a 
domain of a sphere [GMO00b, Lop03b]. 


ip <-+<i, 


The second result that we derive is the Jellet theorem [Jel53], which refers to 
star-shaped surfaces. A star-shaped surface in R? is a compact embedded surface 
such that 3-domain W C R? that it bounds is star-shaped in the affine sense, that is, 
there exists a point po € W such that the segment joining po with any point of W is 
included in W. 


Theorem 2.3.7 (Jellet) The only star-shaped surface in R? with constant mean cur- 
vature is the round sphere. 


Proof Let M be a star-shaped cmc surface and suppose after a rigid motion that 
Po is the origin of coordinates O = (0,0,0). The property of being star-shaped 
is equivalent to the property that we cannot draw a straight line from O which 
is tangent to M. This means that the support function based on the point O has 
constant sign on M. Consider the orientation N that points towards W and denote 
by x the position vector of M. Then the support function is (N, x) and because N 
is the inward orientation, we see that (N,x) <0 on M. We apply the divergence 
theorem in (2.23). As His constant, we find that 


Asn | (N,x)dM =0, (2.30) 
M 
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where A is the area of M. On the other hand, the divergence theorem in (2.25) yields 
0=2AH +f lo 2(N, x)dM <2AH + 2a? f (N,x)dM 
M M 
= 2H (4+ Hf (Nx) di) =0, 
M 


where we have used in (x) that |o |? > 2H? and (2.30) in (*). Equality implies that 
|o |? = 2H? on M. Then M is umbilical and this proves the theorem. 


Jellet’s theorem, formulated in 1853, may be viewed as a precursor of the Hopf 
theorem established in 1951 [Hop83] because the genus of a star-shaped surface is 
zero. Following this theme, another generalization of Theorem 2.3.7 is Alexandrov’s 
theorem, proven a century later, which asserts that a closed embedded cme surface 
is around sphere [Ale56, Ale62]. In this case, a star-shaped surface is embedded. 

A third application of the computations of the above Laplacians is the following 
result. 


Theorem 2.3.8 Planar disks and small spherical caps are the only cmc graphs 
spanning a circle. 


As we shall see in the next chapter, this result is trivial by the tangency princi- 
ple (see Theorem 3.2.6). However, the purpose here is to give a proof that does not 
involve the tangency principle but uses Eqs. (2.22) and (2.24) [Lop09]. In a similar 
context and for a closed cmc surface, R. Reilly obtained another proof of Alexan- 
drov’s theorem without the use of the maximum principle thanks to a combination 
of the Minkowski formulae [Rei82]. 


Proof Let CC R* x {0} be a circle of radius r > 0 about the origin and denote by 
2 the domain bounded by I”. Consider a compact H-surface which is a graph of u 
defined on 2 and with u = 0 on 022. Then u satisfies (1.5) where H is computed by 
the unit normal vector given in (2.2). Then (N, e3) > 0 on M, where e3 = (0, 0, 1). 
Let a be the parametrization of I such that a’ x v = N, where v is the inner unit 
conormal vector of M along I’. We know that a” = —a/r?. Since (N, e3) > 0 on 
M, we see that a x a’ = re3 and 


(v, 3) =(N x a’, e3)=(N, a" x €3) = : (N,@). (2.31) 


r 


Using (1.5), we obtain 


2 Vu 
—2nr°-H= ——_—— — (v, e3) ds, (2.32) 
02 aM 


af Lae va 
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where n is the outward unit normal vector to 02. With this equation and integrating 
(2.22), we have 


/ (N,e3)dM =nr’. (2.33) 
M 
Integrating (2.24), we obtain 
/ lo (P(N, ex) dM = | (dNv, e3) ds. (2.34) 
M aM 


We study each side of (2.34). In view of (2.33), since ||? > 2H? and (N, e3) > 0 
on M, the left-hand side of (2.34) yields 


7 Io P(N, espa > 2H? f (N, e3)dM =2nr*H’. (2.35) 
M M 


Now we turn the attention to the right-hand side of (2.34). First, note that 
dNv =—o(a', v)a’ —o(v, v)v. 
From (2.31), we see that 
o(v,v) =2H — o(a’, a’) =2H+ (dNa’, a’) 
= 2H —(N, a’ = 2H + SIN, a) =2H + —(v,e3). (2.36) 


By the choices of a’ and N, an integration of the constant mean curvature equation 


(1.5) gives 
Qnr?H = x Freace: n)as=— (v, e3) ds. 
1+ Fawak aM 


Since (a, e3) = 0 and using this relation together with (2.36), we find that 


/ (dNv, e3) ds = -| o(v, v)(v, e3) ds = -| (21 + ~(v.€3) )(vse3) 
0M 0M 0M r 
= 4rr* H? — -{ (v, e3)7 ds. (2.37) 
’ JaM 


We employ the Cauchy-Schwarz inequality in (2.32), obtaining 
1 2 
/ (v, e3)7 ds > ({ (ven) ds) =2nr3H?. (2.38) 
aM amr \Jam 
Equation (2.37) and inequality (2.38) imply 


/ (dNv, e3) ds < 2nr*H”. (2.39) 
0M 
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By combining (2.34), (2.35) and 2.39, we obtain 


amr? = f lo|?(N,e3)dM = | (dNv,e3) ds <2nr7H?. 
M aM 


Therefore, we have equalities in all the inequalities, in particular, |o|? = 2H? on M. 
This means that M is an umbilical surface, in particular, it is an open subset of 
a plane or a sphere. Since the boundary of M is a circle and M is a graph, then M is 
a planar disk or a small spherical cap. 


We end the chapter applying the Laplacians of x and N to the problem of the 
stability of a cmc surface. First, we show that a cmc graph is always strongly stable. 
We need the following lemma [FS80, Theorem 1]: 


Lemma 2.3.9 Let M be a compact cmc surface and assume that there exists a func- 
tion g on M such that g #0 on M and Ag + |o|*g = 0. Then M is strongly stable 
and i (L) > 0. 

Proof Let f € C°(M) with f =0 on 0M. Assume that g > 0 on M and define 


h = log(g). Then Ah = —|o|? — |Vh|*. Multiplying by f? and integrating on M, 
we have 


/ or rams f pivneam =— f f° AhdM. (2.40) 
M M M 
As div(f*Vh) = f*Ah+2f (V f, Vh), the divergence theorem yields 
-| pana =2 [ L(V, viyam <2 [ IFIVAIV FI 
M M M 
<[ pivneam + [ IV flP dM. 
M M 


Combining this inequality with (2.40), we get 7(f) > 0. In fact, if f £0, 1(f) > 0 
because if 7(f}) =0, f is proportional to h, contradicting that h 4 0 along 0M. 


Theorem 2.3.10 A cmc graph is strongly stable. 


Proof Assume that the surface is a graph on a plane and let a be a unit vector or- 
thogonal to this plane. The function g = (N, a) does not vanish and satisfies (2.24). 
Then we apply Lemma 2.3.9. 


We have seen in Proposition 2.1.8 that a cmc graph minimizes the area but, in 
fact, this property extends to strong stable surfaces, more precisely, to surfaces with 
A,(L) > 0. Without entering into details, we explain the main arguments. Let x : 
M -> R? be an immersion of a compact surface with constant mean curvature Ho. 
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For each u € Co" (M ), with sufficiently small C 2.0 norm, consider the immersion 
xX, =x+tuN,t € (—6, €) and denote by H(u, t) the mean curvature of x;. Define 


F:Co*(M) x (-6,e) > C2(M), — F(u, t) = H(u, t) — Ho. 


Then F (0,0) = 0. By a straightforward computation, the derivative of F with re- 
spect to the first variable is (D; F)(0,0)(v) = Av + |o 7 v, that is, the Jacobi operator 
of M (see also Lemma 8.1.4). Because 4; (L) 4 0, the Fredholm alternative proves 
that D, F is an isomorphism (Lemma 8.1.3). The implicit function theorem for Ba- 
nach spaces implies the existence of e’ < €, an open set V around 0 € Cc (M) 
and a smooth function ¢ : (—e’, e’) > V, (0) = 0, such that F(¢(t), t) = 0 for 
all t € (—e’, e’). Then the variation x, = x + t@(t)N is formed by immersions of 
constant mean curvature Hp and with the same boundary as M. See also [Tom75] 
for deformations of cmc disks with the same mean curvature and [Koi02] for varia- 
tions of cmc surfaces but with distinct values of H. In the particular case that x is an 
embedding, the immersions x; are also embedded. Let U/ = Uf{x;(M) : t € (—e’, €’)}. 

Let M’ be a compact embedded surface with the same volume as M and 0M’ = 
aM. Suppose that M’ is sufficiently close to M in the C**-norm in order to ensure 
that M’ CU. As vol(M) = vol(M’), the two surfaces M and M’ enclose a domain 
W CR’ with zero volume. Since W CU, each point of W belongs to an immersion 
x;. Define on W the vector field Y that assigns to each point x;(p) the unit normal 
vector field at x;. As all surfaces x;(M) are Ho-surfaces, Div(Y) = 2H on U. If 
N and N’ denote the unit normal vector fields on M and M’, respectively, then 
(Y, N) = 1 and (Y, N’) < 1. A similar argument as in Proposition 2.1.8 concludes 
finally [Gro96]: 


Theorem 2.3.11 Let M be a compact embedded cmc surface. If 44(L) > 0, any 
embedded surface M' sufficiently close to M and with the same volume satisfies 
area(M) < area(M’). 


An argument using the tangency principle (Theorem 3.2.4) proves that, indeed, 
area(M) = area(M’) if and only if M’ = M. 

If the surface is closed, we have the Barbosa-do Carmo theorem [BC84]; see 
also [Wen91]. 


Theorem 2.3.12 (Barbosa-do Carmo) The only closed stable cmc surface in Eu- 
clidean space is the round sphere. 


Proof By Eq. (2.23) and the divergence theorem, the function f = 1 + H(N, x) 
satisfies 


[ ram=o. 
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In particular, f is a test function for the stability operator (2.11). Let h = (N, x). 
Equation (2.25) gives 


| cH+ioPi)am =o. (2.41) 
We compute /(f) using a 
1i=-f far+loP fam 
= = [c+ my(—248 - lo|?Hh + |o/?(1+ Hh))dM 
=f (2H? —|o|?)dM <0, 
M 


where in the last inequality we have employed 2H? < |o|*. Since M is stable, 
I(f) = 0 and then we deduce /(f) = 0. Hence we have 2H? = lo |? on M, i.e., 
M is an umbilical (closed) surface and the immersion x describes a round sphere. 


Chapter 3 
The Comparison and Tangency Principles 


Consider a surface given as the graph of a function z = u(x, y). Equation (1.5) ex- 
presses the mean curvature H of the surface in terms of the function wu and its first 
and second derivatives. Then a geometric condition such as constant mean curvature 
can be treated from the analytical viewpoint by studying a partial differential equa- 
tion. This allows the use of the machinery of calculus to obtain geometric results on 
the shape of the initial surface. In this chapter we study what can be deduced when 
two surfaces with the same constant mean curvature are tangent at a common point. 
In terms of the PDEs theory, our scenario consists of two functions that satisfy a 
second order partial differential equation where both functions agree up to the first 
order at one point. 

We begin this chapter with the comparison principle, which it is a basic applica- 
tion of calculus comparing the values of the mean curvatures of two surfaces tangent 
at a point. Next we introduce the tangency principle which is, in our context, the ge- 
ometric version of the maximum principle for elliptic linear equations of second 
order. Using the tangency principle, we shall obtain a set of results concerning the 
shape of a compact cmc surface in terms of the geometry of its boundary. In par- 
ticular, we will study cmc surfaces with planar boundary and we shall compare the 
given surface with known surfaces with the same mean curvature, such as pieces of 
spheres and cylinders. 


3.1 The Comparison Principle 


We identify IR? with the horizontal Euclidean plane R* x {0} C R? and put 
e3 = (0,0, 1). 


We take (x, y, z) to be the usual coordinates of R?. Let M be the graph z = u(x, y) 
of a function u € C?(2) 1 C°(Q) defined on a domain 2 C R?. We orient M with 
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the unit normal vector field N given by 


(—ux, —Uy, 1) (—Vu, 1) 


1, ») = 
pie ud vit+|Vul? 


Since (N, e3) > 0, we say that N points upwards (for the reverse orientation —N, 
we Say that it points downwards). A computation of the mean curvature H of M 
gives 


N(x, y, u(x, y)) = (3.1) 


3 
(1+ U3 ux, — 2uzuylzy + (1+u%)uyy =2H(1+|Vul?)?, (3.2) 


which is written in divergence form as 


Vu 
div| —————_ ] = 2H. 3.3 
(a5) ve 


The expression (3.2) is called in the literature the constant mean curvature equation. 


Remark 3.1.1 Sometimes we will change Eq. (3.2) using the downward orientation. 
In this case a minus sign will appear on the right-hand side of (3.2) (also in (3.3)). 
This will allow us to associate the idea of ‘positive values’ of H with surfaces that 
lie ‘above’ the plane z = 0. 


In the theory of partial differential equations, Eq. (3.2) falls into the class of ellip- 
tic equations because the symmetric matrix of coefficients of second order in (3.2), 


which is given by 
1+ ur —UxUy 
Sly 1 ur : 


is positive definite. For an elliptic linear equation, the maximum principle plays a 
special role which will be treated in the next section. First we focus on an easy 
application of calculus for the mean curvature equation. Equation (3.2) looks like 
the Laplace equation Au = 0. In fact, Eq. (3.2) can be expressed as 


(1+ [Vul2) Au — (V2u)(Vu, Vu) =2H(1 +1 Vul2)? 


where Vu is the Hessian of w. Given a point q € &, it is possible to make a change 
of coordinates around g € {2 so that the above equation reduces to Au = 2H at q. 


Lemma 3.1.2 Let p € M. There exist local coordinates around p such that M is 
z=u(x, y) and Au=28H at p. 


Proof Let M be the graph of z = u(x, y) around p, where u is defined on a domain 
2 CR*,q € 2 and p= (gq, u(q)). After a rigid motion of R? if necessary, assume 
that the tangent plane 7, M is horizontal. Then Vu(q) = (0, 0) and the expression 
(3.2) is finally Au(g) = 2H (p). 
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In order to state the comparison principle, we require some definitions. 


Definition 3.1.3 Let 2 C R* be a smooth domain. Consider two graphs M, and 
M> on & of functions u; and uz respectively. Assume that M, and M2 are tangent 
at acommon point p = (q, ui(q)), g € &. We orient M, and M2 by Gauss maps Ny 
and N> respectively such that Nj(p) = N2(p) = e3. We say that Mj lies above M2 
around p if uw; > uz ina neighborhood of q. 


As an immersed surface is locally the graph of a function, we extend the above 
definition to immersed surfaces. 


Definition 3.1.4 Let M; and M> be two immersed surfaces in R? that are tangent at 
some common point p, which satisfies p € int(M,) MN int(M>2) or p € OM, N0M). In 
the last case we assume, in addition, T,dM, = TpdM)p. After a rigid motion of R’, 
we assume that N;(p) = N2(p) = e3. We say that Mj lies above M> around p if 
this holds locally around p. 


The definition needs some further clarification. 


1. Suppose that M; is locally the graph of a function u; defined in a domain 92; of 
the common tangent plane T,M;, i = 1,2. We write p = (qg,uj(q)) and M; = 
graph(u;) C Mj. If p is an interior point, it is clear that 2; M Q2 4 VY and there 
exists a subdomain §2 with g € 2 C2, N22). 

2. If p is a boundary point, we are assuming that M, > M2 around P, in partic- 
ular, uw; and uz are comparable around g. Moreover, the condition TpaM\ = 
T dM guarantees that there exists a smooth subdomain (2 C 92; M {22 where 
q€0n. 

3. In general, two surfaces M; and Mp) tangent at a boundary point may not be 
graphs in the same domain, even assuming T,0M, = T,,0 Mp. For example, take 
two disjoint domains 2), 22 C R? such that 2) N Q7 VG. If p € 82, N IQ, 
then there are graphs on 92; tangent at p which are not graphs in a common 
domain. 

4. If a surface M is embedded, then locally around a point p ¢ M, M is a 
graph, and this graph is uniquely determined around p. If the surface is im- 
mersed, say, x : M — R?, a point p € x(M) could have many preimages. 
When we say Mj; > Mp2 around p we refer to a preimage of p at each sur- 
face M;. 


The following result is a direct application of the calculus of two variables and 


we do not assume that the mean curvature is constant. 


Theorem 3.1.5 (Comparison principle) Let M, and M2 be two surfaces with a 
common tangent point p. If M, > M2 around p, then H\(p) > H2(p). 


Proof Since the result is local, we work with graphs and we use the above nota- 
tion. After a change of coordinates, assume that the tangent plane 7, M; is IR? and 


40 3 The Comparison and Tangency Principles 


Nj (p) = e3. This means that Vu; (xo, yo) = (0, 0), i = 1, 2. By (3.2), the mean cur- 
vatures H; are 


2H; (p) = Au; (x0, yo). 


Since M, > M2 around p, the difference function w = uw; — u2 has a local minimum 
at (xo, yo). It follows that V-w is positive semi-definite at (xo, yo). In particular, 


O < wrx (x0, Yo) = U1) xx (X0, Yo) — (U2) xx (0, Yo) 


0 < wyy(X0, Yo) = (U1) yy 0, Yo) — (U2) yy (Xo, Yo). 


This implies 


0 < Aw(xo, yo) = Aus (40, yo) — Au2(xo, yo) = 2(Hi(p) — H2(p)). 


We illustrate some applications of the comparison principle by means of a set 
of results concerning cmc surfaces with boundary. In the first result constant mean 
curvature is not needed. 


Corollary 3.1.6 Let 2 C R? be a bounded domain and u € C?(2) 1 C°(Q) with 
u=0o0n 02. Let M = graph(u). If H £0 on M, thenu>0on Q oru<OonQ. 


Proof We argue by contradiction. Suppose that M has interior points on both sides 
of R?. Let po, p1 € int(M) be the points of highest and lowest height with respect 
to R?, respectively. Both points exist by the compactness of M. Let po = (xo, yo. Zo) 
and p, = (x1, y1, Z1) and assume that z; < 0 < zg (similarly if zy < 0 < zg). Since 
Po and pj are interior points, the tangent planes of M at both points are horizontal. 
Fix the orientation N on M pointing downwards. 

Consider the (horizontal) tangent plane T,, M placed at po with the same orien- 
tation at po as M. Then M > T,, M around po and the comparison principle implies 
H (po) = 0 because T,, M is a minimal surface (see Fig. 3.1). On the other hand, 
at the point p; we place the horizontal plane 7;,,M. Reversing the orientation on 
Tp, M if necessary, Tp, M => M around p;. Then 0 => H(p;). By connectedness, 
there would be a point of M where H vanishes, which leads to a contradiction. 


We may also argue as follows. As T,)M is a horizontal plane, then Eq. (3.2) 
reduces to Au(xo, yo) = —2H (po). Similarly, Au(x1, y1) = —2H(:p1). Recall the 
orientation points downwards and so, the right-hand side of (3.2) has a minus sign. 
As u attains a maximum at (xo, yo) and a minimum at (x1, y1), Au(xo, yo) < O< 
Au(x1, yi). Thus H(po) => 0 => AH (pi) as above, obtaining the same contradiction. 

From the proof, we deduce (see also Theorem 2.3.5 when A is constant): 


Corollary 3.1.7 Let M be a graph on a bounded domain 2 C R? with 9M = 4Q. 
Fix on M the orientation pointing downwards. Assume that H £0 on M. If H > 0 
(resp. H <0) then M lies above (resp. below) the plane z = 0. 
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Tpy»M 


R2 


TM 


Fig. 3.1 Proof of Corollary 3.1.6. Comparison of the graph M with the tangent planes at the 
highest and lowest points of M 


Corollary 3.1.8 (Monotonicity) Let 2 C R? be a bounded domain and consider 
M;, i = 1,2, two graphs of uj € C2() ia) C°(2), respectively, with u, = u2 in 
082. If the corresponding mean curvature functions H, and Hp with respect to the 
downward orientation satisfy H, < Hz on 2, then uy <u2in&Q2. 


Let us observe that if we take M, to be the plane z = 0, then we obtain Corol- 
lary 3.1.7. 


Proof By the comparison principle, it is not possible that at a point g € 2, u1(q) = 
u2(q) and uy < uz around g: in such a case, M; > Mp? around (g,u;(q)) and the 
comparison principle yields Hi (q) => H2(q). 

Let us suppose by contradiction that at a point go € 2, ui(go) > u2(go). Then 
the difference function w = uv; — v2 attains a maximum at a point q;. As w(q\) > 0 
and w = 0 along 02, then gq; € 2. Then Vw(q1) = (0,0) and Aw(q1) < 0. Now 
Eq. (3.2) gives 


Aw(q1) = —2(Q, — A2)(q1) < 9, 


obtaining a contradiction. 


Corollary 3.1.9 Let H £0 and let 2 C R* be a domain. Let u € C?(Q)NC°(2) 
such that M = graph(u) is an H-surface with respect to the downward orientation. 
If H > 0 (resp. H <0), then u does not have an interior local minimum (resp. 
interior local maximum). 


Proof Assume H > 0. If there is an interior local minimum p, we place the tangent 
plane T,,M at p. By the orientation given on M, and choosing on T,,M the down- 
ward orientation, 7, M > M around p. The comparison principle yields 0 > H, 
a contradiction. The case H < 0 is similar. 


Corollary 3.1.10 Let 2 C R? be a bounded domain. Let M be a compact em- 
bedded surface in R? with mean curvature function H #0 with 9M = dQ. If 
M C{(x, y,z) € R?: z> 0}, then int(M)N 2 =9. 
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Fig. 3.2 Proof of Pp rT 

Theorem 3.1.11. The surface Ji A 
M, the hemisphere S and the 

annulus A C P enclose a iE 

3-domain W. If N points SNe) \ 2 

towards W, at the highest Eee 

point of M, N(:p) points 

downwards and at the lowest See 


point, N(q) points 
downwards again S 


Proof Assume, by contradiction, that p € int(M)M. Since M lies above R?, there 
exists a subdomain 92’ C 2 such that M U @’ defines a bounded 3-domain W. We 
orient M by N so that N points towards W. If p; € M is the highest point of M, 
then N(p1) = —e3. Thus M > Ty, M around p) and the comparison principle gives 
H(pi) => 0. As H £0 on M, we have H > 0. As p is an interior point, the tangent 
plane at p is horizontal and thus, N(p) = —e3. As a consequence, if we orient P 
downwards, then P > M around p. The comparison principle implies 0 > H(p), 
a contradiction. 


The following theorem is due to M. Koiso [Koi86] and, again, it does not require 
the assumption of constant mean curvature. 


Theorem 3.1.11 Let I be a simple closed curve included in a plane P. and denote 
by 2. C P the domain bounded by I’. Assume that M is a compact embedded sur- 
face in R? spanning I with H £0. If MN (P \ Q) =9, then int(M) lies on one 
side of P. 


We say that a set lies on one side of a plane P if it is included in one of the two 
connected components of R? \ P. 


Proof We proceed by contradiction. Suppose that P is the plane z = 0. Consider a 
hemisphere S below P with dS C P and denote by D C P the closed disk bounded 
by 0S. Take S of radius sufficiently large such that 2 C D and the part of M be- 
low P is contained in the domain enclosed by S U D. If A denotes the annulus 
D \ 2, then MU AUS defines a non-smooth closed embedded surface in R?. By the 
Alexander duality [GH81], this surface bounds a 3-domain W C R?. See Fig. 3.2. 
We orient M by the unit normal vector N pointing to W. 

Denote by p and q the highest and lowest points of M with respect to P, re- 
spectively, with p,g € int(M). Suppose z(q) < 0 < z(p) (the argument is similar if 
z(q) <0 < z(p)). Observe that if z(qg) = 0, then g € £2 and the result follows from 
Corollary 3.1.10. Since N(p) points to W, N(p) = —e3. Compare M with the (hor- 
izontal) tangent plane 7, M at p, where T,, M is oriented pointing downwards. Since 
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Fig. 3.3 Proof of 

Theorem 3.1.12, comparing 
the surface M with the 
spherical cap S(h) 


T,M is a minimal surface and M > T,M around p, the comparison principle im- 
plies H(p) => 0. As H £0, then H > 0 on M. Now, we work with the point q € M. 
Since N(q) points to W, we have N(q) = —e3. Compare the horizontal plane 7, M 
with M at q. Let us take on 7, M the orientation pointing downwards. In this sit- 
uation, T,M => M around qg and the comparison principle now yields H(q) < 0, 
a contradiction. 


Theorem 3.1.11 may be viewed as a generalization of Corollary 3.1.6. If we com- 
pare both results, the fact that the surface was a graph allowed us in Corollary 3.1.6 
to fix a suitable orientation on the surface. In Theorem 3.1.11 the orientation is de- 
termined by the assumption MN (P \ 2) =9. 

We point out that we may replace I”, under appropriate modifications, by a dis- 
connected plane curve. So, assume that 7 = I, U--- UT), is the decomposition into 
its connected components and §2; C P is the domain bounded by J;. Then it suffices 
to assume that MM ext(I”) = %, where ext(I") = ()j_, (P \ Qj). 

Finally, we treat the minimal case, that is, H = 0. We drop the hypothesis that 
the surface is a graph and we assume that the surface is immersed. 


Theorem 3.1.12 Let P be a plane in R?. Let M be a compact surface and let x : 
M — R? be a minimal immersion. Ifx(0M) C P, thenx(M) CP. 


The compactness of M is necessary since the half catenoid z = arc cosh(,/ x? + y?), 
x* + y* > 1, has planar boundary. 


Proof The reasoning is by contradiction. Without loss of generality, assume that P 
is the plane z = 0 and that M has points above P. Let C C P be a circle of radius 
r > 0 and let K denote the hemisphere with 0K = C that lies above P. The circle 
C bounds a domain D C P and DU K defines a bounded 3-domain W. Take r 
sufficiently large so that I” C int(D) and x(M) N {(x, y,z) € R3:z> 0} C W as 
depicted in Fig. 3.3. 

Let S(H) be the family of small spherical caps above P with 0S(H) = C and 
parameterized by their mean curvatures H > 0 with the downward orientation. Then 
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0< H <1/r. For H=1/r, S(1/r) is the hemisphere K. Starting from the value 
H =1/r,let H \, 0 until the first time H = h that S() touches x(M). This occurs 
necessarily at points of x(M) strictly above the plane P. Let p € S(h) NM M. In 
particular, S(1) and M are tangent at p. We orient M so that its orientation agrees 
with S(h) at p. Then M > S(h) around p and, as M is minimal, 0 > h by the 
comparison principle; this is a contradiction. 


This theorem establishes that in the simplest case that the boundary is planar, a 
minimal surface must be part of a plane. As a consequence, if we want to investigate 
H-surfaces spanning a plane closed curve, the interesting case is H £0. 


Corollary 3.1.13 There do not exist closed minimal surfaces. 
Proof Tf M is such a minimal closed surface, near to the farthest point p €¢ M from 


the origin, the intersection of M by a parallel plane to 7, M gives a minimal graph 
bounded by a closed curve but the surface is not planar, a contradiction. 


This last result can also be proved by comparing M with spheres. If M is a 
closed minimal surface, we consider a large ball B C R? including M. Then S = 9B 
is a sphere, which is a surface with positive mean curvature if we orient S with 
the inward orientation. By moving S until it first intersects M at a point p, at this 
position M and S are tangent because p is interior in both surfaces. As M > S$ 
around p, the comparison principle yields a contradiction. 


3.2 The Tangency Principle 


In the preceding section we have compared the mean curvatures of two surfaces 
that are tangent at a point p and where one of the surfaces lies above the other one 
around p. The interest now is what happens if such surfaces have the same constant 
mean curvature. In such case, and from a local viewpoint, we have two graphs of 
functions u;, i = 1,2, with u1(g) = u2(qg), ui < u2 around q, and u; satisfy the 
same Eq. (3.2). 

For a linear elliptic equation of second order, the Dirichlet problem has a 
unique solution, which is a direct consequence of the maximum principle. Although 
Eq. (3.2) is not linear, the key point is that the difference of two solutions of this 
equation satisfies a linear equation, and hence it satisfies the hypothesis of the max- 
imum principle. We shall make use of this in this section. The topic of maximum 
principles for elliptic equations is extensive, but we will only use those statements 
necessary for our needs. We refer to [GTO1, PW67] as general guides. 

Let 2 C R? be a smooth domain and consider a linear differential operator of 
second order L : C~ (2) > C®(Q) given by 


Lu = ayuyy + 2a12Uyy + a2QUyy + Djuy + bouy, (3.4) 
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where aj;,bj € C © (2). We say that L is elliptic if the symmetric matrix A(x, y) = 
(aj; (x, y)) is positive definite for all (x, y) € 2, where a2; = aj2. As the matrix 
A(x, y) is symmetric, it is diagonalizable. Denote by A(x, y) < A(x, y) the two 
eigenvalues of A(x, y) for each (x, y) € 92. We say that L is uniformly elliptic if 
A/dX is bounded in @. For example, it suffices that A > Ap > 0 on 2, for some 
constant Ao. 

We state the classical strong maximum principle of E. Hopf [Hop27] 


Theorem 3.2.1 (Hopf maximum principle, interior point version) Let L be a uni- 
formly elliptic linear operator. Let u € C® (2) satisfy Lu > 0. If u attains its maxi- 
mum at po € S82, then u is constant. 


Theorem 3.2.2 (Hopf maximum principle, boundary point version) Let L be as 
above and u € C®(Q) such that Lu > 0. If u attains its maximum at po € 38 and 
du/dn(po) < 0, where n indicates the outward unit conormal vector of 82 along 
092 at po, then u is constant. 


We remark that the Hopf maximum principle is still valid for other types of domains, 
such as, for example, if 82 C R? satisfies the uniform interior sphere condition. This 
property means that for any point p € 092, there is a disk D,(qg) C 9 such that 
D,(q) 102 = {p}. In other cases of domains, it is possible to extend the Hopf 
maximum principle with extra assumptions but we do not enter into this discussion. 
We will only need to extend the principle in one special setting, namely, when (2 
is a quadrant of R*, but we will not address this case until we need to use it (Theo- 
rem 4.1.16). 

We prove that we can apply the Hopf maximum principle to the difference of two 
solutions of the constant mean curvature equation, showing that it satisfies a linear 
elliptic equation. 


Lemma 3.2.3 Let 2 C R* be a domain and uj € C®(@), i = 1,2. Denote by H; 
the mean curvature of the graph of u;, i = 1,2, computed according to (3.1). If 
H> > Hy in 2, then the difference function w = u2 — uy Satisfies Lw > 0, where L 
is a uniformly elliptic linear operator. 


Proof In view of (3.2), define F : R° + R by 


(d+ Er ae sl — 2x4x5x2 +(1+ x2)x3 
d+ xi + a2)" 


F(x], X2, X3,%4,X5) = 


For each 0 < t < 1, define the following smooth functions on Q 
r(t) = (1— Tt) )xy + TU) xx, 
5(T) = (1-7) 1) py +TU2) xy, 
t(t) = (1 —T)(U1)yy + TU2)yy, 
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p(t) =(1—7)(1)x + TU2)x, 
q(t) =U —t)(ui)y + TW 2)y. 


The fundamental theorem of calculus gives 


0 < 2(A — M)) 
= F(r(1), s(1),t(), pC), g()) — F(r(0), s(), 1), pO), gO) 


a 
=u ZF (r(),5(0), (2), P(e), q(o))ae 
0 C. 
- (f 1+ q(t) ar) 
~\o A+ pa? +a@e JP 


(| P(t)q(t) iu 
o (+ p(t)? +4(t)?)3/2 xy 


de [ 1+ poy dt \wyy + bw, + bow (3.5) 
0 A+ peta aye pe Te 


where bi, b2 € C©(Q) and whose expressions are not needed to be explicit. Con- 
sider the functions defined on @ given by 


a -[ L+q(ty dt 
1 Io A+ p@? +a” 


eee [ p(t)q(t) xe 
Io A+ pa? +g” 


[ 1+ p(t)? 
— ce 
022 fo A+ pp) +qa 


With this choice of functions a;; and b;, define L as in (3.4). Observe that the linear 
operator L depends on the initial functions uw; and uz. By (3.5), the function w 
satisfies Lw > 0. We prove that the operator L is uniformly elliptic. The quadratic 
form 


Q(t, 8) = (1+.9(c))Et — 2p(r)q(w)E1& + (1+ p(e)’)&, 
with € = (&1, &2), is positive definite because 
Ot, 6) = 8 + + (qi — p(a)&)” > 0 
for € ~ (0, 0). This proves that 


1 


Wey eae ae 


Q(t, &) 


3.2 The Tangency Principle 47 


is positive definite. Finally, we write 


2: 


1 
> aij 515 j -[ R(t, €)dt > 0, 


inj=l 


proving that L is an elliptic operator. On the other hand, the least eigenvalue of Q 
is 1. As the functions p(t) and q(t) are continuous on &, there exists an M > 
0 such that (1 + p(t)? + airy yr < M on &2. Hence, the least eigenvalue of L 
satisfies 

[ 1 Pe 
— T 
lls pagar yr Mt 


This proves that L is uniformly elliptic. 


> 0. 


A=A(x, y) 


As an immediate consequence of the Hopf maximum principle and Lemma 3.2.3, 
we have: 


Theorem 3.2.4 (Tangency principle) Let M, and Mp) be two surfaces of R> and 
either p € int(M,) Nint(M2) or p € 0M, 1 0M)2. Assume: 


1. M, => M2 around p. 
2. Hy < H2 around p. 


Then M, and Mp2 agree on a neighborhood of p. In particular, H, = Hp in this 
neighborhood. 


Proof Yn an open set around p, M, and Mp2 are graphs of functions uw; and u2 
respectively, defined on 2 C R?. Let p = (q,uj(q)). Moreover, we suppose that 
Ni(p) = e3 and uy > u2. If g € 0Mj, the hypothesis uv; > u2 implies 


Ou Ou2 
on = on (2 (3.6) 


where n is the outward unit vector along 02. 

If w = u2 — 1, then w < 0 with w(qg) = 0 and the function w attains a maximum 
at gq. As Hy < Ho, Lemma 3.2.3 says that Lw > 0. If g is an interior point, the 
interior version of the Hopf maximum principle implies that w is constant in Q and 
as w(q) = 0, we have uj = u2 in 2. If g € AQ, inequality (3.6) implies 


Ow 
—(q) <0. 
a (Ys 


Taking into account the boundary version of the Hopf maximum principle, we con- 
clude again that uj = u2 on 2. 


When both surfaces have the same (constant) mean curvature, we obtain: 
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Corollary 3.2.5 Let M, and M be two surfaces of R? and either p € int(M,) 
int(M2) or p € 0M, 1 0M). Assume one surface lies above the other around p 
and they have the same constant mean curvature. Then M, and Mp) agree on a 
neighborhood of p. 


In the literature, the tangency principle is sometimes called the ‘maximum prin- 
ciple’. We shall use the terminology ‘maximum principle’ in the context of differ- 
ential equations and ‘tangency principle’ when working with surfaces of constant 
mean curvature. 

It is also possible to prove the tangency principle without the use of the Hopf 
maximum principle but we need to assume that the solutions of (3.2) are analytic 
[Hop83]. We only consider the interior point version and that both surfaces have 
the same (constant) mean curvature, which it is the interesting case. Let uw; and u2 
be two functions that locally represent two H-surfaces tangential at a point p and 
where the orientations coincide at p. Without loss of generality, assume that vu; and 
u2 are defined on a domain 2 C R* about the origin (0, 0) and the tangent plane at 
this point is R?. Then 


ui (0,0) = u2(0, 0), Vuj (0, 0) = (0, 0). 


Assume uw, ~ u2 around the origin. If uw; and wo satisfy (3.2), the proof of 
Lemma 3.2.3 implies that w = u2 — v1 Satisfies a linear elliptic operator Lw = 0. 
Moreover, Lw(0, 0) = (€11Wxx4.+2412Wxy +422 Wyy)(0, 0). After an affine change 
of coordinates (x, y), we suppose that Lw(0, 0) = (wyx + Wyy)(0, 0) = 0. Using the 
analyticity of uj, if uw; # u2, there is an expansion of w around (0, 0) such that if 
z=x+iy andr = |z|, then 


uz — uy = P(z)+ O(r"*'), (3.7) 


where P(z) is a homogeneous harmonic polynomial of degree n. Thus P(z) is 
the imaginary part of a holomorphic function, more precisely, P(z) = Im(cz”), 
c € C — {0}. Furthermore, after a rotation of coordinates if necessary, c € R. Then 
the difference function w = u2—w, around the origin behaves as cr” sin (n@),n > 2, 
with z = re!®. In particular, we have proved that in a neighborhood U of (0, 0), the 
set w—!({0}) has at least four smooth arcs intersecting at (0,0) and U \ w! ({O}) is 
formed at least by four components on which the sign of w alternates. We conclude 
that, if uj > uv. around (0, 0), then necessarily uw; = uz in a neighborhood of the 
origin. 

A direct consequence of the tangency principle is the uniqueness of graphs with 
the same mean curvature and the same boundary. 


Theorem 3.2.6 Let 2 C R? be a bounded domain. If M, and M2 are two H-graphs 
on 82 with 0M, = 0M), then M, = Mo. 


In the language of differential equations, this result is the uniqueness of solutions 
of the Dirichlet problem (1.5)—(1.6). Indeed, if M; = graph(u;), i = 1,2, are two 
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solutions, then L(u, — uz) = 0. By the Hopf maximum principle, wu; — uv attains its 
maximum and its minimum at 02. But uv; = u2 along 092, proving uj = uz in 2. 

We shall prove the result by means of the tangency principle, giving a geometric 
proof of the result. In fact, since the tangency principle is a consequence of the max- 
imum principle, we shall actually express in a geometric language the uniqueness 
of solutions of Eq. (3.2). The existence of solutions of the Dirichlet problem will be 
considered in Chap. 8. 


Proof We point out that in the statement of the result, both graphs have the same 
orientation, say for example, given by (3.1), because they satisfy the same Eq. (3.2). 
Consider the vertical translations ¢;(p) = p + te3. Move M, up by ¢; until a time 
to > O such that $j) (M1) NM M2 = Y. Next decrease ¢ until ¢;(/1) first makes contact 
with Mp at t = t,. Necessarily, this occurs for some tf > 0. If t; > 0, then @;, (M1) 
and Mp intersect at an interior point p. Since both surfaces have the same orienta- 
tion and mean curvature at p, both surfaces agree on an open set around p by the 
tangency principle. We repeat the argument, proving that the set where int(¢,, (M1)) 
and int(M2) coincide is open both in int(¢;,(M))) and in int(M2). Since this set is 
always closed, int(@;,(M1)) = int(M2) and so, ¢;,(M1) = M2. As 0¢;, (M1) 40 M2, 
we get a contradiction. 

In conclusion, t; = 0 and this shows that Mj, lies above M2. Reversing the roles 
of M, and M3, the same argument shows that M2 lies above Mj, and we conclude 
that M; = M>. 


Remark 3.2.7 If M is an H-graph on 92 of a function u, with u = 0 on 0M, its 
reflection M* with respect to R* is the graph of —w and with the same bound- 
ary. If the mean curvature H is computed with respect to upward orientation, then 
u satisfies (3.2). However, the function —u satisfies (3.2) for the value —H. This 
is consistent with the previous result. Moreover, if H = 0, this argument and the 
uniqueness prove u = —u. Thus u = 0, rediscovering Theorem 3.1.12. 


3.3 Applications of the Tangency Principle 


In this section we illustrate examples of the use of the tangency principle in the 
study of cmc surfaces with boundary. 


Theorem 3.3.1 A compact minimal surface immersed in R? is included in the con- 
vex hull of its boundary. 


Proof In view of Corollary 3.1.13, we know that dM + 9%. If the boundary is a 
plane curve, we complete the proof using Theorem 3.1.12. Assume now that the 
boundary is not planar. Let P = (a)+ be a plane disjoint with M, where (a) is the 
line generated by the vector a. Move P in the direction of the vector a and towards 
x(M) until the first touching point p. Let P’ denote the plane P at this position. If 
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p € int(M), the tangency principle implies that x(M) agrees with P’ in an open set 
around p. By Theorem 2.2.2, x(M) C P’, which is not possible because 0M is not 
a plane curve. It follows that p € 0M. Thus, given a plane P, there exists a parallel 
plane P’ to P such that x(M)/M P’ c x(0M) and x(M) lies on one side of P’. This 
gives the theorem. 


This result provides a proof of the following empirically evident fact concerning 
soap films. When we construct a soap film with a skeleton of wire and soapy solu- 
tion, we cannot touch the soap film with the palm of our hand but we can touch the 
wire. In this case, when we attempt to touch the soap film, the palm of our hand rep- 
resents a plane, a minimal surface, which, by the tangency principle, cannot contact 
the soap film at interior points. 

We study how the value H in the constant mean curvature equation (3.2) imposes 
restrictions on the shape and the size of the domain £2. In other words, given a 
domain 2 C R? and a number H, the existence of an H-graph on @ depends on a 
certain relation between §2 and H. This can be seen in the next two results for cmc 
graphs. The first one is due to S.N. Bernstein [Brn15] (see also [Fin65]). 


Theorem 3.3.2 Let M be an H-graph on a domain 82 with H £0. Then 82 does 
not contain the closure of a disk of radius 1/|H|. 


Proof We proceed by contradiction. Assume that D is an open disk of radius 1/| | 
such that D C &. Let p be the center of D. Reversing the orientation on M if 
necessary, suppose H > 0. Assume that the orientation points upwards. Let S be a 
sphere of radius 1/H whose center lies on the straight-line through p perpendicular 
to the (x, y)-plane and we orient S with the inward orientation. With this choice of 
orientation, the mean curvature of S is H and the orthogonal projection of S on R? 
is D. 

Lift S vertically upwards until S$ is completely above M. Then, let us descend $ 
until the first point of contact between S and M. Since D C 2 and M is a graph 
on §2, the contact point p must be interior in M. By the tangency principle, the 
surfaces M and S agree on an open set around p. Theorem 2.2.2 implies that M is 
included in a sphere of radius 1/H, say, M C S. This is a contradiction because the 
orthogonal projection onto R* would give 2 C D. 

In the case that the orientation of M points downwards (for H > 0), we follow a 
similar argument with the sphere S approaching from below. 


Corollary 3.3.3 There do not exist graphs defined on R? with non-zero constant 
mean curvature. 


In contrast to the statement of this corollary, and in the case H = 0, the plane is 
the only minimal graph defined on R*. This is the famous Bernstein theorem, but 
its proof has a different flavor than Theorem 3.3.2 [Alm66b, Brn15, Hop52, Oss86]. 
On the other hand, there exist non-planar minimal graphs defined on arbitrary large 
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domains, as for example, the Scherk surface. This surface is the graph of 


1 
z=ux, y) = — lo 


cos (ry) 
cos (rx) 


Ix|, ly] < = 
> {xl, < 
y 2r’ 


defined on a square of arbitrary size letting r — 0. In fact, we take any minimal 
graph M defined on a bounded domain 2 C R?. Applying homotheties of M, i.e., 
tM, the surface is minimal again, but now tM is a graph on the domain t2, which 
can be arbitrarily large as we increase the value of f. 

The second result is a simple application of the divergence theorem. It tells us 
that given a bounded domain 92 C R2, the existence of solutions of the Dirichlet 
problem associated to Eq. (3.2) does not admit arbitrary values of H, but there are 
a priori restrictions on H depending on the size of 92 and 022. 


Theorem 3.3.4 Let 2 C R? be a bounded domain and H €R. If M is an H-graph 
of u € C?(2)N C°(2), then 

L(OQ) 

2a(Q)’ 

where L(0S2) is the length of 082 and a(S2) is the area of 82. 


|H|< 


Proof Let us first assume that u € C (92). If n is the outward unit normal vector to 
082, an integration of (3.3) gives 


<| lds = L(082). (3.8) 
02 


Vu 
2|H|a(Q) = ——— _,n)d 
eee A 14+ |Vul? n) % 


If we now suppose that u is only continuous along 02, take an increasing exhaustion 
of domains 2, > @, with Q, C 2.1f un = ujg,, then uy € C?(2n) and (3.8) gives 
2| 1 |a(Q2n) < L(0Q2,). Letting n > ov, we obtain the result. 


If §2 is a round disk of radius r, this result asserts that |H| < 1/r. This is con- 
sistent with the family of small spherical caps and the hemisphere with bound- 
ary 092. 

Another application of the tangency principle provides an estimate of the size 
of an H-surface spanning a given curve I” depending on the size of I”. Denote by 
Biq.r) Cc R? an open ball of radius r centered at g and let S(g,r) = 0B(q,r) be 
the boundary sphere. The next theorem is due to J. Serrin [Ser69a]. 


Theorem 3.3.5 Let I’ be a closed curve contained in B(q,1) and H £0. If M isa 
compact H-surface immersed in R} spanning ’ such that M C B(q,1/\H)), then 
Mc Bq, 1). 


Proof We orient M by the Gauss map WN such that H > 0. If H > 1, the result 
is trivial. Thus, let 0 < H < 1. Let us assume for contradiction that M ¢ B(q, 1). 
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Since M is compact, let 79 = min{r > 1: M Cc B(q,r)} > 1. The mean curvature of 
S(q, ro) is 1/ro with the inward orientation and, by hypothesis, rp < 1/H. 

Let p € S(g, ro) NM. If pe I, then B(g, ro) C B(q, 1) and so, ro < 1, a con- 
tradiction. Consequently, p is an interior point of M. In particular, S(g,7r9) and 
M are tangent at p. Since M C B(q,ro) and H > 0, the comparison principle 
implies that N(p) points inside the ball B(p,ro) and H > 1/ro. Thus H = 1/79 
and the tangency principle implies that M and S(g,7ro) agree on an open set 
around p. By Theorem 2.2.2, M C S(q,ro). This contradicts that I” C B(q, 1) and 
B(q, VNS(q,ro) = 9 since ro > 1. 


We devote the remainder of this section to some results that tell us about the 
limitation of a cmc surface inside a region defined by cylinders and spheres whose 
radii have an appropriate relation to the mean curvature of the surface. 


Theorem 3.3.6 Let H 40. The only closed immersed H-surface in R? included in 
the closure of a solid right-cylinder of radius 1/|H| is a round sphere. 


Proof Let M be a closed H-surface under the assumptions. After a change of co- 
ordinates, assume that M is included in the cylinder K = D x R, where D C R? is 
a closed disk of radius 1/|H| and let C= 0D x R. Consider an upper hemisphere 
S of radius 1/|H| such that 0S = 0D, in particular, S C K. We orient S with the 
downward orientation Ns and so the mean curvature of S is |H|. Since M and S$ 
are compact surfaces, we can move S up until it does not intersect M. Now, let us 
move S down until it first intersects M at a point p. The point p is a tangent point 
of both surfaces. Indeed, p is always an interior point of M because M is closed. If 
p € int(S), then p is a common interior point, in particular, it is a tangent point. If 
p € 98S, then T,,S is a vertical plane and T,S = T,C. As M is included in K and 
p<€C=OK, then M and C are again tangent at p. 

Once that S touches M at p, we orient M by the Gauss map WN such that N(p) = 
Ns(p). Since p is the first contact point, we see that M > S around p. This occurs 
even if p € C because S and M are graphs in a domain of T,,C. The comparison 
principle says that the mean curvature of M is greater than that of S, and as the 
mean curvature of S is |H|, we deduce that the mean curvature of M is positive and 
so it agrees with |H]. 

Since the mean curvatures of M and S coincide, the tangency principle implies 
that M and S coincide on an open set around p. Taking into account Theorem 2.2.2 
and since M is a closed surface, we conclude that M is a sphere of radius 1/|H| and 
this proves the result. 


Corollary 3.3.7 Let H 40. The only closed immersed H-surface in R? included in 
the closure of a round ball of radius 1/\|H| is the round sphere. 


The comparison of the size of a surface with spheres in terms of the mean curva- 
ture can be generalized when H is not constant. 
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Corollary 3.3.8 Let M be a closed surface immersed in R? whose mean curvature 
function H satisfies |H| <h, h > 0. If M is included in the closure of a solid right- 
cylinder of radius r, then r > 1/h and equality holds if and only if M is a sphere of 
radius 1/h. 


The particular case of this result assuming that the surface is included in a sphere 
was proven by D. Koutroufiotis in [Kou73]. 

Theorem 3.3.6 and Corollary 3.3.7 refer to immersed H-surfaces where two or 
three spatial coordinates are bounded in terms of H. Assume now that one coor- 
dinate of the surface is bounded in relation with H. We need the next definition. 
A slab is the region of R? lying between two parallel planes and its width is the dis- 
tance between both planes. Fix H # 0. Since a sphere of radius 1/|H| is included in 
a slab of width 2/|H|, the possible extension of the previous results for slabs should 
assume that the width is less than or equal to 2/|H]|, in contrast to the value 1/|H| 
that appears in the statements of Theorem 3.3.6 and Corollary 3.3.7. However, we 
have: 


Theorem 3.3.9 Let H 40. There do not exist closed immersed H-surfaces in R? 
included in the closure of a slab of width 1/|H\. 


Proof Without loss of generality, we suppose H > 0. Assume that there exists a 
closed H-surface M included in a slab of width 1/H. Suppose that the slab is hor- 
izontal, which means that the planes P; and P> that define the slab are parallel to 
the plane z = 0. To a horizontal vector v, we associate a half cylinder C, with the 
following properties (by a half cylinder we mean the closure of either of the two 
connected components of an infinite cylinder of circular cross-section that separates 
a plane through its axis): 


1. C, is included in the slab and the radius of Cy is 1/(2H). 

2. The axis of C, is perpendicular to v. 

3. Each of the connected components of 0C,, say, two parallel straight lines, is 
included in each of the planes P; and P). 


The surface C, separates the slab S into two connected components. See Fig. 3.4. 
Let C;* denote the convex component and orient C, by N’ pointing towards Cy. 
It follows that the mean curvature of Cy is positive, say, H > 0. In fact, C x is the 
mean convex side of Cy, 1.e., the domain towards which the mean curvature vector 
of C, points, or in other words, where the orientation corresponding to the positive 
mean curvature points. 

Move C, by translations in the v-direction in such way that M lies in Ct. Dis- 
place C, in the opposite direction until it touches M. If p is a first touching point, 
then p is a tangent point of M and C,, even if p € dCy. Now we orient M by the 
Gauss map so that N(p) = N‘(p). With this choice of N, we have M > C, around p 
and the comparison principle asserts that the mean curvature of M is greater than or 
equal to H. This proves that the mean curvature of M is, indeed, H according to this 
orientation. The tangency principle now concludes that M and C, agree around p. 
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Py 


Pi 
Fig. 3.4 Proof of Theorem 3.3.9. The comparison and the tangency principle apply between the 
surface M and the half cylinder C, 


Extending the argument, MM C, is an open and closed set of M, hence M C Cy. 
This is a contradiction because M is a closed surface. 


In view of Theorem 3.3.9, it remains an open question to determine whether the 
assumption that the width of the slab can be relaxed to be 2/|H |, as is the case for a 
sphere with constant mean curvature H. 


Chapter 4 
Constant Mean Curvature Embedded Surfaces 


In this chapter we are interested in the question of what type of symmetries are 
imposed on the shape of a compact cmc surface M if it has as a prescribed boundary 
some closed curve I" C R?. To be precise, let ® : R? — R? be an isometry such 
that I” is invariant under @, that is, ®(") = I’. If M is a compact cmc surface 
spanning I”, we ask whether (M) = M. It is difficult to answer this question in all 
its generality. For example, if we take I” to be circle, we expect that a cmc surface 
spanning I to be a surface of revolution. However, recall the examples discovered 
by N. Kapouleas of cmc surfaces bounded by a round circle that are not rotational 
surfaces [Kap91]. 

In the context of embedded surfaces, this question may be partially answered 
using the tangency principle. This was employed by A.D. Alexandrov in his proof 
that the only closed embedded cme surface is the round sphere [Ale56, Ale62]. 
The technique has been used profusely in the theory of embedded cmc surfaces, as 
predicted by H. Hopf in [Hop83, p. 147]: 


“Tt is my opinion that his proof by A.D. Alexandrov (...) opens important new aspects in 
differential geometry in the large.” 


In this chapter we focus on compact embedded cmc surfaces. A direct conse- 
quence of the Alexandrov’s method is a partial answer to Conjecture 2: we shall 
prove that a compact embedded cmc surface with circular boundary and included in 
one side of the boundary plane must be a spherical cap. Then the conjecture reduces 
to the question of what conditions guarantee that such a surface lies on one side of 
the boundary plane. 

Besides results of symmetry, the Alexandrov’s technique allows us to obtain in- 
formation on the shape of an embedded cme surface depending on the geometric 
properties of its boundary. When the boundary is planar, and by using the Alexan- 
drov method with planes parallel to the plane containing the boundary, we shall 
prove in some cases that the surface is a graph. Finally, we deal with the case where 
the boundary curve is included in a sphere and similarly, we shall ask when the 
surface lies on one side of this sphere. 
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4.1 The Alexandrov Reflection Method 


The use of planes to reflect a cmc surface and taking the same surface for com- 
parison with itself is the so-called Alexandrov reflection method, also called in the 
literature the method of moving planes. In order to illustrate this method, we prove 
the boundary version of the Alexandrov theorem [Koi86, Sch83]. 


Theorem 4.1.1 Let I’ be a simple closed curve contained in a plane P. Assume 
that there exists a plane IT orthogonal to P such that I" is symmetric with respect 
to IT. Let L = P (II and assume that each of the two connected components of 
I’ \ (PML) is a graph on L. Let M be a compact embedded cmc surface in R> with 
boundary I. If int(M) lies on one side of P, then: 


1. The surface M is symmetric with respect to IT. 
2. Each connected component of M \ (M (IT) is a graph on IT. 


Proof Denote by §2 Cc P the domain bounded by J”. Since the surface M is embed- 
ded and lies on one side of P, MU bounds a 3-domain W C R? and the mean cur- 
vature is not zero. Choose on M the orientation N pointing towards W and let H be 
the mean curvature of M computed with respect to NV. After a rigid motion, assume 
that P and /T are the planes z = 0 and y = 0, respectively. Consider the 1-parameter 
family of planes /7;, t € R, of equation y = t. We introduce the following notation. 
If AC R?, let AT = AN{(x, y,z) ER? : y>t}, Ap =AN{(x, y,z) ER? : y <2} 
and denote by A; the reflection of Ay with respect to IT}. 

Consider the planes [7; coming from tf = +00, which do not intersect M by the 
compactness of M. Approaching from the right (tf \, 0), we arrive at the first plane 
IT), to > O, that touches M at a point q € M. 


Claim I. There exists an ¢ > O such that for t € (to — €, fo): 


1. Mi \ 0MF C W; and 
2: M+ is a graph on /7;. 


We distinguish two cases. If q € int(M), then T, M = IT,,, M is a graph on IT, 
around qg and 7; intersects M transversally for t € (to — €, to) for some ¢ > 0. Since 
M is embedded, Mf \ 0M? C W. If q € I’, then T,I is parallel to L and I’ is a 
graph on L around q. This means that the intersection of [7, with I” around I” is 
a graph on L for t € (ft — &€, to). This proves the claim. In addition, in the interval 
(to — €, to), the mean curvature of the reflected surface M;* is H with respect to the 
orientation N* induced by the symmetry about /7,;. Here for each t € (to — &, fo), 
aM; = 0M; and, depending on whether /7, intersects or does not intersect 92, 
Mt U M;, together with a subdomain of 92 if necessary, defines a 3-domain W; C 
R? and is included in W. In particular, N* points towards W,. 
Decrease ¢ and let 


t) = inf{r ¢R: Mj \ dM C W, MF isa graph on I, Vs € (t, to) }. (4.1) 
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Fig. 4.1 The Alexandrov reflection method in Theorem 4.1.1 


By the compactness of M, this infimum exists and because /T is a plane of symmetry 
of I’, t} > 0. The number f; satisfies M* ¢ W fort <t,. We say that rt; is the first 
time ¢ such that M* ¢ W and this expression will be used in the remainder of the 
book. 

There are two possibilities depending on the value of t: 


(i) t; > 0. In this case one of the properties M;; \ 0M; Cc W or M7 is a graph on 
TT;, fails. In the first case, there exists a p € int(M; ) Nint(M,, ) Fig. 4.1, left). In 
the second case, there exists a p € 0M; 0M,, where M/ and M,, are tangent 
at p (Fig. 4.1, right). 

(ii) t) =0. 

Claim 2. Case (i) is not possible. 

Since each connected component of I” \ (7 L) is a graph on L and f; > 0, 
we must have p ¢ I’. In the first possibility, namely, p € int(M;, ) A int(M,, ), the 
surfaces M7 and M,, are tangent at p because the point p is interior and t = 1 is 
the first time that int(M;‘) contacts with dW, t > t;. On the other hand, My, = M;, 
around p because N(p) and N*(p) agree, since both are pointing towards W. In the 
second possibility, the point p belongs to P;,. Since M* ¢ W for t < fy, then M;. 
and M,, are tangent at p and 7,,M is orthogonal to P,,. Moreover, both surfaces 
M;, and M,, are graphs in a domain in the closed half plane (7,M)~. Again, the 
vectors N(p) and N*(p) agree and Mj > M,, , where now N(p) € IT;,. 

We apply the tangency principle in its interior point version in the first case and 
the boundary point version in the second case. In both settings, Mz, and M,, agree 
on an open set around p. Now we make use of an argument that appeared in Theo- 
rem 3.3.2, proving that M;; and M,, agree on a maximal domain. In fact, Mj, 7 M,, 
is a sub-surface included both in My and M,,. Let K’ denote the connected com- 
ponent of M7 i containing p and let K be the corresponding component of M; such 
that K’ = K ‘ec Since M,, is a closed set in M, and extending the Alexandrov argu- 
ment, K’™ M,, is an open and closed set of K’, hence K’ C M,,. Thus, K U K’ 
is a compact surface whose boundary is a simple closed curve included in I’. By 
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connectedness, K U K’ = M. This proves that M; =M - and &/ is invariant under 
the reflection about J7,,. In particular, [7,, is a plane of symmetry of I”, which is a 
contradiction because ft, > 0. 

As a consequence of the two claims, the reflection method about the planes /7, 
continues until the position t; = 0 and so the plane J7;, is the very plane /7. In this 
setting there are two possibilities: 


1. The plane /7 is a plane of symmetry of M. Then the result is proved, because by 
the definition of t;, the surface M* is a graph on J7; for all t > 0. 

2. The plane /7 is not a plane of symmetry of M. Then by the above argument, 
Mj \ 9Mj CW, Mg and Mp are not tangent at points of I” and for any p € 
dM, \ I’, the tangent plane T,M is not perpendicular to [7. We discard this 
case. We begin with the Alexandrov process from the left, i.e., for large negative 
values of t. If A C R?, we use the notation Al. to indicate the reflection of A; 
with respect to [7;. By means of the planes [7;, we approach M until /7; first 
touches M at t = f2 < 0. Next, we continue to the right and reflect M, with 
respect to [T;. For values t > fz close to tz, we have a result analogous to claim 1 
above. Next displace 7; by letting t + 0 and reflecting M; about /7; until the 
first time f = 3 such that M! ¢ W. Let 


B= sup{t ER: M) \ dMi C W, for alls € (tp, t)}. 


By the earlier assumption, #3 < 0. Then an argument as in claim 2 gives that I7;, 
is a plane of symmetry, a contradiction. 


We make some observations: 


1. In the Alexandrov method, let ft; be the first time that M; ¢ W. Assume p € 
int(M; ) M int(M,, ) is a tangent point and denote by q € M; the point such that 
q* = p. Then p #q and by the process, the horizontal open segment joining p 
and q, say (p,q), must be included in W. 

2. We may assume in Theorem 4.1.1 that I” is disconnected. Indeed, let 7” = I U 
---U TJ}, be the decomposition into connected components and let £2; C P denote 
the domain bounded by I;. Since each piece of I” \ (77 L) is a graph on L, then 
2,02; =6, iA J. WE Q=2)U---UQy, then M U @ bounds a 3-domain W 
and the proof now follows the same steps. 

3. If the surface has points in both sides of the boundary plane P, the proof of 
Theorem 4.1.1 fails because it could happen that the contact point p in claim 2 
is not a tangent common point, as for example, if p € I”: see Fig. 4.2, left. 

4. Another setting where the Alexandrov process fails occurs if the curve I” is not 
a graph on L. In such case, it could happen that p € I" and p is not a tangent 
point of the surfaces M7 and M,, as depicted in Fig. 4.2, right. In the case of 
the figure, the boundary curve is not symmetric with respect to L. Even if I is 
symmetric with respect to /7, there could exist an embedded cmc surface M with 
boundary I”, where M included in one side of P but M is not symmetric with 
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1 


Fig. 4.2 Two cases where the Alexandrov reflection method fails. On the left, p is a boundary 
point which is the reflection of an interior point of Mt . On the right, p is the reflection of a 


boundary point of M;* . In both cases, M,, and M;" are not tangent at p 


LU 


Fig. 4.3. A simple closed curve [ contained in a plane P that is symmetric about L and L’. 
A compact embedded cmc surface spanning I” and included in one side of P could not be sym- 
metric about the reflection with respect to the plane containing L and orthogonal to P. However, 
by Theorem 4.1.1, it must be symmetric about the plane orthogonal to P and containing L’ 


respect to IT. This would be the case if each of the pieces of I” that separates 


L is not a graph on L: for an example of a possible boundary curve see Fig. 4.3 
[Sch83]. 


Given a strictly convex plane curve I”, if I” is symmetric about a straight line L, 
then L separates I” into two convex sub-arcs that are graphs on L. Then: 


Corollary 4.1.2 Let M be a compact embedded cmc surface in RR? spanning a 
strictly convex plane curve. If M lies on one side of the plane containing I’, then M 
inherits the symmetries of I". 


In the particular case that the boundary is a circle, we obtain: 


Corollary 4.1.3 Let M be a compact embedded cmc surface in R? spanning a cir- 
cle I’. If M lies on one side of the plane containing I’, then M is a spherical cap. 
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Proof Let R denote the straight line orthogonal to P containing the center of I”. By 
Corollary 4.1.2, the surface is symmetric with respect to any plane containing R. 
This shows that M is rotationally symmetric about R. Then M is a planar disk or a 
spherical cap. Since the surface lies on one side of P, M is a spherical cap. 


If the surface is not compact, we can propose similar questions of symmetry, 
as for example, assuming that M is an embedded cmc surface with boundary a 
circle 1”. Examples of such surfaces appear when we cut a catenoid or an unduloid 
by a plane perpendicular to the axis of rotation and take one of the two components. 
However the application of the reflection technique may present difficulties. This 
occurs for the half catenoid z = are cosh(./x2 + y2), x? + y* > 1. This is a minimal 
surface with boundary the circle S! in the plane z = 0. Here we cannot even start 
the reflection process because any vertical plane /7; intersects the surface. For an 
unduloid, the surface is cylindrically bounded but in the process of reflection, it 
may occur that the tangent point of contact lies ‘at infinity’. In this setting, R. Earp 
and H. Rosenberg consider a properly embedded, complete surface in R? with non- 
zero constant mean curvature and with boundary a strictly convex curve I” included 
in a plane P. They prove that if the surface lies on one side of P and has only one 
end orthogonal to P, that is, outside of a compact set, and the surface is contained in 
a cylinder orthogonal to P, then the surface inherits the symmetries of its boundary 
[ER91]. In particular, if the boundary is a circle, the surface is a piece of a Delaunay 
surface. The proof uses the Alexandrov method by tilted planes but close enough to 
be orthogonal to P. 

Returning to the compact case, if the boundary is a circle, conjecture 2 reduces to 
the case where the surface lies on one side of the boundary plane. As a consequence 
of Theorem 3.1.11 we have [Koi86]: 


Corollary 4.1.4 Let I be a circle included in a plane P and denote by 2 C P the 
open disk bounded by I’. If M is a compact embedded cmc surface in R? spanning 
IT’ and M \(P \ 2) =9, then M is a spherical cap. 


If the surface is closed, we may use the proof of Theorem 4.1.1 to prove the 
original Alexandrov theorem. 


Corollary 4.1.5 (Alexandrov) The only closed embedded cmc surface in Euclidean 
space is the round sphere. 


Proof We proceed as in the proof of Theorem 4.1.1 taking into account that there 
are no boundary points. The proof shows that given a direction v € R°, there exists 
a plane J7, orthogonal to v such that M is invariant by reflection through /T,. The 
only closed embedded surface in R? with this property is the round sphere (a proof 
of this fact can be found in [Hop83, p. 147] and [Spi79, p. 509]). 


The Alexandrov theorem is still valid in space forms by using reflections about 
totally geodesic surfaces. For hyperbolic space H*, see Corollary 10.3.3. In the 
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3-dimensional sphere S°, it is necessary that the surface is included in a hemisphere 
of S*. This ensures that there exists a totally geodesic surface, say, S? x {0}, that 
does not intersect the surface and thus, we can start with the reflection process. 

For closed surfaces, we can consider other assumptions on the mean curvature. 
In this setting, H.C. Wente proved [Wen82]: 


Theorem 4.1.6 Let M C R? be a closed embedded surface and assume that the 
mean curvature function depends only on the (x, y)-coordinates, H(x,y,Z) = 
A(x, y) forall (x, y, z) € M. Then there exists a horizontal plane P such that M is 
invariant by reflection about P.. Moreover, each part of M divided by P is a graph 
on P. 


An example of such an assumption on H is 
H(x,y,z)=a(x*+y’)+b, a,beER. 


A surface of R? whose mean curvature satisfies this condition is a mathematical 
model of a drop of an incompressible fluid surrounded by a rigidly rotating incom- 
pressible fluid about a fixed straight-line L with constant angular velocity w. The 
equilibrium is obtained by the balance between the capillary force that comes from 
the surface tension y of the drop-fluid interface S and the centrifugal force of the 
rotating liquid. The Laplace equation (1.1) is written here as 


yH(p)=por(py +r pes, 


where r(p) is the distance from p to the rotation axis L, p is the density difference of 
both liquids and the constant A results from the volume constraint. See for example 
[BS80, CF80, Cha65, Lan02, Lop10b, Poi85, Rss68]. 

The Alexandrov method may be used without assuming symmetries on the 
boundary curve, controlling the shape of an embedded cmc surface. 


Proposition 4.1.7 Let M be a compact embedded H-surface, H #0. Suppose that 
9M =T isa simple closed curve included in a plane P = {p € R?: (p,a) = 0}, 
a € R>, and let 2 C P be the domain bounded by I. If M C {p € R?: (p,a) = 0}, 
then int(M) 0 2 = and MO (P \ 2°) = 9G, where 2° is the convex hull of 2. In 
the particular case that I" is convex, we have int(M)0 P= 9. 


Proof We know by Corollary 3.1.10 that int(M) N 2 = @. Consider the domain W 
bounded by the closed surface M U 2. Let us suppose for contradiction that there 
existsa p € MN(P\ 2°). Let L C P beastraight-line that separates p from 2¢ and 
let v € P bea vector orthogonal to L. Consider the 1-parameter family of planes I7, 
orthogonal to v, where t indicates the signed distance to L and assume that p € I; 
for f > 0. We use the Alexandrov method as in Theorem 4.1.1 approaching from 
t = +00. Since 92° is convex, the same argument shows that the value t; occurs for 
t, >t. Ift) =f, p€ 9M; 9M, and the surface M;\ is tangent to M;, at p because 
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p is interior to M with T,M = P. However, if t; > f or t; = 7, the Alexandrov 
technique proves that /7;, is a plane of symmetry of M, contradicting the fact that 
I’ lies on one side of Ij, . 


A result comparable with Corollary 4.1.3 concerns compact cme surfaces with 
positive Gauss curvature. If M is a closed cmc surface with K > 0, then M encloses 
a convex domain of R?, in particular, it is star-shaped and Theorem 2.3.7 implies 
that M must be a round sphere. If we now assume that 0M is a circle, we have: 


Corollary 4.1.8 The only compact cmc surface with positive Gauss curvature span- 
ning a circle is the spherical cap. 


This result is a direct consequence of Corollary 4.1.3 and the following lemma, 
which does not assume that the mean curvature is constant [HRS92]. 


Lemma 4.1.9 Let M be a compact surface immersed in R? with K > 0 spanning 
a closed curve included in a plane P. Then M is a topological embedded disk that 
meets P transversally and M lies on one side of P. 


Proof Without loss of generality, assume that P is the plane z = 0 and identify 0M 
with a closed curve I” Cc P. Let N be the Gauss map of M. As K #0, the normal 
curvature k,(s) =a (a’(s), a’(s)) =K(s)(N(s), n(s)) does not vanish on I”, where 
a = a(s) is an arc length parametrization of I”, o is the second fundamental form of 
M, nis the unit normal vector to J" and « is the curvature of ’. Asneé P, the curve 
I’ is strictly convex and M meets P transversally. By the Gauss-Bonnet formula 
and Kk, #0, we obtain 


o<| K dA=2nx(M) ~ | Keds <2nx(M) + | «(s)ds = 2x(1+ x(M)). 
M T rE 


Then x¥(M) > —1. As 
x(M) =2 — 2 genus(M) — #(components of 0M) = 1 — 2genus(M), 


we deduce that genus(M) = 0 and [ u KdM <4n. This proves that M is a topo- 
logical disk and N(M) 4 S*. Since n takes each value of S! x {0} exactly once and 
Noa#(0,0,+1), N oa is a curve that intersects each longitude of S? exactly 
once and it does not pass through the two poles of S*. Thus Nir is bijective and 
N(I’) separates S? into two simply connected components. Since N is an open map 
(K > 0), N is a diffeomorphism. This implies that N is a diffeomorphism between 
int(M) and S* — N(I). As N does not assume both poles of S?, this means that the 
height function with respect to P has exactly one critical point. In particular, M lies 
on one side of P. 

Let M be intersected by horizontal planes. Since N is one-to-one and the height 
function has one critical point, the previous argument proves that all level curves 
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must be strictly convex. This implies that M is embedded because it is foliated by 
convex curves in parallel planes. 


The Alexandrov method also applies under other types of assumptions on H, 
for example, when the mean curvature depends on a spatial coordinate. In order to 
simplify the statement of results, we focus only on the case where the boundary is a 
circle [Wen80a]. 


Corollary 4.1.10 Let M be a compact embedded surface spanning a circle I’ con- 
tained in the plane P with equation z = 0. Assume the mean curvature function of M 
depends on the z-coordinate. If M lies on one side of P, then M is a surface of rev- 
olution whose axis is perpendicular to P. Moreover, each transversal intersection 
of a horizontal plane with M is a simple closed curve. 


Proof The proof is similar to that of Theorem 4.1.1 and Corollary 4.1.3 because if 
M;, and M,, touch tangentially at a point p, the mean curvature H of both surfaces 
agree at p since H depends only on the z-coordinate and the reflection through /7; 
leaves this coordinate fixed. We indicate that the last statement is a consequence 
of the fact that each plane containing the axis of revolution separates M into two 
graphs on this plane. 


An application of this corollary is when H satisfies 
H(x,y,2d=Kzthu, K,WeER. (4.2) 


In this case, the surface is a mathematical model of a liquid drop that rests (or 
hangs) on a plane in presence of gravity. Rotational surfaces are described by an 
ordinary differential equation. In fact, if the profile curve is r +> (r,0,u(r)) and 
the rotational axis is the z-axis, then (4.2) is expressed as 


(. ) =2r(euer+ ) 
Vitwo?) ~ 


A description of such surfaces appears in Finn’s book [Fin86]. 


Remark 4.1.11 We call attention to the fact that there do not exist closed embedded 
surfaces satisfying H(x, y,z) =«z-+ yp, where x, uw € R, unless x = 0, and in this 
case the surface is the sphere. Indeed, if M is a such surface, denote by W the 
domain bounded by the surface and let V > 0 be its volume. Consider in R? the 
vector field Y (x, y, z) = ze3. Then Div(Y) = | and the divergence theorem implies 


vai diver) =~ f z(N, e3) dM. (4.3) 
Ww M 
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Fig. 4.4 On the left we fix two circles 1 and I> ina nodoid. On the right, we extract the piece M 
of the nodoid bounded by I U I». This embedded surface is not included in the slab determined 
by the planes containing I, and [> 


As M is closed, the divergence theorem also gives m\N,a)dM =0forallae R?. 
Integrating (2.22), using that 0M = @ and (4.3), we conclude 


=H (cz + w)(N.e)dM = eV +H | (N,e3)dM =—-kV. 
M M 


Thus we derive k = 0. 


On the other hand, Theorem 4.1.1 extends to the case where the boundary is 
formed by two curves in parallel planes. We only state the result for two coaxial 
circles [Lop97a]. 


Corollary 4.1.12 Consider two coaxial circles I and I in parallel planes P, 
and P>, with I; C P;. Assume that M is a compact embedded cmc surface in R3 
spanning I UI. If int(M) lies in the slab determined by P, and P2, then M is a 
surface of revolution. 


Proof By attaching the two planar disks 2; C P; bounded by Jj, i= 1,2, MU 
§2; U 822 is aclosed embedded surface defining a bounded 3-domain W Cc R?. Now 
we apply the Alexandrov reflection method as in Theorem 4.1.1. Since int(M) is 
included between the planes P; and P2, the proof of Theorem 4.1.1 implies that if 
ty > Oinclaim 2, the point p where My. and M,, touch is not a boundary point of M 
and thus, M; and M,, are tangent at p. This gives that J7;, is a plane of symmetry, a 
contradiction. We conclude that t; = 0 and Ip is a plane of symmetry of M. By the 
same argument for any parallel direction to P;, we conclude that M is rotationally 
symmetric about any straight line orthogonal to P;. 


From this result, one expects that an embedded cmc surface bounded by two 
coaxial circles must be contained in the slab determined by the boundary planes. 
However there are embedded pieces of nodoids spanning two coaxial circles that 
are not included in the corresponding slab, as depicted in Fig. 4.4. Nevertheless we 
can ask if, under such assumptions, the surface must be rotationally symmetric. 

When H = 0, we drop the assumption that the surface lies in the slab because of 
Theorem 3.3.1. We also weaken the assumption of embeddedness to mere immer- 
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sion since the choice of the orientation on a minimal surface does not affect the sign 
of the mean curvature, say, zero in this case. 


Corollary 4.1.13 The only compact minimal surface immersed in R? bounded by 
two coaxial circles in parallel planes is a piece of a catenoid. 


Proof Let M be a minimal surface spanning two coaxial circles I U I in parallel 
planes P; U P2. Without loss of generality, assume that P; = R? and let 2 C R? be 
the round disk bounded by I). By the convex hull property of minimal surfaces, M 
lies in the slab determined by P; and P2 and we have int(M) C 2 x R. The proof 
follows the same argument as in Theorem 4.1.1 and Corollary 4.1.12. Comparing 
with the proof of Theorem 4.1.1 (and using the same notation), the difference now is 
the following. We begin with planes /7T; approaching from infinity until the position 
t = fg. In claim 1, we have that Mt is a graph on J; for t € (to — €, to), for some 
é > 0. Next, we move /7; to the left, reflecting M* . The number f¢; in (4.1) is now 
defined as 


ty = inf{t € R: M; is a graph on /7s, Vs € (t, to)}. 


The proof of claim 2, that is, the proof that t; > 0 is not possible, is similar since 
there are neither interior points nor boundary points where M;; is tangent to M,, 
and M;* lies on one side of M,, . The rest of proof is the same, proving that [7 is a 
plane of symmetry of M. Following this argument with all horizontal directions, the 
surface M is a rotational surface and thus, a piece of a catenoid by the classification 
of cme surfaces of revolution [Del41]. 


The study of the shape of a minimal surface spanning two or more curves presents 
interesting questions. We focus on the case where I” are two simple closed curves 
in parallel planes. When I” = I U I are two circles, a theorem of M. Shiffman 
proves that the intersection of the minimal surface with each parallel plane to the 
boundary planes is a circle [Shi56]. If 7 and I> are coaxial, the minimal surface is 
a piece of a catenoid by the above corollary; if not, the surface is one of the classical 
examples discovered by B. Riemann [Rie98]. The techniques employed in this con- 
text use complex analysis since the Gauss map of a minimal surface is conformal. 
On the other hand, if J are convex curves and the surface is a topological annulus, 
then the intersection of the surface with each plane parallel to the boundary planes 
is a convex curve. In relation to this result, W.H. Meeks II conjecturedthat a com- 
pact minimal surface spanning two convex curves in parallel planes must have the 
topology of an annulus [Mee78]. As a consequence of the proof of Corollary 4.1.13, 
we have a partial answer to this conjecture in the next result [Sch83]: 


Corollary 4.1.14 Let I and I be two simple closed curves in parallel planes 
P, and P respectively. Assume that there exist two planes IT, and Ty orthogonal 
to P; such that IT; are planes of symmetry of I U I and TT; separates I U 1 
into two graphs on IT;, i = 1,2. If M is a minimal surface immersed in R? with 
dM =I UI», then M is embedded and has the topology of an annulus. 
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Proof The reflection process implies that M is invariant under reflections through 
IT, and [2 and IT; separates M; into graphs over /7;, i = 1, 2. Consider any plane P 
between P; and P2. Then the curve y = M1 P, possibly disconnected, is invariant 
under reflections across the lines L; = 17; P,i = 1,2 and each piece of y \ (vyNL;) 
is a graph on L;. Then it is immediate that y is connected, indeed, it is a simple 
closed curve. Since this hold for any such plane P, it follows that M is embedded 
and it is a topological annulus. 


In connection with this type of problem for minimal surfaces, the tangency prin- 
ciple allows us to obtain some results on the non-existence of minimal surfaces span- 
ning two curves in parallel planes. The following is due to W. Rossman [Rsm98]: 


Theorem 4.1.15 Let I and I be two simple closed curves in parallel planes P 
and P> respectively, and let h = dist(P, P2). Assume one of the following condi- 
tions: 


1. There exists a plane I orthogonal to P; separating I and I. 
2. I UT lies in a slab perpendicular to P; of width w <h. 
3. The diameters dj of Ij satisfy h > max{d}, dz}. 


Then there does not exist a compact minimal surface immersed in R? spanning 
IUD». 


The first item proves that if [; are convex curves, the existence of a minimal 
surface spanning I U I> implies that the orthogonal projection of J on Pz must 
overlap I>. A proof of this fact for the Riemann examples appears in [Nit89, §96]. 
On the other hand, the last item improves a previous result of J.C.C. Nitsche who 
proved h > (3/2) max{d, dz} assuming that the topology of the surface is an annu- 
lus [Nit64]. 


Proof Without loss of generality, assume that P; and P2 are horizontal planes. With 
the aim of obtaining a contradiction we let M be a minimal surface with boundary 
I UI. We know by Theorem 3.3.1 that int(M) lies in the open slab determined 
by P; and P. 


1. Assume that the vertical plane [7 with equation x = 0 separates I, from I>. Let 
M* denote the reflection of M through /7, obtaining a minimal surface whose 
boundary is the reflection of Ij, about J7. Move M* in the direction of the y-axis 
until M* does not intersect M and then translate M* back until the first time that 
M* touches M. Since the contact cannot occur at a boundary point, the point is 
interior in both surfaces. The tangency principle yields a contradiction. 

2. Suppose that the two vertical planes are parallel to the plane /7 with equation x = 
0 and that /7 is a plane equidistant from these planes. In addition, suppose that 
P| (resp. P) is the plane with equation z = h/2 (resp. z = —h/2). Let M be the 
rotation by angle 2/2 of M about the x-axis. Translate M in the x-direction until 
it is disjoint from M. Then, move it back until the first intersection point with M. 
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The condition w <h prohibits a contact between M and M at a boundary point. 
Thus the contact must occur at an interior point, again yielding a contradiction 
by the tangency principle. 

3. This is a direct consequence of the preceding item 


Returning to the statement of Theorem 4.1.3, the curve I” is prescribed. The 
Alexandrov method can be applied under other boundary conditions, for example, 
by a capillary condition where we do not prescribe the boundary curve but the con- 
tact angle (see [Fin86], and also [Cho02, Par05, Pyo10)). 


Theorem 4.1.16 Let M be a compact embedded cmc surface in R? with planar 
boundary I" such that int(M) lies on one side of the boundary plane P. If the angle 
between M and P along T is constant, then M is a spherical cap. 


Proof Following the proof of Theorem 4.1.1, we fix a horizontal direction v € R? 
and let IT; be the 1-parameter family of parallel planes orthogonal to v that foliate 
the ambient space R?. Assume v = (0, 1, 0) and that /7; is the plane with equation 
y =f. We approach from tf = +00 with planes /7; until the first intersection with 
M. Next, we move to the left, reflecting the right part of the surface. Let t; be the 
number defined in (4.1). There are similar cases of contact points. 


1. There is a point p ¢ int(M;) O int(M,,) or p € (9M;10M,,) \ I’. The same 
argument proves that /7;, is a plane of symmetry of M. 
2. Atty, M;, touches M,, at a point p € J’. We distinguish two cases. 


a. p ¢ IT;,. Since the angle between M and P along I is constant, M;; is tangent 
to M,, at p and MF > M,, around p. Observe that M;; and M,, are graphs 
around p on a domain of the half plane T,M 2 {(x, y, z) € IR? : z > 0}. The 
boundary version of the tangency principle says that both surfaces agree on a 
neighborhood of p. By connectedness, J7;, is a plane of symmetry. 

b. p € /7;,. In this case M; and M,, are tangent at p again, but now the sur- 
faces are locally graphs defined on a quadrant of T,M, more precisely, on 
(TyM),, O{@, y,z) € R?:z> O}. In this context, there is a version of the 
Hopf maximum principle that applies to this type of domain, called Serrin’s 
corner lemma: see [GNN79, Mcc02, Ser71]. This proves that /7;, is a plane 
of symmetry. 


Summarizing, we have proved that given any horizontal direction v € R°, there 
exists a plane orthogonal to v, such that M is symmetric under reflections about 
this plane. Since this holds for all horizontal directions v, the surface must be a 
surface of revolution. As the surface is compact and the boundary is a simple closed 
plane curve, it follows that M is a spherical cap and the boundary J is a circle. 


The assumptions in Theorem 4.1.16 are both of Dirichlet and Neumann type 
because we impose that the boundary is planar (Dirichlet) and the contact angle 
is constant (Neumann). In such case we say that the problem is overdetermined. 
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In fact, Theorem 4.1.16 is a generalization of a theorem of J. Serrin for graphs 
which, in our context, asserts that given a solution of the constant mean curvature 
equation (3.3) on a domain §2 whose graph has planar boundary curve and the angle 
with the boundary plane is constant along 0.2, then §2 must be a round disk and the 
surface is a planar disk or a spherical cap [Ser71]. 


Remark 4.1.17 The Alexandrov reflection method can be extended to other con- 
texts, for example to surfaces in R? with positive constant Gauss curvature. We 
have seen in Lemma 4.1.9 that if M a compact embedded surface with constant 
Gauss curvature K and the boundary 0M is contained in a plane P, then K > 0 and 
M lies on a side of P. The fact that K is positive means that when writing the sur- 
face locally as the graph of a function z = u(x, y), the function wu satisfies an elliptic 
partial differential equation. Then the tangency principle can be formulated for this 
type of surface [Hop83] and the reflection method tells us that the surface inherits 
all symmetries of its boundary. See [AM02] for a generalization for hypersurfaces 
in R"*! with spherical boundary that have a positive and constant r-mean curvature 
H,,n> 2. 


4.2 The Alexandrov Method with Horizontal Planes 


Consider a compact embedded cme surface spanning a curve included in a plane 
P. In the preceding section, we have used the Alexandrov method with planes or- 
thogonal to P in order to obtain results of symmetry. However, we can also take 
planes parallel to P. The next theorem uses the Alexandrov reflection method with 
planes parallel to the plane containing the boundary. This was used by R. Schoen 
in [Sch83] to prove that under certain conditions, a minimal surface is a graph (see 
Corollary 4.2.4 below). The next theorem extends this result and it tells us that 
knowing the behavior of the surface around its boundary, we can control the shape 
of the surface [Lop97b]. 


Theorem 4.2.1 Let M be a compact embedded cmc surface of R? spanning a sim- 
ple closed curve contained ina plane P. Let 2 C P. be the domain bounded by 0M 
and assume that M lies on one side of the plane P.. If a neighborhood of 0M in M 
is a graph over 82, then M is a graphon 22. 


Proof There is no loss of generality in assuming that P is the plane z = 0 and that 
M lies in the upper half space z > 0. The surface M U (922 x (—00, 0)) separates R? 
into two connected components. Let W be the component containing {2 and let N be 
the orientation on M that points to W. We introduce the following notation (similar 
to that used in the proof of Theorem 4.1.1). For t € R, let P; be the plane of equation 
z=t, M7 =MN{(x,y,2) €R?:z=t}, Mp =MN{(x,y,z) € R?: 2 <1¢} and 
denote by M* the reflection of M;* about P;. 

Let t > 0 be sufficiently large so that MM P; = Y. Decrease ¢ until P; first con- 
tacts M at t = fg. As M lies above Po around 0M, we have tg > 0. Since M is 
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Fig. 4.5 Proof of Theorem 4.2.1. Both cases of tangent points are forbidden by the tangency 
principle 


Fig. 4.6 The surface M does 
not exist by Corollary 4.2.2: a 
compact embedded cmc 
surface M with OM = 02 
that is a graph on (2 around 
02 and 

MN (82 x (—00,0)) =G 


embedded, for some ¢ > 0, M** lies inside W for each t € (t9 — €, tg). Now we 
decrease the value of tf, say, tf \, 0, and as in Theorem 4.1.1, define 


t) = inf{t ¢ R: Mj \ 0M C W, Mj isa graph on 7,, Vs € (t, to) }. 


As 0M is included in P, we have t; > 0. If t; = 0, then M is a graph on £2 and this 
proves the result. 

Aiming to arrive at a contradiction we suppose, on the contrary, that rt; > 0. Note 
that there cannot exist a point p € int(M;* ) such that its reflection p* through P;, 
belongs to 0M. This is because in the reflection method, the (vertical) open segment 
joining p and p” is entirely included in W but, in contrast, and because M is a graph 
of §2 around 0M, there is a 6 > O such that (OM x (0,6))NW=9. 

Therefore, there are two possibilities concerning the point p*: either p* € 
int(M;) N int(M,, ) or p € aM; M0M,,. See Fig. 4.5. In both cases, M; = M,, 
around p*. The tangency principle implies that M; = M,, in an open set around p* 


and by connectedness, MF = M,, . This proves that P;, is a plane of symmetry of 
the surface M contradicting that 0M lies below P,,. 


In fact, we can extend the result even if 0M is not a plane curve. 


Corollary 4.2.2. Let 2 C R? be a simply connected bounded domain and let ' be 
a simple closed curve contained in 0Q x R that is a graph on 02. Let M bea 
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compact embedded cmc surface in R> with boundary I’ such that int(M) does not 
intersect one of the two connected components of (092 x R) \ I’. If a neighborhood 
of 0M in M is a graph on &2, then M is a graph on 22. 


When we say that I” is a graph on 02, we mean that I" is the graph of a func- 
tion g € C~(d82). In particular, the tangent vector of I” is never vertical. In the 
terminology of [Sch83], we say that I” is a graph of bounded slope. 


Proof Assume that I” is the graph of a function g defined on 0§2. Then the two 
connected components that I” defines on 02 x R are Ct = {(q,z):q €02,z> 
y(q)} and C~ = {(q,z):q € 9X, z < v(q)}. Without loss of generality, assume that 
MnC~ =9. Consider the embedded surface M U C~, which separates R? into two 
connected components by the Alexander duality [GH81]. If zo = min{z(p): p € 
My}, let W be the connected component that contains {2 x (—oo, zo). Consider N 
pointing to W. 

The proof works as in Theorem 4.2.1 by reflections about P; approaching from 
t = +o0. If there are no contact points between M* and M, , then M is a graph on 
§2 and the result is proved. 

Assume to the contrary that at a time f;, there exists a p € M; such that p* € 
M;,0.M,, and My > M,, around p*. Since M is locally a graph around 0M, it is 
not possible that p € M;r, p* € 0M, p# p* because the segment (p, p*) would be 
included in W. In the cases p* € int(M;) N int(M,, ) or p = p* = (aM; N0M,,) \ 
I’, the tangency principle implies that P;, is a plane of symmetry of M. In particular, 
it is a plane of symmetry of J”. This implies that I” is a plane curve with I” C P;,, a 
contradiction. 


If the boundary I” coincides with 02, the assumption of the corollary allows that 
M intersects the plane z = 0: see Fig. 4.6. A consequence of Corollary 4.2.2 is: 


Corollary 4.2.3 Let 2 C R? be a simply connected bounded domain and let TC 
082 x R be a simple closed curve that is a graph on 082. If M is a compact embedded 
cmc surface spanning I’ and int(M) C 2 x R, then M isa graphon QQ. 


If H = 0, we have the following result [Sch83]: 


Corollary 4.2.4 Let 2 C R? be a bounded convex domain and let ! C AQ x R be 
a simple closed curve that is a graph on 082. If M is a compact minimal surface 
immersed in R? spanning I, then M is a graph on Q. 


Proof By Theorem 3.3.1, int(M) C 2 x R. We use the reflection technique with 
horizontal planes P, in a similar way as in Corollary 4.1.13. Since Cc 02 x R, 
if there is a tangent point between M;* and M, , this point must interior which is 
not possible by the tangency principle. Then we continue reflecting and no contact 
points appear, proving the result. 
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The Alexandrov method allows us to estimate the height of a compact embed- 
ded cmc surface [Mee88]. For a solution of the Plateau problem, this estimatewas 
obtained by J. Serrin in [Ser69a]. 


Corollary 4.2.5 Let H 40. Let M CR? be a compact embedded H-surface with 
boundary 0M contained in a plane P. Then the height of M with respect to P is 
less than or equal to 2/|H\. 


Proof Assume P is the plane z = 0 and let M be the closure of a connected com- 
ponent of M \ (M2 P). Denote by h the height of M with respect to P and assume 
that M lies above P. Then 0M C P and M together with some domains of P de- 
fines a bounded 3-domain W C R?. We use the Alexandrov method with horizontal 
planes as in Theorem 4.2.1. Approaching from t = +00 in the reflection process, we 
continue until P; first touches M at t = to. Here tg = h. Next, we continue with the 
process in such way that M * C W. This occurs at least for each ¢ € (h/2, h) because 
M*  P =¥9. In addition, for these values of t, each surface M* is a graph on P;. 
By Theorem 2.3.5 the height of this graph, say, h — f, is less than 1/|H|. Taking 
t > h/2, we conclude h — h/2 < 1/|H|, proving the result. 


The hypothesis on embeddedness is necessary because of Kapouleas’ examples 
[Kap91]. Recall that given a circle ’ and H € R, Kapouleas constructed immersed 
H-surfaces spanning I” with arbitrarily large heights. 

If the boundary is not planar, we have: 


Corollary 4.2.6 Let M be a compact embedded H-surface in R?* with H 4 0. As- 
sume that 0M is included in the closure of a ball B(p,r), r > 0. Then M is included 
in the closure of B(p,r + 2/|H)|). 


Proof Let P be a tangent plane at a point S(p,7r). Then the part of M on the side 
of P that does not contain 0M is an embedded H-surface with planar boundary and 
we apply the previous corollary. 


This result indicates that any compact embedded H-surface with boundary I” is 
included in a compact subset of IR* whose size depends only on I’ and H. Note that 
if H =0, then M is included in B(p,r) by Theorem 3.3.1. In order to emphasize 
this fact, we state the result as follows: 


Corollary 4.2.7 Let I CR? be a simple closed curve and H € R. Then there exists 
a constant C(I”, H) depending only on I’ and H such that 


max |p| < C(I’, H) 
peM 


for all compact embedded H-surface in R? spanning I. 
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The same technique with horizontal planes applies if the boundary curve is 
formed by two curves in parallel planes [Lop97a]. 


Theorem 4.2.8 Let P; and Pz be two horizontal planes, where P; has equation 
z=cj,i=1,2. Let I, I be two simple closed curves with Tj C P;,i = 1,2, such 
that I is the orthogonal projection of I on P2. Let M be a compact embedded 
cmc surface spanning I, U I. If MO (I, x R) =I, UTD), then M is symmetric 
with respect to the plane z = (ci + c2)/2. Moreover, this plane separates M into 
two graphs. 


Proof We attach the cylinder I x [c,, cz] to M obtaining a closed embedded sur- 
face which it is not smooth along 0M. We apply the Alexandrov method by the 
planes P; as in Theorem 4.2.1 approaching from t = +-oo. The assumptions ensure 
that the contact point p* between M; and M;,, does not belong to I U I. The 
reflection method implies that the plane P;, is a plane of symmetry of M, in particu- 
lar, of I) U I4. Therefore t) = (c1 + c2)/2. Moreover, M;* is a graph on P; for each 
t > t,, implying that MN {(x, y,z) € R?:z>t} and MN {(x, y,z) € R?:z<t} 
are graphs on P;,. 


4.3 Embedded Surfaces with Boundary in a Sphere 


Consider a compact embedded cmc surface with boundary included in a sphere. 
For simplicity, we assume that this sphere is centered at the origin and of radius 
p > 0 and we denote it by Si. Denote by Si 4 ={pe SF : Z(p) > 0} the open 


upper hemisphere and the lower hemisphere by S? _= SF \ Ss. ,. A simple closed 
curve J” included in Sa 4 separates Ss? 4 into two connected components. We call 
the domain bounded by I” the component of Si. 4 \ f° whose boundary is I” (the 
boundary of the other connected component is aS? UTI). 


In this section we study when the surface lies on one side of Si. In the present 
case, each side corresponds with B, or Ey, where 


By = {(x, y,2) ER’: x? +y? +27 <p’}, 


E,y={G.9.D eign? yes ae 
The next result is analogous to Theorem 4.1.1 [LP13]. 


Theorem 4.3.1 Let I" be a simple closed curve included in an open hemisphere of 
Si. Assume that IT is a vector plane through the pole of the hemisphere, which is 
a plane of symmetry of I’, and assume that IT divides I" into two graphs defined 
on ITM S?. Suppose that M is a compact embedded H-surface spanning I’ and 
|H| > 1/p. Ifint(M) C Ep, then M is symmetric with respect to the plane IT. 
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Fig. 4.7 Left: the case where B, is included in the domain W. Right: a contradiction is obtained 
by comparing M with the spherical caps C; 


Here we say that IT divides I” into two graphs on TM SF if any circle of SF con- 
tained in a plane orthogonal to /7 and parallel to the axis through the pole intersects 
each component of I” \ (7M JT) at most once. 


Proof We write P \ (7 NIT) =~ UI't, where I~ is the symmetry of I” about 
TT and, in addition, "~ and It are graphs on ITN Se After a rigid motion, assume 


that the open hemisphere is Ss. 4 and the plane /7 is x =0. Let QC Si. 4 be the 


domain bounded by I" and let T = M U 2. Observe that T is a connected compact 
topological surface of R? without boundary. Therefore, T bounds a domain W C R? 
by the Alexander duality. We orient M by the unit normal vector field N pointing 
towards W. With this orientation, the mean curvature H is positive: it suffices to 
compare M with the tangent plane at the farthest point po €¢ M from the origin. 

Since T 1 B, = G, there are two possibilities concerning the domain W, namely, 
By CR3\WorB, CW. 

We rule out the second case. See Fig. 4.7, left. If this occurs, take the 1-parameter 
family of spherical caps C; contained in Ey NA{,y2zeE R3:z< O}, tE[p, cv), 
whose boundary is the equator S? Ala, y,zZ€ IR? : z = 0} and where t indicates the 
radius of C;. Fix the orientation on C; pointing towards the center of C;. For t = p, 
2 


Cy is the closed hemisphere S*, _. Starting from t = ¢, we increase the radius of C;. 


For values of t close to t = p, the spherical cap C; is included in W by the property 
that 7 C S?. 4% Since W is bounded, we increase ¢ until C; first intersects M at 
t =t, > p as depicted in Fig. 4.7, right. This must occur at an interior point p 
of both surfaces. The unit normal vectors of C;, and M agree at p; because both 
vectors point towards W. Now, C;, > M around p; but the mean curvature of C;, is 
1/t; and 1/t; < 1/p < H, contradicting the comparison principle. 

As a consequence, the ball B, is contained in R? \ W, or equivalently, WC E p- 
Now we apply the Alexandrov reflection method in two steps. First, we consider the 
family of horizontal planes { P; : t € R} with equation z = ¢. Since W is a bounded 
set, let t < 0 be so that W C {(x, y,z) € R3:z> t}. Next, we increase ¢ until P; 
first contacts M att =t: P/M =9 fort <t and P, OM 49. Then t) <f= 
min{z(q) : gq € I} and tf > 0, where z(q) denotes the z-coordinate of g. Next, we 
increase ¢ and we reflect the part of M below P; about the plane P;. We introduce the 


74 4 Constant Mean Curvature Embedded Surfaces 


following notation. Set My =MN{(x,y,z€ R3:z> 1}, M, =MN{(x,y,z)€ 
R3:z< t} and let M** be the reflection of M, through the plane P;. The number ft 
satisfies t] <f orf] =f. 

Assume first that t; < f, that is, P;, intersects M at an interior point of M. For 
some ¢ > 0, M;* is included in W for t € (t,t) +) and M; does not make any 
tangential contact point with M;*. We keep increasing ¢ and reflecting M;, until 
the first time fy such that Mf ¢ W, which exists by the boundedness of W. First, 
assume that f2 < 0. Then Mr, touches 0W at a point p2. There are two possibilities, 
similar to those in Theorem 4.1.1: 


1. There exists a q2 € M,, such that q2 4 p2 and qx = po. In particular, the vertical 
open segment joining g2 with p2 lies in W. Then p2 ¢ I” because Bp NW = VY. 
This implies that p2 € int(M;*) and the tangency principle assures us that M;* = 
MF in an open neighborhood of pp. : 

2. The point p2 is a common boundary point of Mi and My. This means that 
p2€ P,, and po ¢ I” again because t2 < 0 < t. The surfaces Mi and M; are 
tangent at p2 (in fact, the tangent plane 7,,M is perpendicular to P;,) and the 
boundaries of Mi and M, i are tangent at p2. In particular, the surfaces M a“ and 
Mf, are graphs in some domain of T,M 1 {(x, y, z) € IR? : z > to}. The boundary 
version of the tangency principle implies that M. - a Ms in an open neighbor- 
hood of p2. 


In both cases, denote by K* the connected component of M; that contains po. 
Then K™ is the reflection about P;, of a certain connected component K of M;. As 
MF AI =9, we repeat the argument with the tangency principle and we derive that 
K*M isan open and closed subset of K*. Since K* is connected, K* 1M = k™, 
hence K* is contained in M. Since M; 1 =4Q, it follows that K* is included in 
M \ I. Therefore 0K coincides with 0K*. This proves that K U K* is a surface 
without boundary contained in M and this implies that it coincides with M, which 
contradicts the assumption that 0M 49. 

In view of the above reasoning, the case f2 < 0 is not possible, and that the re- 
flection process with horizontal planes P; continues until position t = 0 and, fur- 
thermore, Mj lies in W. Now, we change the reflection process using a different 
uniparametric family of planes. For each t € [7 /2, 1], denote by Q; the plane with 
equation cos(t)x + sin(t)z = O that is orthogonal to the vector (cos(f), 0, sin(t)). 
All planes Q; have a common straight line L, namely, with equation x = z = 0. The 
plane Q,/2 coincides with Po and Q, coincides with IT. See Fig. 4.8. We introduce 
the following notation. 


Mo(t)t = {(x, y,z) € M: cos(t)x + sin(t)z > 0} 
Mo(t) ={(@, y,z) € M : cos(t)x + sin(t)z < 0} 


and Mo(t)* denotes the reflection of Mg(t)~ with respect to Q;. Let WY denote the 
reflection through Q;. In addition, let P* = {x > 0} and F~ =P N {x <0}. 
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Fig. 4.8 Proof of 
Theorem 4.3.1. Reflections 
through the planes Q, 


The idea is to follow the Alexandrov reflection method by means of the planes 
Q, starting at t = 2/2 and showing that we reach the value t = 2. We record some 
properties of these reflections. 


1. Since W;, is the reflection about the plane I7, we have YW, ('*) =~. 

2. It is possible to continue with the Alexandrov process by replacing the family P; 
by Q;. Indeed, for t = 1/2, the plane Q,/2 is Po, the surface M5 coincides with 
Mo(0)* and thus, Mg(0)* is included in W. 

3. The reflections about Q; leave S? invariant. 

4. For each t € [z/2, 7), if Q; contains a point p € I’, then p € It. Moreover, 
the set {Y%(p) : t € [7 /2, 2)} describes an interval of a half circle in Sane which 
is contained in a plane orthogonal to /7 parallel to the z-axis and intersecting I” 
in exactly two points, namely, p and W,(p). This is because + and I~ are 
graphs on J7 S?. 


We increase t 7 7 until the first time f3 at which Mg (f3)* is no longer included 
in W. We claim that t3 = 7. Assume #3 < zr. Let p3 € Mg ()TN Mo (t3)*. There 
are two possibilities. 


1. The point p3 does not belong to ’~. Then p3 € int(Mg (B)T)N int(M 9 (t3)*) or 
P3 € OMg(t3)* N9Mo(t3)*. An argument with the tangency principle, similar 
to that for the reflections with the planes P,, says that Q;, is a plane of symmetry 
of M, in particular, of I”: a contradiction because £3 < 7. 

2. The point p3 belongs to I"~. In this case, there would be a point g3 € + such 
that Y,,(¢3) = p3. But this is not possible because it can only occur if t3 = 2 by 
the symmetry of I” about /7. 


Thus t3 = 2. Having established this, there are now two possibilities. First 
suppose that Mg(z)* \ I~ is completely included in W. In this case, we fol- 
low an analogous process of reflection about the planes Q; with ¢t € [z, 37/2] 
starting from t = 37/2 and letting t \, z. The same reasoning and the fact that 
Mo(x)* \ I~ C W would imply the existence of t4 € (7, 37/2) such that Q;, is a 
plane of symmetry of M, which is a contradiction. Therefore, the only possibility is 
that Mo(z)* \ I~ touches dW at a point, which necessarily belongs to Mg(z)~. 
The tangency principle implies that Q,, = IT, proving the theorem when f, <7. 
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Fig. 4.9 Left: A possible compact embedded cmc surface M spanning a circle I". Right: The 
surface M is not possible by Corollary 4.3.2 


The remaining possibility is if t; = f, that is, by moving P, upward, we do not 
intersect M until P, arrives at the value t = 7, the lowest height of I”. Then we move 
P; back until the position t = 0 and we begin the reflection method using the planes 
Q; as above. The difference now is that when we start, we have Q7/2 M =@ and 
we arrive at the first point t; € (7/2, 2) of contact between Q;, and M. Next, we 
continue with ¢ and reflect about Q; until the first time f2 that Mg(t2)* leaves W. 
Now the proof follows the same steps, proving the result. 


If I” is acircle, we conclude 


Corollary 4.3.2 Let H #0 and let I’ be a circle with radius r > 0, r < 1/|H |. 
Suppose that M is a compact embedded H-surface spanning I” such that int(M) C 
E\/\H|, where Sta is one of the two spheres of radius 1/|H| containing I’. Then 
M is a spherical cap. 


Proof \fr = 1/|H|, M is a hemisphere of radius 1/| | by a result of Brito and Earp 
(see Corollary 5.1.11). But this hemisphere is not included in Ej /\; and hence this 
case is impossible. Therefore, r < 1/|H|. Let P be the plane through the center 
of St /\H| and parallel to the plane containing I’. The plane P defines a unique 
open hemisphere containing I”. We apply Theorem 4.3.1 for any plane of symmetry 
of I’, concluding that M is invariant under rotations with respect to the straight 
line orthogonal to P containing the center of I”. This shows that M is a surface of 
revolution and the only compact rotational non-zero cmc surface spanning a circle 
is a spherical cap. 


Corollary 4.3.2 states that the surface that appears in Fig. 4.9, right, is not possi- 
ble. 

In the proof of Theorem 4.3.1, note that the assumption int(M) C E, has been 
used before the Alexandrov method in order to prove that By is not included in W. 
Therefore, we drop the assumption on the value of the radius of the sphere as fol- 
lows. 
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Corollary 4.3.3 Let I" be a simple closed curve included in an open hemisphere 
of SF and assume that II is a plane of symmetry of I’ that separates I’ into two 


graphs defined on IT Si. Suppose that M is a compact embedded cmc surface 
spanning I’ and M satisfies one of the following two assumptions: 


1. int(M) C By. _ 
2. The bounded domain W defined by M U &2 is included in Ep. 


Then M is symmetric with respect to the plane II. If I" is a circle, the surface is a 
spherical cap. 


Proof By an isometry in R*, assume that [7 = {x = 0} and that the open hemisphere 
is SF +: The Alexandrov method works as in Theorem 4.3.1 beginning with hori- 
zonial planes P;. We only sketch the proof, highlighting any differences and only 
focussing on the case int(M) C By. We continue at least until t = 0 and no contact 
points appear between M;* and Mt : on the contrary, the tangency principle would 
give a plane of symmetry P,, for some f2 < 0, which is not possible. In this part of 
the proof, we point out that a point of M* cannot touch a point of I because the 
reflection of a point of MM B, about P, with t < 0 must lie in B,. Once arrived at 
t = 0, we use reflections through the planes Q;, obtaining the result. 


We obtain another consequence of the proof of Theorem 4.3.1. We need the fol- 
lowing result. 


Proposition 4.3.4 Let °C S. 4 be a simple closed curve. Let M be a compact 
embedded surface spanning I" such that int(M) is included in Ey or in By. Then 
there exists a subset 82 C See such that M U Q is a closed embedded surface of R?. 


In particular, M U Q defines a bounded domain W C R°. 


Corollary 4.3.5 Let TC SF 4 be a simple closed curve. Let M be a compact em- 
bedded H-surface spanning vu with |H| > 1/p.Ifint(M) C Ep, then the domain W 
defined in Proposition 4.3.4 is included in Ey. 


Proof If W ¢ Ep, then Bp C W. The first part of the proof of Theorem 4.3.1 holds 
proving that with the orientation pointing towards W the mean curvature H is pos- 
itive. Now we use the argument used there by comparing with the same spherical 
caps C;, obtaining a contradiction. 


We devote the remainder of this section to proving a result similar to the Koiso 
theorem (Theorem 3.1.11). A crucial fact in the proof of Theorem 3.1.11 was that 
the ambient space R? is foliated by a family of parallel planes and this allowed us to 
sweep the space R? with planes comparing the mean curvature of the surface with 
that of a plane. 

The other umbilical surfaces of R? are spheres. Fixing a point p € R®, the class 
of spheres centered at p foliate the space, but in contrast to the planes, each sphere 
has a different (constant) mean curvature. In this context, a similar situation is the 
following [Lop97d]: 
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M 


Fig. 4.10 The two possibilities of W in the proof of Theorem 4.3.6. On the left, W lies in E, near 
S} _. On the right, the domain W lies in By near Si _- The first case is ruled out, as is proved in 
Fig. 4.11 


Fig. 4.11 Comparing M 
with a spherical cap spanning 
aS2. below the plane z =0 
obtained by inflating S? _ 


Theorem 4.3.6 Let I. C Si. 4 be a simple closed curve and denote by @ the do- 
main bounded by I". Let M be a compact embedded surface spanning I” with mean 
curvature function H, |H| > 1/p. If MN (S? \ 2) =Q, then either M is Q, or 
int(M) C By, or int(M) C Ep. 


Proof Suppose M 4 @. To prove the result, it suffices to show that int(M)NQ =9. 
Let us assume for contradiction that int(M) 1 2 4%. Without loss of generality, 
suppose that there are interior points of M with modulus less than and points 
with modulus greater than or equal to p. Consider the closed embedded surface 
MU (S? \ @) and denote by W C R? the 3-domain that it bounds. Choose on M 
the orientation N corresponding to H > 0. With a reasoning similar to the proof 
of Theorem 4.3.1, N points towards W. There are two possibilities as depicted in 
Fig. 4.10: 


1. The domain W lies in Ey near S52 
2. The domain W lies in B, near S25 
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Fig. 4.12 Comparing M with horizontal planes and spherical caps S; in the proof of Theorem 4.3.6 


We rule out the first case. We inflate Se fixing the boundary aS? _ obtaining a 
1-parameter family of large spherical caps C; of radius t > e, spanning aS) and 
below the plane z = 0: see Fig. 4.11. 

At the beginning, C; C W for tf > p and ¢ close to the value p. Increasing the 
radius t and by the compactness of W, there is a radius fo > p at which C,, touches 
M the first time. Since this occurs at a point p € int(M), the comparison principle 
yields 1/to > H(p), acontradiction because H > 1/p. We conclude that the domain 
W is included in B, near to S? _. 

Now we claim that M1 By does not intersect the halfspace {(x, y, z) € R3: 
z < O}. On the contrary, let ¢g = (q1, q2, 93) € MN Bp, q3 < 0, be the point where 
the third coordinate function z attains its minimum in the subset MM B,. Then 
N(q) = (0, 0, —1) because N(q) points towards W. Compare M with the (horizon- 
tal) tangent plane 7, M. See Fig. 4.12, left. As 7; M = M around q, the comparison 
principle gives 0 > H(q), a contradiction. 

Therefore MN By, C {pe IR? : z > 0}. Consider the family of small spherical 
caps S;, t € (0, 1/p] included in the halfspace {(x, y, z) € R? : z > 0} spanning the 
equator ast 4 and with constant mean curvature t > 0 (with respect to the down- 
ward orientation). Since M is a compact surface and MM B, is included in the 
upper halfspace {(x, y, z) € IR? : z > 0}, there exists an ¢ > 0 such that S$, 7M =@ 
for all t € (0, €). Increase t > 1/p until S; first intersects M at t = to > e. Note that 
to < 1/p because MM B, #¥%. Then S,, and M are tangent at a point po € int(M): 
see Fig. 4.12, right. Since S,, > M around po, the comparison principle gives 
1/p > to => H(po), a contradiction. 


Chapter 5 
The Flux Formula for Constant Mean Curvature 
Surfaces 


In the preceding chapter we have seen that, under some conditions, the geometry of 
the boundary of a compact cmc surface is inherited by the surface. The problem that 
we treat in this chapter concerns the question of whether or not there are restrictions 
on the possible values H of mean curvatures for the existence of an H-surface 
spanning a given boundary curve J”. We illustrate this problem with a circle 
of radius r. The first example of an H-surface spanning I” is the planar domain 
bounded by I”, which corresponds with H = 0 and we continue with small spherical 
caps of mean curvature H where H varies from 0 to 1/r. For H = 1/r, we reach 
the hemisphere bounded by I”. Next, increasing the radius of the spheres, we obtain 
large spherical caps spanning I” and the mean curvature H decreases to 0. Thus, the 
condition for the existence of spherical H-caps spanning I is that |H| < 1/r. 

In general, the geometry of J” imposes restrictions on the values of the mean 
curvatures H, indeed, we will see that not all values of H are admissible. This has 
been seen for H-graphs defined on a given bounded domain 2 C R?. In sucha case, 
|H| < L(Q&2)/(2a(2)). 

In this chapter, we shall obtain a flux formula for a compact cmc surface M 
immersed in R? that relates integrals of M and of its boundary 0M, linking infor- 
mation between the geometry of M and 0M. We will combine the flux formula with 
the tangency principle in order to control the shape of a cmc surface with boundary. 
For example, if the boundary is a circle and the surface is contained in a Euclidean 
ball or a cylinder whose size is related to the mean curvature of the surface, we 
shall deduce that the surface is spherical. Finally, and for an embedded surface with 
planar boundary I”, we will prove that the surface lies on one side of the boundary 
plane knowing only that the surface is transverse to this plane along I’. 


5.1 The Flux Formula 


Let us begin with the statement of the flux formula. For embedded surfaces, the 
formula was obtained by R. Kusner in [Kus88, Kus91]. 


R. L6pez, Constant Mean Curvature Surfaces with Boundary, 81 
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Theorem 5.1.1 (Flux formula) Let M be a compact surface and let x : M — R? 
be an immersion with constant mean curvature H. Consider a € R?. Then 


Hf (a(s) xa's).a)ds+ f (N(s) x a’(s),a)ds =0, (5.1) 
aM aM 


where a = a(s) is a parametrization of x(0M), N is the Gauss map of M and 
N(s) = N(a(s)). 


Proof We follow [LM95, LM96]. On M define the 1-form 
Op) = H(x(p) x u,a) +(N(p) x u, a), peEM,ueT,M. 


We show that w is closed. Fix p € M and let {e1, e2} be a geodesic frame around p 
such that N = e; X e2. Since a (e1, e1) + o(e2, e2) = 2H, we have 


dw (e1, er) = e1(H (x x e2,a) — (e1,a)) — e2(H (x x e1,a) + (e2,a)) 
= 2H(N,a) + Ho(e1,e2)(x x N,a) —(Ve.e1, 4) 
— Ho (ey, e2){x x N,a) —(V9,e2, a) 
= 2H(N,a) — (Ve,e1 + Ve,€2,4) 
= 2H(N,a) — (o(e1,€1) +0 (e2, €2))(N, a) 
= 0. 


Since @ is closed, Eq. (5.1) follows from Stokes’ theorem. 


If we consider the unit conormal vector v(s) = N(s) x a’(s), then (5.1) is 
nf (a(s) x a’(s), a)ds +f (v(s),a)ds =0. (5.2) 
aM aM 


Remark 5.1.2 Assume that M is not a compact surface. If C C M is a closed curve, 
then the number 


Ht [ (as) xa'(s),ahds+ | (v).a)ds (5.3) 
Cc Cc 


depends only the homology class of C. Indeed, if C’ C M is another closed curve 
such that C and C’ are homologous and C U C’ bounds a surface M C M with 
dM =CUC'’, the flux formula says 


Hf (as) xa'6).a) as+ [ (v@).a)ds=0, 
am am 


showing the dependence of (5.3) only on the homology class of C. 
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Another method to establish (5.1) is the following. Let Y be a Killing vector field 
of R? and consider ¢; a 1-parameter family of rigid motions of R? associated to Y. 
Define the variation of the immersion x given by x; = ¢; ox. As the area functional 
A(t) that measures the area of x; is invariant by the isometries ¢;, it follows that 
A’(0) = 0 and from Proposition 2.1.3 we have 


2H f wweyyam + f (v, ¥) ds =0. (5.4) 
M aM 


Let a € R? be a non-zero vector and define Y(p) = a. Then ¢; is the 1-parameter 
family of translations associated to a. Equation (5.4) represents Noether’s theorem, 
which asserts that the linear momentum of a physical system must be conserved 
[AMO08]. We replace the first integral in (5.4) by an integral along the boundary 0M 
as follows. Define on M the 1-form 6 by 


Bp(u) =(x(p) x u,a), weTyM. 


If {e1, e2} is a geodesic frame around p, then dB(e), e2) = 2(N, a). Stokes’ theorem 
gives 


2f wWeayam = [ (a(s) x a'(s),a)ds. (5.5) 
M aM 


Combining this with (5.4), we derive (5.2). 


Remark 5.1.3 If the surface is the graph of u € C*(2), where 2 C R? is a bounded 
domain, the flux formula (5.1) is a direct consequence of the divergence theorem in 
Eq. (3.3). Indeed, we know that 


Vu 
2Ha(2) = / (— n) as, 
a2\/1+ |Vul? 
where n is the outward unit normal vector to 02. Let 6 be a length-arc parametriza- 
tion of d@ such that n(s) x B’(s) = e3 = (0, 0, 1). From the expression of N in (3.1) 
along 082, we obtain 


V 
( = = a) = —(N(s),n(s)) =—(N(s) x B'(s), €3) = —(N(s) x @'(s), €3), 
Vv Uu 


where a(s) = B(s) + (a(s), e3)e3 is a parametrization of 0M, obtaining (5.1). 


Consider in (5.4) the other type of Killing vector fields of R* associated to the 
rotations about an axis a € R*. Define Y(p) = p x a. 


Corollary 5.1.4 Let M and M' be two compact surfaces with 0M = 0M" and 
MU M' an oriented 2-cycle. Let x : M — R? and y: M' > R? be two immer- 
sions such that x has constant mean curvature H. If Y is a Killing vector field of 
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R?, then 
i: (v,¥)ds=2H | (n,Y)dM', 
aM M' 


where n is the restriction of the orientation of MU M' to M' and v is the inward 
unit conormal vector of M along 0M. 


Proof Consider an orientation on M U M’ and let N and n be the induced orien- 
tations on M and M' respectively. As Y is a Killing vector field, Stokes’ theorem 
gives 
/ (N, yam + [ (n, Y)dM’ =0. 
M M’ 
Finally, replace the left-hand side of this equation by a boundary integral using 
(5.4). 


For the Killing vector field Y(p) = p x a, the flux formula represents the con- 
servation of angular momentum. 

We apply Corollary 5.1.4 in the next scenario. Suppose that the boundary is a 
simple closed curve included in a plane P. Let us take M’ to be the domain 2 Cc P 
bounded by x(dM) and let Y =a be a unit vector orthogonal to P. As n = Ea, we 
obtain 


i (v.a)ds = 2H f (n,a)d@ = +2Ha(), (5.6) 
aM 2 


which is also deduced from (5.2). The important fact of Corollary 5.1.4 is that we 
can replace @ by another surface M’, the only condition being that its union with 
M forms a oriented 2-cycle. 

Equation (5.6) (or the relation (5.2)) represents the equilibrium between the ten- 
sion forces of M acting on its boundary with the external forces acting on the sur- 
face. The value if amv, @) ds is the flux of the surface in the direction of a and, in our 
context of cmc surfaces, this number does not depend on M but only on H and the 
boundary curve of the surface. This is the reason that (5.1) is called the balancing 
formula [Kus88, Proposition I.1.8]. 

The flux formula allows us to show that some geometric configurations of cmc 
surfaces cannot exist. This is the case for the surface M that appears in Fig. 5.1. This 
embedded surface spans a boundary curve I contained in a plane P, MN 2=@ 
and M lies above P around I’. Indeed, let W C R? be the 3-domain bounded by M 
and (2. The Gauss map N corresponding to positive mean curvature points inside by 
comparing M and a horizontal plane at the highest point of M. If a is a unit vector 
orthogonal to P such that (v,a) > 0, then 7 = —a on (2 and the flux formula (5.6) 
would say 


0< / (v,a)ds = 2H | (n,a)d2 =—2Ha(&) <0, 
aM 2 


a contradiction. 
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Fig. 5.1 A compact embedded cme surface that cannot exist by the flux formula 


A more general result will prove that if the surface is transverse to P along 0M, 
then M lies on one side of P (see Theorem 5.4.1 in Sect. 5.4). 
The flux formula adopts in the minimal case the following expression: 


Corollary 5.1.5 Let M be a compact minimal surface immersed in R?. If a € R?, 


[ woa)as=0, | (ve).a6) x a)ds =o. 
aM aM 


We then say that the flux vanishes on a minimal surface. This means that there ex- 
ists an equilibrium of the forces of the surface throughout the connected components 
of the boundary. In the next result, this equilibrium can be seen when 0M has two 
connected components and the surface represents a soap film with free boundary. 


Corollary 5.1.6 Let P, and P> be two planes of R?. Let M be a compact minimal 
surface immersed in R? where 9M = UI» and I; C P; are simple closed curves. 
If the angle between M and P; is constant along Tj, then P, and Pz must be parallel. 


Proof \n view of Theorem 3.3.1, we know that the surface is included in the slab 
(resp. wedge) defined by P; and P> if the planes are parallel (resp. not parallel). If 
the angle is 0 or zr, M is tangent to P; and the tangency principle implies that M is a 
subset of a plane, which is impossible because P; + P2. This means that the surface 
is transverse to both planes. 

Since the angle between M and P; is constant, Joachimstal’s theorem implies that 
T; is a line of curvature of M. In particular, o (@’, v) = 0, where a is a parametriza- 
tion by the arc length of dM. Let b € R? be a vector parallel to P,. Since the vector 
a’ x a is perpendicular to P; along I, we have 


[ woras= f (N xa'.b}ds =~ [| (W’ x a,d}ds 
rT Tr Tr 


= o(a'.a')fa! x a,B)ds + f a(a’,v)(v x a,b) ds =0. 
r\ Tr 
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Hence, if a; is a unit vector orthogonal to P;, we find that 


[va=([ (vais a, i=1,2. 
Tj Tj 


Furthermore, (v,a;) is a non-zero constant function because, up to a sign, it repre- 
sents the cosine of the contact angle and thus /; nr (v, aj) ds £0. 

Finally, we prove the result. We proceed by contradiction assuming that P 
and P> are not parallel, that is, a; is not proportional to az. By Corollary 5.1.5, 
we have the vectorial identity 


o- | vas=(f (var) as )ar+(f (a2) ds an. 
TUM rT I 


As {a1, a2} are linearly independent vectors, the integrands must vanish. This con- 
tradiction gives the corollary. 


The flux formula allows us to answer to the question posed in the introduction 
to this chapter concerning the possible values H of an H-surface spanning a given 
curve. For this purpose, we need the following definition. Let a = a(s) be a closed 
parametrized curve of period T > 0, where s denotes the arclength. Given a € R?, 
|a| = 1, define the algebraic area of a with respect to a by 


T 
A(a,a)= sf (a(s) x a'(s), a)ds. 


This number coincides with the algebraic area of the orthogonal projection of a onto 
a plane P perpendicular to the vector a. If 7 C R? is a closed curve, we represent 
by ACI’, a) the algebraic area of any arc length parametrization of I”. Up to a sign, 
this number is independent of the parametrization of J’. In the particular case that I” 
is a simple closed curve included in a plane P and choosing a as a unit orthogonal 
vector to P, the number |A(J’, a)| is the area of the planar domain bounded by I” 
in P. 


Corollary 5.1.7 Let [ CR? be a closed curve and let a € R?, |a| = 1, such that 
A(I’, a) #0. If M is a compact H-surface immersed in R? spanning I, then 


| (5.7) 


ANS ea 
2|AU, a)| 


where L is the length of I’. In particular, if I” is a simple plane closed curve enclos- 
ing a domain Q of area a(Q2), then 


(5.8) 
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Inequality (5.7) generalizes the necessary condition obtained by E. Heinz for an 
immersed H-disk [Hei69]. 


Proof The flux formula (5.2) is 
i (v,a)ds =—2HA(I,a). (5.9) 
aM 


By definition of an immersion with boundary, we have used that the restriction x|g 
is one-to-one (see Sect. 2.1). It follows that 


2|H||AW, a)| <|[ ds=L, 
aM 


obtaining (5.7). If I” is a simple closed curve included in a plane P, we see that 


where 
A= sup{|A(, a)| : AU’, a) £0, |a| = 1}. 


It is straightforward that the number A is attained when a is a unit vector orthogonal 
to P and, in such case, |A(I’, a)| =a(S2). 


Notice that the estimate (5.8) is different from the one obtained in Theorem 3.3.4 
because in this theorem the numerator in the estimate is L(0S2), the length of the 
boundary of {2. Even in the case that I” is a graph on the boundary of a bounded 
domain §2, we have L(0S2) < L and equality holds only if 7 = 02. 

In the particular case that I” is a circle, inequality (5.8) gives: 


Corollary 5.1.8 Let M be an H-surface spanning a circle of radius r. Then 


3s | | 


Sle 


The case that the boundary is a circle is special because the examples given by a 
planar disk and a spherical cap show that H is attained for all values of the interval 
[—1/r, 1/r]. Consider the general case. Given a simple closed curve  C R*, we 
define 


J() ={H €R: there exists an H-surface spanning I°}. 


We are interested in the nature of J(J”) as a subset of R. If H € J(I”) and M is an 
H-surface spanning I”, reversing the orientation on M we obtain that —H € J(I’). 
Thus the set J(J”) is symmetric about 0 € R. 

We study the particular case that I” is a simple plane curve. Here the length L 
of I coincides with the length of the boundary of the domain 2 C R? bounded 
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by I’. Then J(J*) is included in [—L/(2a(2)), L/(2a(S2))]. There is no reason to 
expect that all numbers of [—L/(2a(S2)), L/(2a(S2))] are possible values of mean 
curvatures of H-surfaces spanning J”. However we can say something about J(J"). 
Since {2 is a minimal surface, 0 € J(J”). In Chap. 8 we will see that there exists an 
€ > 0 such that for H € (—e, €), there exists an H-graph on §2 with boundary I" 
(Corollary 8.1.16). This means that (—e, €) C J(/’). In fact, the set of numbers H 
of H-graphs spanning I" is an interval (— Hinax, Hmax) (Corollary 8.1.16). However, 
we do not know how large the set J(I”) \ (—Hmax, Hmax) 1S. 

We finish this section using the flux formula to obtain results on uniqueness. For 
compact surfaces with boundary, the simplest result asserts the uniqueness of graphs 
for the same mean curvature and the same boundary (Theorem 3.2.6). The case of 
equality in (5.8) is solved when the surface is a topological disk [Lop99b]. 


Proposition 5.1.9 Let CR? be a simple plane closed curve of length L and 
a(S2) denote the area of the planar domain {2 bounded by I’. Let M be a topo- 
logical disk and x : M —> RR? be an immersion with constant mean curvature H and 
boundary I". If |H| = L/(2a(&2)), then I is a circle and the immersion describes a 
hemisphere. 


Proof Let P be the plane containing I” and let a be a unit vector orthogonal to P. 
By (5.2) and since |A(JI’,a)| = a(S2), we deduce that the inward unit conormal 
vector is v = ta and M and P are orthogonal along I”. By Joachimstal’s theorem, 
0M is a line of curvature of M. 

There is no loss of generality in assuming that M is the unit complex disk 
D={z=u+iv eC: |z| < 1}. Consider the Hopf differential ®(dz)* where z 
are conformal coordinates of M and ® = e — g — 2if, where e, f and g represent 
the coefficients of o . Introducing polar coordinates z = re’’, we find that 


o(X;,xX9) = a sin(20)(e — g) +rcos(26) f. 


The imaginary part of @ is 
Im(@) = r?(e — g) sin (20) — 2r? f cos (20) = —2ra (x;, x9). 


As 0M is a line of curvature, o (x, x9) = 0 along 0D, in particular, Im(®) = 0 
along 0D. Since @ is holomorphic, Im(@) is a harmonic function and the maximum 
principle leads to Im(®) = 0 on D. Thus @ = 0 and the immersion is umbilical. 
Consequently, M is a spherical cap intersecting P orthogonally. This shows that 
x(M) describes a hemisphere and I” is a circle. 


In this proposition, the assumption on the value of the mean curvature is equiv- 
alent to saying that the surface is orthogonal to the boundary plane. When I" is a 
circle and the contact angle is constant, we have: 


Theorem 5.1.10 Let M be a compact cme surface immersed in R? spanning a cir- 
cle I’ contained in a plane P. If the angle between M and P along I" is constant, 
then M is a planar disk or a spherical cap. 
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Proof Assume without loss of generality that I” is a circle of radius 1 centered at the 
origin and contained in the plane z = 0. Let a = a(s) be an arc length parametriza- 
tion of dM such that {a(s), a’(s), a} and {a’(s), v(s), N(s)} are positively oriented 
orthonormal bases. As (N(s), a) is constant along 0M and I is a plane curve, we 
have o(a’(s), v(s)) = 0. Since a” (s) = —a(s), we obtain 


o(a'(s), a'(s)) — —(N'(s), a’ (s)) = (N(s), a” (s)) — —(N(s), a(s)). 


Using that the function (v(s), a) is constant, the flux formula (5.2) yields (v(s), a) = 
—H. By the choice of the two bases, (v(s),a@) = (N(s), @(s)) and we deduce that 
a (a’(s), a'(s)) = H. Combining this with o (a’(s), v(s)) = 0, we conclude that aM 
is a set of umbilical points, in particular, they are not isolated. In view of Theo- 
rem 2.2.2, the surface is umbilical and this proves the result. 


This theorem may be compared with Theorem 4.1.16. In both results, the 
assumption is the capillarity condition along the boundary. However, in Theo- 
rem 4.1.16 the boundary is not prescribed but we must assume embeddedness of 
the surface. 

We turn to the case where the boundary is a circle. By Corollary 5.1.8 we know 
that |H| < 1/r. F. Brito and R. Earp solved the particular case |H| = 1/r, which is 
now a consequence of the preceding theorem [BE91]. 


Corollary 5.1.11 Let I be a circle of radius r > 0. Then the only compact 
H-surface immersed in RR? with |H| = 1/r spanning I is the hemisphere of ra- 
dius r. 


Proof The flux formula (5.2) gives |(v,a)| = 1/r. In particular, the surface is per- 
pendicular with the boundary plane and we apply Theorem 5.1.10. 


5.2 Uniqueness on Right Cylinders 


The second setting where we employ the flux formula is motivated by the unique- 
ness of cme graphs. Identify R? with the Euclidean plane P with equation z = 0 
and let e3 = (0,0, 1). Let 2c IR? be a bounded domain. Given a real number H, 
there exists at most one H-graph on 2 spanning 02. This result generalizes to the 
family of embedded surfaces included in the solid right cylinder 2 x R (see Corol- 
lary 4.2.2). In this section we consider immersed cmc surfaces contained in 22 x R 
and with planar boundary [LM95]. The idea behind the proof is to sandwich the 
surface between two graphs with the same mean curvature and the same boundary. 
This allows us to compare the slope of the surface with that of the graphs along the 
boundary and, finally, we apply the flux formula (see [Ser69a] in a similar context 
for the Plateau problem). 


Theorem 5.2.1 Let 2 CR? be a bounded domain and assume there exists an H- 
graph G on 82 with boundary [' = 082. Denote by G* the reflection of G about P. 
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Consider a compact surface M and let x : M — R? be an immersion with constant 
mean curvature H spanning I’. If x(M) C 2 x R, then x(M) is G or G*. 


Proof Note that G is the graph of a function u € C?(2) MN C°(2), i.e. we per- 
mit G to be vertical at some boundary points. We identify M with x(M). If H =0, 
Theorem 3.3.1 yields G = M = Q. Suppose now that H 4 0. There is no loss of 
generality in assuming that H > 0 and that G lies above the plane P. This means by 
using Corollary 3.1.7 that the orientation Ng on G points downwards. The graph G* 
is an H-surface spanning I” with the upwards orientation. 

Move G by vertical translations ¢;(p) = p + te3 and let G; = ¢;(G). Since M 
and G are compact sets, G; 1 M = @ for sufficiently large t. Next let t \, 0 until G, 
first contacts M att =f), t) > 0. Let p € G;,, 1 M be a common point. If t; > 0, 
then p € int(M). If p € 0G;,, then p € 0Q x R. This means that M is vertical at p, 
which implies that G;, is also vertical at p, in particular, G;, and M are tangent at p 
and one surface lies on one side of the other. Therefore, independently of whether p 
is a boundary or interior point of G;,, the surfaces G,, and M are tangent at p. We 
orient M by N so that at p, N(p) agrees with NG,, (p), where NG,, is the induced 
orientation on G;, by ¢;, and G. As M > G;, around p, the tangency principle 
implies that the mean curvature of M is H and M agrees with G;, in an open 
set around p. Extending the set where M and G;, coincide by using the tangency 
principle, we obtain M = G;,, which is impossible because 0M ¢ 0G;,. 

In conclusion, t; = 0 and in the process for moving down G;, we return to the 
original position of G and, in addition, G lies above M. If at this position, there is 
an interior or a boundary tangent point between M and G, then G lies on one side 
of M. The same argument using the tangency principle tells us that M = G and this 
proves the result. If, on the contrary, M lies strictly below G along I’, with the aid 
of G*, a similar reasoning shows that M = G* or M lies strictly above G* along I’. 

Summarizing the above arguments, we have proved that either M = G, or 
M = G* or int(M) lies in the 3-domain bounded by G and G* and M is neither 
tangent to G nor G* at some boundary point. Now we prove that the last situation 
leads to a contradiction. See Fig. 5.2. 

Let vg, v denote the inner unit conormal vectors of G and M along I, respec- 
tively. Since H > 0 and G lies above P, the flux formula (5.2) gives in each surface: 


i! (v, e3) ds 
aQ 


The property that M lies strictly between G and G* means 


2H a(a)= | (vg, e3) ds = (5.10) 
02 


(vg*, €3) < (v, €3) < (VG, e3) 


along 082, where vg« is the corresponding inward conormal vector of G* along 
aG* = 02. Since G* is the reflection of G about P, (vg*, e3) = —(vG, e3). Then 
along 0M we have the strict inequality 


|(v, e3)| < (ve, e3), 


obtaining a contradiction with (5.10). 
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Fig. 5.2 The surface M lies sandwiched between G and G* 


From this theorem, we ask if an immersed cmc surface M included in the cylinder 
2 x R and spanning 02 is actually a graph on 92. The existence of an H-graph on 
2 is assured if H is sufficiently small. Indeed, we shall prove in Chap. 8 that there is 
a constant Hp = Ho(S2) > 0, depending only on §2, such that for H € (—Ho, Ho), 
there exists an H-graph on (2 spanning 0S2. Moreover, if (2 is a strictly convex 
domain, it is possible to estimate this value Hp. More precisely, let « denote the 
curvature of 0§2 computed with the inward unit normal and let ko = mink > 0. 
Then we will see that Hp > ko. Combining this and Theorem 5.2.1, we have: 


Corollary 5.2.2. Given a planar bounded domain Q, there is a positive number 
Ho = Ho(&2) depending only on 82 such that if |H| < Ho, there exists a unique com- 
pact H-surface included in 2 x R and with boundary 82 which is, indeed, a graph 
on 2. Furthermore, if 082 is strictly convex, the result holds provided ky > |H|. 


We remark that the condition that the surface is included in the cylinder 2 x R is 
necessary even for small values of H. For example, given a circle I’, there are large 
spherical caps spanning J” with arbitrary small values of H. 

If H =0, Theorem 5.2.1 is trivial because necessarily x(M) = Q. In the mini- 
mal case, we consider the case where I” is not planar. As a consequence of Theo- 
rems 3.2.6 and 5.2.1, we have: 


Corollary 5.2.3 Let 2 C R? be a bounded domain and let Pr C 82 x R be aclosed 
curve that is a graph on 082. If M, and Mp2 are two minimal surfaces with 0M, = 
0M. =T and int(M;) C 2 x R, then M, = Md. 


It is known that there exist minimal graphs defined on a convex domain for ar- 
bitrary boundary data ({[Brn10, Fin65]; Theorem 8.2.3). Using Theorem 3.3.1, we 
conclude (see also [Ser69a]): 
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Corollary 5.2.4 Let 2 C R* be a convex bounded domain and let T CR? be a 
simple closed curve that is a graph on 092. Then there is a unique compact minimal 
surface spanning I, which is necessarily a graph. 


5.3 Small Surfaces with Constant Mean Curvature 


We turn now to spherical caps. Given a circle I” of radius r > 0 and || < 1/r, 
the two spherical caps of mean curvature H spanning I" are included in the closure 
of a round ball of radius 1/|H|. The next result of J.L. Barbosa characterizes this 
property [Bar90]. 


Theorem 5.3.1 Let I be a circle. Assume x : M — R? is an immersion of a com- 
pact surface M spanning I" and with constant mean curvature H # 0. If x(M) is 
included in the closure of a ball of radius 1/|H|, then x(M) is a spherical cap. 


Proof Choose the orientation N on M so its mean curvature H is positive. Without 
loss of generality, assume that I” is included in the plane P with equation z = 
0. Denote by B the open ball of radius 1/H such that x(M) C B. The boundary 
S = 0B is a sphere of radius 1/H whose mean curvature is H with the inward 
orientation Ns. First, assume that S and x(M) have a common tangent (interior or 
boundary) point p. Since H > 0, the comparison principle implies that N coincides 
with Ns at p. The tangency principle implies that both surfaces agree on an open 
neighborhood of p, and by Theorem 2.2.2, x(M) describes a spherical cap because 
its boundary is a circle. 

Suppose now that x(int(M)) C B. Moreover, if x(M) intersects S at a point, 
necessarily, a boundary point, both surfaces are not tangent. Fix v € R?. Move S in 
the direction of v until S touches x(M). If this occurs at a tangent point, the same 
reasoning as above shows that x(M) is a spherical cap. If not, S can be moved until 
it touches M at a point of the circle I” and at this point, M and S are not tangent. 

As a conclusion, if x(M) is not a spherical cap, for each direction v € R?, we 
can find a position B, of the ball B, which is a translation of B in the v-direction, 
such that the sphere 0B, touches M only at a boundary point and both surfaces are 
not tangent. Thus x(M) C ( {By : veE IR*} and all balls By have radii 1/H. By the 
geometry of the sphere and since I is a circle, the surface x(M) lies sandwiched 
between two small H-spherical caps, or two H-hemispheres, S* and S~, where S~ 
is the reflection of St through P, 0S* = 9S~ =T and S* and S~ are not tan- 
gent to M along its common boundary: see Fig. 5.3. In particular, x(M) 4 S*, S~, 
and x(int(M)) C 2 x R, where 2 C P is the domain bounded by I”. Now Theo- 
rem 5.2.1 yields a contradiction. 


Related to this theorem, it is the parametric Plateau problem (1.2), which we 
recall here. Given H € R, S. Hildebrandt proved that if I” is a simple closed curve 
included in a ball B of radius r > 0 with |H| < 1/r, there exists an H-disk spanning 
I’ and contained in the closure of B [Hil70]. This leads us to make the following 
definition: 
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€3 


Fig. 5.3. The proof of Theorem 5.3.1. The surface lies between the two small spherical caps S* 
and S~ with the same boundary 


Definition 5.3.2 Let x : M — R? be an immersion of a compact surface M and 
with constant mean curvature H # 0. We say that the surface is H-small if x(M) is 
included in a closed ball of radius 1/|H |. 


In particular, Corollary 3.3.7 asserts that a sphere of radius r > 0 is the only 
closed 1/r-small surface. Furthermore, Hildebrandt solutions are H-small. It is 
worth noting that for each H € R, the spherical H-caps are H-small surfaces and 
that Theorem 5.3.1 characterizes them among all H-small surfaces spanning a cir- 
cle. Consider now H-small surfaces bounded by convex plane curves. 


Theorem 5.3.3 Let 2 C R? be a (not round) strictly convex domain and let ko > 0 
be the minimum of the curvature of 082. Then for each real number H such that 
|H| < xo, the only H-small surface in R? with boundary 3Q is a graph. 


Proof Denote by P the plane z = 0. Theorem 8.3.1 guarantees the existence of an 
H-graph G on £2 spanning 092. Let M be an H-small surface with boundary I’. 
Consider the ball B of radius 1/|H| whose closure contains M and let S = OB. 
Proceeding as in the proof of Theorem 5.3.1, we move S in any direction until S$ 
intersects M. We assert that S and M do not have a common tangent point. In such 
a case, the tangency principle would say that an open set of M is part of a sphere 
and Theorem 2.2.2 would conclude that M is a spherical cap because 0M is planar. 
This is a contradiction because {2 is not a round disk. 

We denote by B(p,r) the Euclidean ball of radius r and center p and S(p,r) = 
dB(p,r). Move the initial sphere S vertically until its center lies in the plane P, 
indeed, B(qg, 1/|H|) and gq € P. We claim that M remains inside B(q, 1/|H|). This 
is because by the tangency principle there cannot exist a tangent point between M 
and S. On the other hand, the initial sphere S intersects the plane P since IC B. 
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Thus when moving S vertically in order that its center lies in P, the radii of the cir- 
cles obtained by the intersection of P with each vertical displacement of S increase. 
Since 2 C BMP, it follows that 2 C B(q, 1/|H|)M P without contact between I" 
and S(q, 1/|H|). 

Now we use a rolling property of planar curves due to Blaschke [Bla56, 
Kou72].Since the radius of the circle S(q, 1/|H|)N P is 1/|A| and 1/|H| > 1/ko, 
we can move S(qg,1/|H|) in any direction parallel to P touching each point 
of I and 2 Cc B(qg,1/|H|) NP. Since S(q,1/|H|) is vertical at the points of 
S(q,1/|H|)OP, M is contained in 2 x IR. Now Theorem 5.2.1 finishes the proof. 


We call the reader’s attention to the fact that the assumption |H| < xo has only 
been used for the existence of an H-graph on 92. Hence we can replace this assump- 
tion by another one that permits us to establish the existence of such H-graph. In 
this sense, we refer to Chap. 8 again for other existence results. As a consequence 
of the proof of Theorem 5.3.3, we have: 


Corollary 5.3.4 Let H #0 and let x : M > R? be an H-small surface. Assume 
that x(M) is not part of a sphere. Then 


ra a\ on 1 
x(M) C Fen :x(9M) C B@r).r < a}: 


Proof Vf B is a ball of radius 1/|H| containing M, moving B in any direction, 
the tangency principle guarantees that the sphere 0B only touches M at boundary 
points. Thus, 


x(M) Cf ){B(p, 1/1A1) : x(8M) C B(p, 1/THD}.- 


Consider B(p,r) with r < 1/|H| and x(0M) Cc B(p,r). Increase the radius r un- 
til it reaches the value 1/|H|. From the previous argument and after a translation, 
x(M) Cc B(p,1/|H|). Decreasing the radius again, and as the mean curvature of 
the boundary sphere increases with respect to the inward orientation, there are no 
tangent points with M before we reach the boundary. Then we return to the original 
ball B(p,r) and M Cc B(p,r). 


Theorem 5.3.1 may be extended to the case when the surface is included in a 
solid right cylinder [Bar91]. 


Theorem 5.3.5 Let I be a circle. Assume x : M — R? is an immersion of a com- 
pact surface M spanning I" and with constant mean curvature H # 0. If x(M) is 
included in the closure of a round cylinder of radius 1/|H|, then x(M) is a spherical 
cap. 


Proof Without loss of generality, assume that H > 0 and that the radius of I" is 1, 
which implies that H < 1. Denote by C the solid cylinder containing x(M) and 
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by L the axis of 9C. Consider a closed hemisphere S* of radius 1/H such that 
aS* CAC. The hemisphere S* divides the cylinder C into two domains one of 
which, denoted Ct, is convex. Similarly, define S~ to be the reflection of St by a 
plane orthogonal to L and let C~ be the convex connected component of C \ S~. By 
translations, we move St parallel to L in such way that its boundary 0S* remains 
in OC and x(M) is included in C*. Let us move S* towards x(M) in the direction 
of L until the first time it touches x(M). With the hemisphere S~ we proceed in 
the same way, moving first along L with x(M)N S~ = @ and x(M) CC. Next, 
displace S~ towards x(M) until it first touches x(M). 

If for S* or for S~ there is a tangent (interior or boundary) point and as both 
hemispheres S* and S~ have constant mean curvature H with the unit normal 
points towards C* and C7, respectively, the tangency principle asserts that x(M) 
is included in a such hemisphere, showing the result because 0M is a circle. 

Assuming the contrary, the hemispheres S* and S~ intersect I” and M lies in 
C* C7. In such case, we claim that St and S~ do intersect. Once the claim is 
proved, it will follow that the surface x(M) lies in a closed ball of radius 1/H and 
Theorem 5.3.1 concludes the proof. 

The proof of the claim is a consequence of the geometry of a circle and a sphere. 
In the moment of intersection with x(M), let S*+ and S~ denote the round spheres 
containing St and S~, respectively. Both spheres are included in the solid cylin- 
der C. Consider the plane P containing I. Then P cuts S+ and S~ (resp. S+ and 
S~) into two ares "+ and I~, respectively (resp. into two circles /+, ~, centered 
at OT and O7), and I’ is internally tangent to both arcs at points pt € "A I't and 
p elnar-. 

If P is parallel to L, then [~ and I~ have identical radii. It is straightforward 
that °* intersects [~ and so the same occurs with S* and S~. 

Assume now the plane P is not parallel to L. If S* and S~ do not intersect, then 
I+ I~ =@ and there exists a plane /7 orthogonal to L separating S* from S~, 
which leaves on each side of [7 the centers OT and O-. As I is internally tangent 
to + and I~, the center of I lies in the segments joining p+ with OF and p~ 
with O~. However this is impossible because [7 separates OT and O-. 


Observe that Theorems 5.3.1 and 5.3.5 are the boundary versions of Corol- 
lary 3.3.7 and Theorem 3.3.6 respectively. 

As in Chap. 3, the next natural step consists in assuming that the surface is in- 
cluded in a slabwhose width is related with the mean curvature H. We know that a 
spherical cap with mean curvature H > 0 lies in a slab of width 2/H and that the 
small spherical cap is included in a slab of width 1/H. If the surface is embedded, 
we have [Lop97c]: 


Theorem 5.3.6 Let H 40. Let M be a compact embedded H-surface in R? span- 
ning a circle. If M lies in a slab of width 1/|H|, then the surface is a spherical 
cap. 


Proof After a change of orientation on M, consider H > 0. Assume that the slab 
S is horizontal with 0S = P; U P2 two parallel planes. Arguing as in the proof of 
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Theorem 3.3.9, let v be a horizontal vector and let C, denote a half-cylinder of 
radius 1/(2H) such that OC, C P, U Po. We adopt the notation used there. Move 
C, in the v-direction so that MCC ai and next, move C, back towards M. We make 
use of the same symbol to indicate C, and each one of its displacements. Taking into 
account that the mean curvature of C, with the orientation pointing towards Cyr is 
H, the tangency principle assures us that when C, first touches M, this must occur 
at a boundary point and both surfaces are not tangent. See Fig. 5.4. Let P be the 
plane containing I” and let £2 Cc P be the domain bounded by I”. There are two 
possibilities depending on the relative position of P and P;: 


1. The plane P is perpendicular to P;. The preceding argument proves that the 
boundaries of Cy and C_, reach the plane P and C, 1 C_, # 9. In particular, 
the surface M lies in a solid cylinder of radius | /(2H) and Theorem 5.3.5 implies 
that the surface is a spherical cap. 

2. The plane P is not orthogonal to P;. In such case, we repeat the argument with 
all horizontal vectors, concluding 


M C{ ){Cf : vis parallel to P;}. (5.11) 


Since I” is a circle, for each point p € I” there exists a horizontal vector v 
such that 7 C Cy and p € Cy. In particular, the open half straight line L pCcP 
from p orthogonal to I with L, 1 2 =9@ satisfies Lp C R? \ C+. Observe that 
UperLp = P \ &. If we take all horizontal vectors and from (5.11), we obtain 
that MN (P \ 2) =. Then Corollary 4.1.4 proves the result. 


The above property of a circle holds for a non-strictly convex curve I’, that is, if 
92 C P is the domain bounded by I’, then 


PY Pa Wai pel}, 


where L,, C P is the half-line starting at p € I”, orthogonal to FP and L, 12 = 9. 
As a consequence of the proof, we have: 
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Corollary 5.3.7 Let H #0. Let I be aclosed convex curve included in a plane P. 
Let M be a compact embedded H-surface in R? with 9M = I. If M lies in a slab 
of width 1/|H| that is not orthogonal to P, then M lies on one side of P. 


5.4 The Brito, Earp, Meeks and Rosenberg Theorem 


In Chap. 4 we have studied embedded cme surfaces by means of the Alexandrov 
reflection method. Now we see how combining this technique with the flux formula 
allows us to obtain a partial answer to Conjecture 2 given in Chap. |. In view of 
Theorem 4.1.1, we need to know conditions which ensure that the surface lies on 
one side of the boundary plane. The next result is due to F. Brito, R. Earp, W. Meeks 
Il and H. Rosenberg [BEMR91]: 


Theorem 5.4.1 Let I be a convex closed curve included in a plane P. Let M be a 
compact embedded cmc surface in R? spanning I’. If M is transverse to P along I, 
then M lies on one side of P. 


Proof There is no loss of generality in assuming that P is the plane z = 0 and that a 
neighborhood of I” in M lies above the plane P.. Let e3 = (0, 0, 1). Then (v, e3) > 0 
along 0M, where v is the inward unit conormal vector of M along 0M. 

Let us assume for contradiction that M has points on both sides of P. First, we 
construct a closed embedded topological surface S as follows. Denote by 22 C P the 
domain bounded by I’. If MN 2 = Y, it suffices to consider §S = M U2. Otherwise, 
ie. if MN 2 FG, we assume, by transversality, that MN 22 = D, U---U Dy, where 
Dj; are topological disks included in 2: if not, we intersect M with a horizontal 
plane close to P in such a way that M is transverse to 2 and M continues to be 
transverse to P along I’. Each domain D; defines a small annulus A; C M, with 
0D; = A; P and 0A; = Ci (Ei) UC; (€i), i < €, where CH (e) and C; (¢;) are 
closed curves included in horizontal planes Pe :z=e;, P, :z=—€;, respectively. 
Let Di‘ (e;) C Pt and D; (e) C P, be the disks bounded by C;*(e;) and C; (€i), 
respectively. To define the surface S$, we remove from M the annuli A; and attach 
to M the horizontal planar domains D* (€;) and D,; (€;) and finally we attach the 
domain §2. In case that for some /, j, De Dj, we take distinct values of €; (€; < €) 
to guarantee that the resulting surface, possible disconnected, is embedded. Let S 
be the connected component that contains {2 and let M=MOS.We point out that 
the boundary of M is 082 and possible curves C AC) and Ci (€;). 

Let W be the domain bounded by S. We orient S by the unit normal vector field 
pointing towards W and denote by N the induced orientation on M. The proof is 
given in a sequence of steps. 

Claim 1. There is at most one connected component of Mn(P \ 2) homologous 
to in P\ Q. 

We proceed by contradiction, assuming that C; and C2 are two such curves. 
Consider a horizontal direction, say, v = (0, 1,0). Let [7, denote the 1-parameter 
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Fig. 5.5 The proof of MN (P \ 2) =9 


family of vertical parallel planes with equation y = ¢t. After translations, assume 
that [7p intersects I" and that  M 17; = @ for all t > 0. Let R C P be a half-line 
starting from a point of I” parallel to v and RN §2 = G. Take two points pj € RNC, 
i=1,2, with p; € Ig, and 0 < a, < ap. Let I; be the plane with f= (a, +a2)/2. 

We begin with the Alexandrov method approaching from ¢ = +00 until the first 
time fo > 0 such that /7;, intersects M. Next we displace the planes /7; on the left, 
i.e. t \, 0, and we reflect the right part of M. With the usual notation employed in 
Theorem 4.1.1, let t; be the first time that My * ¢ W. By the existence of the points 
p\ and p2, this must happen for a value t) > : f. When this occurs, there exists a 
pE Mt such that p* € Mz (a) M; and both surfaces M; and M;, touch. If p = p*, 
then 7’, M is a horizontal plane. Observe that the point p* defines a horizontal half- 
line (", co) = {p* + (ft —t)v:t >t}. We rule out all the possibilities: 


1. p* eI’. Then (p*, 00) C P. Moreover, by transversality, the tangent plane T, M 
is not horizontal, proving that p 4 p*. By the Alexandrov method, we know 
(p*, p) C W and (p, 00) C R? \ W. Thus (p*, 00) intersects M in at most one 
point. This contradicts that (p*, oo) intersects C; and C2. 

2. p* € Cy (é). Taking € sufficiently small, the half-line (p*, 00) must intersect M 
at least at two points because of the existence of C; and C2. This is a contradic- 
tion as above. 

3. Mi * and M; +, are tangent at p*. The tangency principle shows that J7;, is a plane 
of symmetry of S. This however contradicts that I” lies on the left of I7;,. 


Claim 2. M0 (P \ 2) cannot be formed by a unique curve C homotopic to I” in 
P\Q. 

If such a curve exists, we arrive at a contradiction using the flux formula as 
follows. By the comparison principle at the highest point of M and with the choice 
of orientation NV, the mean curvature H is positive. Since the annulus determined 
by I” and C lies in W, the projection of N on P along 0M points outward 92 as 
depicted in Fig. 5.5. Let us take a parametrization a of 0M so that the inner unit 
conormal vector v satisfies v = N x a’. Since (v, e3) > 0, the parametrization of a 
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Fig. 5.6 There do not exist curves C C MP null homologous on P \ 2 


is given by the clockwise orientation of 0§2. Thus (a x a’, e3) < 0 and formula (5.1) 
yields a contradiction. 

Observe that in the proof of claims | and 2, we have not used that I” is a convex 
curve. 

Claim 3. The intersection MO (P \ 2) has no curves C null homologous on 
P \ Q: see Fig. 5.6. 

Assuming the contrary, let R be a half-line starting orthogonally from a point 
of I” and intersecting C in at least two points p; and p2. By the convexity of I’, 
RC P\ Q. Let I be a plane orthogonal to R and equidistant from p; and pp. 
Without loss of generality, assume that J7 is the plane with equation y = 0 and that 
§2 is included in the half space {(x, y, z) € R?: y <0}. We consider the family of 
planes 7; with equation y = ¢ and proceed with the reflection process approaching 
from t = +00. With the usual notation, let t; be the first value where M; touches 
M,,. The existence of p; and p2 implies t) > 0. If p* € Mi a) M,, is a tangent point, 
then J7;, is a plane of symmetry of M, contradicting the fact that the boundary of 
M lies on one side of TT;,. 

The other possibility is that p* € aM. Then the transversality of M together with 
the fact that W lies above P close to 2 implies that p* € en (€;) for some i. We 
assert that we may choose «€ sufficiently small such that this case, namely, p* € 
C (Ee) for some 7, cannot occur. On the contrary, for €, — 0 we find a sequence 
{dn} C MG, y, and {gr} C aM \ I’, where q* is the reflected point of gn through 
IT7,),- Letting n + oo, and passing to a subsequence if necessary, {qn} — g and 
{qx} > q*. As en > 0,q € P and q* € LUj_, 0Dj. As all points dn liein Mj) ot , the 
limit point q lies in some plane J7,, with t > 0. Since g* € &, the reflection process 
implies that the open segment (q*,q) is included in W, a contradiction because 
necessarily (q*, gq) must meet I". 

In conclusion, we have proved that Mn(P \ 2) =Q. There are two possibilities. 


1. If MN Q =, then Mn (P \ Q) = &, that is, M = M and we have proved 
MN (P \ 2) =9, showing the result. 

2. If MM 2 # 9%, we extend M up to &@ by adding the annulus bounded by 0D; U 
C AEC) and again denote by M the new surface. Since Mn (P \ 2) =9Q, the flux 
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Fig. 5.7 The final contradiction in Theorem 5.4.1 
formula (5.1) implies 
2H (a(Q) = a(D)) a / _(v, e3) ds, (5.12) 
aM 
where D + G is an open set of U; Dj: see Fig. 5.7. Since OM & aM, we have 


[ eras >| (v, 3) ds. (5.13) 
aM aM 


But the flux formula applied to the initial surface M gives 


/ (v, e3) ds = 2Ha(&2), 
aM 


yielding a contradiction with (5.12) and (5.13). 


Corollary 5.4.2. Let M be a compact embedded cmc surface spanning a circle I’. 
If M is transverse to the plane containing the circle along I’, then M is a spherical 
cap. 


In connection with Theorem 5.4.1, the authors formulate in [BEMR91] the fol- 
lowing conjecture: 


Conjecture. A compact embedded cme surface of R* spanning a convex 
plane curve and on one side of the boundary plane is a topological disk. 


A partial answer to this conjecture was given in Theorem 4.2.1. See also Corol- 
lary 6.4.5 for embedded surfaces with large volume. 

We point out that the assumption on the convexity of the curve has been used in 
order to prove that there are no curves in MO P null homologous on P \ 92. If I" is 
not convex, we have the following result [BEMR91]. 
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Theorem 5.4.3 Let I” be a simple closed curve included in a plane P. Let M be 
a compact embedded cmc surface in R? spanning I’. Suppose that M is transverse 
to P along I’ and M lies above P around I’. Let Mt and M~ be the parts of M 
above and below P, respectively. Then: 


1. in(M)N2 =f. 

2. M* is connected and no connected component of )M* lies completely outside 
of the convex hull of I’. 

3. M7 is a graph on the domain bounded by 3M* \ I’ in P. 


Asa consequence: 


Corollary 5.4.4 Let M be a compact embedded cmc surface whose boundary is a 
simple closed curve I contained in a plane P. If the angle between M and P is 
constant along I’, then M is a planar domain or a spherical cap. 


Proof If H =0, we know that M is a planar domain. If H 4 0, the angle is not 0 
or z by the flux formula (5.2) since (v, e3) is constant along 0M. In particular, the 
surface is transverse to P along d/°. By Theorem 5.4.3, MN 2 =9%. Thus MUQ2 
defines a 3-domain W C R* where 2 C W. 

There is no loss of generality in assuming that M lies above P around I’. As M— 
is a graph on a domain of P \ @, the domain W lies above P in a neighborhood of 
92. We employ the Alexandrov method as in Theorem 4.1.16 and the proof follows 
the same steps. We only remark that the reflection of a point p € M; \ I” cannot 
touch I” because the segment (p*, p) would be included in W, a contradiction since 
QW. 


Chapter 6 
The Area and the Volume of a Constant Mean 
Curvature Surface 


In this chapter we address the study of the area and the volume of a compact cmc 
surface with boundary. We shall see how the control of the area or the volume pro- 
vides information concerning the geometry of the surface. In order to motivate the 
type of problems that we consider here, let 2 C R* be a bounded domain. The do- 
main £2 is itself a minimal surface with boundary I” = 092 and its volume is V = 0. 
For small values of H close to 0, there exist H-graphs on §2 spanning J” and whose 
volume is also small. We may expect that given §2 and a sufficiently small volume 
V, the only compact cme surface with boundary 092 and volume V is a graph. This 
evidence is supported when we blow air across a planar wire. Once a plane closed 
wire is introduced into a soapy solution, the first surface that appears is precisely the 
planar domain bounded by the wire. If we blow a small amount of air against the 
surface, the bubble formed looks like a graph attached to the wire. 

We shall derive a formula giving a lower bound of the area in terms of the height 
of the surface with respect to the plane containing the boundary. We remark that 
the estimates of the height appearing in Theorem 2.3.5 for cmc graphs and Corol- 
lary 4.2.5 for embedded surfaces similarly relate the height to the value of the mean 
curvature. We will show that the solution of the isoperimetric problem for a convex 
planar domain is a graph if the volume is sufficiently small. 

In the case where the volume is large, we expect that the surface looks like a 
large spherical cap. We will prove this fact in Sect. 6.4 for the particular case where 
the surface is embedded spanning a convex curve and the surface lies on one side of 
the boundary plane. 

Some of the results in this chapter and their proofs are taken from [LM96, RR96]. 


6.1 A Monotonicity Formula for the Area 


Consider a plane P C R? given by P = {p € R®: (p — po, a) = 0} with |a| = 1. If 
S CR’, define the part of S above (resp. below) the plane P as the set St ={pe€ 
S:(p— po,a) > 0} (resp. S~ = {p € S: (p— po, a) < 0}). Analogously, the height 
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h* (resp. h—) of S above (resp. below) P is ht = sup{(p — po, a): p € ST}, (resp. 
h~ = —inf{(p — po,a): pe S}). 


Theorem 6.1.1 Let x : M — R? be an immersion of a compact surface M with 

constant mean curvature H and whose boundary is included in a plane P. Then 
AT|H| 

ad 

~ 20 


ht 


; (6.1) 


where A* is the area of x(M)*. Equality holds if and only if x(M)* is a planar 
domain of P or a spherical cap. 


Proof If H =0, the result is trivial by Theorem 3.1.12. Assume now H + 0 and let 
us orient M with the unit normal vector field N so that H > 0. After a change of 
coordinates, assume that P = {p € R? : (p, a) = 0}, where |a| = 1. 

Suppose that x(M)+ ¢ Y, on the contrary (6.1) is trivial. Consider the height 
function f with respect to P defined by f(p) = (x(p), a). Then f =0 on 0M. On 
the other hand, if p €¢ M and v € T,M isa tangent vector at p, 


((Vf)p, v) =((dx) p(w), a). (6.2) 


Thus p € M is a critical point of f if and only if the vector a is perpendicular to 
M at p, that is, if N(p) = ka. Then the set C of critical points of f is included in 
Ny AN-, where 


N,={peM:(N(p),b)=0},  Ne={peM:(N(p),c)=0}, 


and {a, b,c} is an orthonormal basis of R?. In fact, Vj, and MN are the nodal lines 
of the functions (NV, b) and (N,c). Appealing to (2.24), both functions (NV, b) and 
(N, c) satisfy the Jacobi equation. Following [Che76], each nodal line of the opera- 
tor A + |o|* is, by the immersion, the image of a circle or a segment of R and thus, 
C has zero measure in M. In this case, the coarea formula gives 


1 
A'(t)= -f ——ds,, t=0, 
ra IVF 


where A(f) is the area of M(t) ={p eM: f(p) = t} and ds, is the arclength in 
I'(t)=d0M(t)={peM: f(p) =t} [Fed69]. Here, for almost t, M(t) is a surface. 
If L(t) denotes the length of the curve I(t), the Cauchy-Schwarz inequality gives 


Lays f : ds, [ IWflds,=—a') | IVflds;. (6.3) 
ri IVA r(t) ra) 


But (6.2) yields 


IV fi? =1-(N,a)? =(v",a)” 
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along I’(t), where v‘ is the inner conormal vector of M(t) along I(t). Since M(t) 
lies above the plane P; = {p € R?: (p, a) =t}, we have (v', a) > 0. Hence 


IVflir@ =(v',4). 


Then (6.3) can be expressed as 
LG s -a'o) f (v’, a)ds,, teR. (6.4) 
P(t) 


If t > 0, then x(/"(t)) C P; and the flux formula (5.2) gives 


(v',a)ds; =2H|A(I'(t), a)|. 
T(t) 
Substituting this into (6.4), we obtain 
L(t)? <-2HA'()|A((), a)| (6.5) 


for almost t > 0. Let £2)(t),..., 2n,(t) be the bounded domains that determine the 
closed curve x(J"(t)) in the plane P; and let Aj (t) be the area of the domains £2; (t), 
1 <i <n;. Then 


A(T(t), a) =e,Ai(t)+--: + €n, An, (t), 


where e; € Z are the indices of the curves 0{2;(t) with respect to an interior point 
and a given orientation. Therefore 


|A(P(t), a] < ler|Ai(t) +++ + len, An, (). 


On the other hand, if L;(t) is the length of the boundary of 92;(t), then L(t) = 
ley |Li(t) +--+ + len, |Ln, (t) and hence 


L(t)? > ef Ly (t)? +++ +e Ln, (0). 
Combining these two inequalities with (6.4), for almost t > 0, we have 
epLi(t) ++++ +6, Ln, (t)? < -2HA'(t)(ler|Ar() +++ + len, |An, O)- 


The classical isoperimetric inequality in the domain 92;(t) gives L;(t)* > 47 Aj (t). 
Since é? > |e;|, we find that 


Qn < —HA'(t). 
Integrating this inequality from 0 until AT = max pem f (p) = 0, we conclude that 
2ah* < H(A(0) — A(h*)) = HA*, 


obtaining the desired inequality. 
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If equality holds in (6.1), then |V f |) rq) = (v',a) is a constant for all t > 0, 
n; = 1, |é;| = 1 and the equality in the isoperimetric inequality implies that x (I (t)) 
is a circle. Therefore, in a neighborhood of the point of M where the maximum 
height is attained, the immersion is an embedding whose image is a cmc surface 
bounded by a circle and above the boundary plane. Corollary 4.1.3 establishes that 
this part of the surface is a spherical cap and, in particular, the umbilical points of the 
surface M are not isolated. Appealing to Theorem 2.2.2, the immersion is umbilical, 
which implies that it is a spherical cap because x(M)* 4 @ and the boundary is a 
plane curve. 


The area rate of the surface in relation to the height t given by the inequality 


A(t) < aid 
~~ AD 


justifies the name monotonicity formula for the area. For cmc graphs, the estimate 
was proven in [PSS77] and [Spe81, Chap. 11]. See also [ST79]. 

A first consequence of the estimate (6.1) applies to a closed cmc surface. In this 
case, we take any plane to estimate the height of the surface to conclude: 


Corollary 6.1.2. The diameter 5(M) of a closed H-surface M in R? satisfies 


A|H| 
6(M) < —_, 
20 


where A is the area of M. Moreover, equality holds if and only if M is a round 
sphere. 


With the same assumption as Theorem 6.1.1, we derive 


A’ |A| 
< 
~ Oot 


A 


(6.6) 
where A~ denotes the area of x(M)~. As a consequence 


Corollary 6.1.3 Let M be a compact H-surface immersed in R? whose boundary 
is contained in a plane P. If A is the area of M, then M lies in a slab parallel to 
P of width less than or equal to A|H|/(21). Equality holds if and only if M is a 
spherical cap. 


If the boundary of the surface is not planar, the next result was shown by 
H.C. Wente for a cme disk immersed in R* [Wen80b]; compare also Corollary 4.2.6. 


Corollary 6.1.4 Let x : M > R? be an immersion of a compact surface M with 
constant mean curvature H. Assume that the boundary is included in a ball B(p,r). 
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Fig. 6.1 The H-surface M on the /eft has larger area than the set of H-spheres on the right 


Then 
A|H| 
x(M) Cc Bi p,r + —— ]}, 
20 


where A is the area of the surface. 


Proof We use (6.1) and a similar argument to that of Corollary 4.2.6. 


Returning to Theorem 6.1.1, we point out that the right cylinder of radius 1/|H 
and height / has area 277h/|H|. Thus Theorem 6.1.1 now formulates as: 


Corollary 6.1.5 Let H 40. A compact H-surface immersed in R* bounded by a 
plane curve has an area greater than or equal to the area of a right cylinder of 
radius 1/|H| and with the same height, unless the surface is a spherical cap of 
radius 1/|H|, in which case, both areas agree. 


The final part of the above statement is an old result of Archimedes (see, for 
instance, [Hea63, p. 293]). 

On the other hand, if we wish to compare the area of a surface M with respect to 
the standard surface with the same mean curvature, Theorem 6.1.1 establishes that a 
compact H-surface with planar boundary has an area greater than the area of a stack 
of spheres of radius 1/| |, whose height is the same than the surface: see Fig. 6.1. 

We end this section by comparing the height estimate (6.1) with the one given 
in Theorem 2.3.5 for cmc graphs. The bound h < 1/|H| is obtained now as a con- 
sequence of estimate (6.1) if the domain is simply connected. In fact, we have the 
following improvement. 


Corollary 6.1.6 Let 2 C R* be a bounded simply connected domain and H #0. 
Let M be an H-graph on 82 with boundary 0Q and denote by L the length of 092. 
If |H| < 2z/L, then the height h of M satisfies 


1 H2L? 
h< 1 1 : 
|| 4? 


108 6 The Area and the Volume of a Constant Mean Curvature Surface 
Proof For immersed disks M in R?, an isoperimetric inequality due to Barbosa and 
do Carmo gives 

L? —4n A+ H*A*>0, (6.7) 
where L is the length of 0M and A is the area of M [BC78]. In this case, M is a 
disk and (6.7) implies 


Qn — V4? — H?7L2 Qn + V4? — H2L? 
or A> : 


As H? H? 


For H = 0, the graph is precisely the domain £2 and the left inequality holds for 
H =0. By continuity, this inequality is valid for all H-graphs and thus 


A|H| 1 H212 
= 1 1 F 
Qn || Ar 


This inequality together with (6.1) yields the result. 


6.2 Consequences of the Height Estimate 


The height estimate (6.1) allows us to obtain information on the shape of a cmc 
surface when there is some control concerning its area. 


Theorem 6.2.1 Let H 40. Let M be a compact H-surface immersed in R? with 
planar boundary I’. If its area A satisfies 


ue 
AS 
then M lies in the right solid cylinder determined by the convex hull of I’. 


Proof Assume H > 0 and that I” is included in the plane P with equation z = 0. By 
Corollary 6.1.3 and the assumption on A, the surface M lies ina slab S parallel to P 
of width less than 1/H. Let I’° C P be the convex hull of I", 2° C P the domain 
bounded by I”* and let the cylinder be 2° x R. 

Assume, on the contrary, that there exists a p € M whose orthogonal projection 
on P, say, p*, does not belong to 2°. Assume q € I¢ is the point minimizing the 
distance between p* and ©. Let R C P be the half-line starting at gq and passing 
through p*. We adopt the notation of Theorem 5.3.6. Denote by Cp the half-cylinder 
of radius 1/(2H) whose axis of revolution LZ lies in P and is orthogonal to R. 
Position the concave part of Cr so that it points to M. Since the cylinder Cr lies 
inside S and dC are two parallel into lines contained in 0S, Cr separates the 
slab S$ into two connected components. Then we assume that M C C7, the convex 
component of S$ \ Cr, and in addition, we position Cr so that p € Cr. Observe that 
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Cro =9. Let us take on Cpr the orientation whose mean curvature is H, and 
thus, pointing towards C ae 

Move Ca in the direction of R so far until it does not touch M. Next we come 
back until the first intersection point p; between Cr and M. Denote by C the 
cylinder Cr at this time. This occurs before or at the same time that CR reaches its 
original position Cr because at the beginning, p € CrM M. If L’ is the line CRN P, 
then 2¢ lies in the connected component of P \ L’ where C pz does not intersect. In 
conclusion, the point p; must be interior to M@. Now we apply the tangency principle 
to conclude that C% and M intersect in an open set around p;. Then M C Ck, which 
is impossible because the boundary of M is a plane curve. This contradiction proves 
the result. 


The assumption A < 2/H7? in this theorem is not optimal, as is demonstrated by 
a small spherical cap. More precisely, given a circle I” of radius 1, the area A_ of 
the small spherical cap of mean curvature H spanning I” is 


pe 2 ee eT 


~~ #H? 
Then 
A_H? =2n(1—V1-—H7) 


and the surface is included in the solid cylinder defined by I". The inequality 
A_H? <1 holds only if |H| < /3/2. 
When the boundary is convex, we obtain: 


Corollary 6.2.2. Let I’ be a closed convex curve contained in a plane P. Let M bea 
compact embedded H-surface in R> spanning I’. If its area A satisfies AH? < 2z, 
then M lies on one side of P and if AH* <1, then M is a graph. 


Proof Assume AH? < 2s. In view of Corollary 6.1.3, the surface M lies in a slab 
S parallel to P of width less than 1/|H| and we apply Corollary 5.3.7. Suppose 
now that AH? < z. The estimate (6.1) implies that M lies in a slab symmetric with 
respect to P and of width less than 1/|H|. By using half-cylinders of radii 1/(2| |) 
as in Theorem 6.2.1, the interior of M lies in the solid right cylinder orthogonal to 
P with cross-section 2. Finally, Theorem 4.2.1 shows that M is a graph on 92. 


Corollary 6.2.3. Planar disks and spherical caps are the only compact embedded 
H-surfaces in R? spanning a circle and with area A satisfying 


AH? <2z. 


If H £0, we can rephrase this corollary by saying that the only compact embed- 
ded H-surface spanning a circle and with area less or equal than of a hemisphere 
with the same mean curvature is the spherical cap. 
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Corollary 6.2.4 Let I be a convex plane curve enclosing a domain 82. Let M be a 
compact embedded H-surface in R? spanning I’. If the area A of M satisfies 


2 
Az 87a(2) 
= 2 


then M lies on one side of the boundary plane P.. 


Proof Combining inequality (5.8) and estimate (6.1), we deduce that the surface 
lies in a slab parallel to P of width less than 
AlH| — 4|H|a(2)y? 1 
< < . 
2a L2 ~ |A| 


Now we apply Corollary 6.2.1 and finally, Theorem 3.1.11 gives the result. 


6.3 Surfaces with Small Volume 


In the preceding section, we have seen that the monotonicity formula (6.1) provides 
some control on the shape of a compact embedded cmc surface, at least if there 
are upper estimates of its area. Consider now the algebraic volume V of a cmc 
surface. The motivation in this section has its origin in the isoperimetric problem. 
Given a planar domain S2, we want to investigate in this section those solutions of 
the isoperimetric problem associated to 2, namely, surfaces minimizing the area 
among all surfaces that together with 2 enclose a fix volume. 

On the other hand and for small values of H, we know that there are H-graphs 
on 2 spanning 092. Furthermore, these graphs enclose a small volume. It is nat- 
ural to expect that the solutions of the isoperimetric problem are graphs when the 
prescribed volume is small enough. This section is devoted to the proof of this fact 
assuming that §2 is convex. First we need some results concerning the volume and 
the height of a cmc surface. 


Proposition 6.3.1 Let x : M — R? be an immersion of a compact surface M with 
boundary included in a plane P. If the mean curvature H is constant, then 


om |Vix,a)| dM, (6.8) 
M 
where V is the volume of the surface and a is a unit vector orthogonal to P.. 


Proof Let N denote the Gauss map and define on M the 1-forms a and £ by 


ap(v) = ((dx) p(v), a)(x(p), a), 
Bp(v) = ((dx) p(v) x N(p), x(p) x a}(x(p), a), 
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for every p € M and v € T,M. Compute the codifferentials da and 6. If {e1, eo} is 
a geodesic frame around p € M, then 


2 


2 
5a(p) = ) oe, e;)(N(p), a) a +2 a, @;) ? —2H( (x, a)(N,a )+ |v x, a) We 
i=l i=l 


’ 


2 2 


dB(p) = Sei x N(p),e: xa \(x(p), a) +2 e; X N(p),x(p) x a){e;, a) 
i=l i=l 
= 3(x, a){N, a) _ (N,x). 
Taking into account that H is constant and since a and 6 vanish on 0M, we have 


i, vir.) Pam +24 f (N,a)(x,a)dM =0. 
M M 


3/ (N.a)(x.a) am — f (N,x)dM =0. 
M M 


Combining both equations, we deduce (6.8). 


Corollary 6.3.2 Let M be a compact H-surface immersed in RR? with boundary 
included in a plane P and consider the orientation corresponding to H > 0. Then 
the algebraic volume V with this orientation satisfies V > 0. Moreover, V = 0 if 
and only if the immersion is minimal and its image lies in P.. 


Formula (6.8) also gives rise to the following two upper estimates for the height 
and the area of a cmc graph, which are of interest in themselves. 


Theorem 6.3.3 Let 2 C R? be a bounded domain and let M be an H-graph on Q 
with boundary 02, H #0. Assume a(Q) < 1/H?. Then the height h of M satisfies 


a(%2)|A| (6.9) 
~ 20 — a(Q)H?)- 


Proof Let M be the graph of a function wu. There is no loss of generality in assuming 
that u > 0 on 2. Let N be the orientation on M pointing downwards, which means 
that H is positive. Let e3 = (0, 0, 1). We know |V(x, e3)|7 = 1—(N, e3)? forx eM. 
Then (6.8) gives 


2H | udxdy=A~ (N, e3)*dM. 
2 M 


Using (2.3), (6.1) and (N, e3)? < |(N, e3)|, we obtain 
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Qh 
eT 2ALIy udxdy +f (Nex)"dM = 2H a(@) + f |(N, e3)|dM 
H 2 M M 


= 2hH a(Q) +f 1 dxdy = (2hH +1) a(&), 
2 


obtaining the desired inequality (6.9). 


The second estimate is due to R. Finn. 


Theorem 6.3.4 Let 2 C R? be a bounded domain. Let u € C*(@) be a solution 
of (3.2) and M = graph(u). Then the area A of M satisfies 


A < (3+ 2|H|h)a(2) +hL, 


where 


h =max|u|, L=lIength(0M). 
dQ 


Proof We adopt the notation used in the proof of Proposition 6.3.1. The same com- 
putations give (set N3 = (N, e3)): 


2H f unsam + [ (1- ni)am =- f u(v, e3) ds. 
M M 0M 


The height estimates of Theorem 2.3.5 gives |u| < h+ 1/|H|. Thus we derive: 


A= | Nam ~ 24 [ Ns + f u(v, e3) ds 
M M 0M 


<a(@) +21H1\ [ wiae+alf ds 
2 aM 


1 
<a(2) +21H1\ [ (i+ a) aa + ht 
2 || 


= (3 +2|H|h)a(Q) +hL. 


We now state and prove the main result in this section. 


Theorem 6.3.5 Let [ CR? be a convex closed plane curve. There exists a positive 
number Vr depending only on I’ such that for any real number V withO <|V|< 
Vr, there is a cmc graph with boundary I’ and volume V. In addition, and up to 
reflections about P, this graph is the only compact cmc surface immersed in R? with 
boundary TI’ and volume V. 


The proof is developed in several steps. A first result is the existence of compact 
H-graphs with small values of H, which was used in the preceding chapter. 
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Lemma 6.3.6 Let 2 C R? be a bounded domain. Then there exists a constant Hy = 
Ho(82) > 0 such that if |H| < Ho, there exists an H-graph on Q with boundary 082. 


Proof See Corollary 8.1.6. 


Lemma 6.3.7 Let I” be a closed convex curve included in a plane P and let M 
be a compact surface. Let x, : M — R?, k EN, be a sequence of immersions with 
constant mean curvature H; with x,(0M) =I". Let Ay and V;, denote the area and 
the volume of xx(M), respectively. If limg— oo Ve = 0, then 


lim Ay=a(S2) and lim H,=0, 
k->0o k—>00 
where a({2) is the area of the planar domain 82 C P. bounded by I. 
Proof In view of (5.7), {Hx} is bounded. The assumption concerning the volume 
implies 
lim A.V, = 0. (6.10) 
k->oo 
Now we recall the Minkowski formula for a surface with constant mean curvature. 


Integrating Eq. (2.23) and using the definition of the volume of an immersion, we 
obtain 


1 
A-3HV=-5 | (x, v)ds, (6.11) 
2 Jam 


where v is the inner unit conormal vector of M along 0M. Let n be the inner unit 
normal vector to 02 in the plane P. For each immersion xx, the identity (6.11) gives 


1 1 
An 3H Ve =—5 | (rn vn) de =—5 f tigi, ve) dsp, (6:12) 
oM oM 


where vz is the inner unit conormal vector of x,(M) along I”. As the curve I” is 
convex, and after a suitable choice of n, the support function (x;, mn) is negative on 
0M. Furthermore (vz, n) < | and so 


1 
Ay ~ 3H Ve s—5 | (xz, m) ds, =a(&2). (6.13) 
2 Jam 


We claim that 
Ax > a(@). (6.14) 


For this, it suffices to prove that x,(M) orthogonally projects on a region that in- 
cludes $2. Assuming the contrary, if there is a point p € §2 such that the straight 
line passing through p perpendicularly to the plane P does not touch the surface 
xx(M), then the curve x,(0M) = I” cannot be homologous to zero in the shadow 
of xx,(M) on P. However the boundary 0M is nullhomologous in M and this is a 
contradiction. 
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Taking limits in (6.12) and (6.13), we deduce from (6.10) and (6.14) that 
lim Ay =a(Q), 
k->0o 


which establishes the first of our results. Furthermore, it follows from (6.12) that 


> 00 


1 
a(Q2) = lim -;/ (Xx, M) (Mn, vz) dsx. 
k 2 aM 
This fact, together with (6.13), gives 


dst 
li —(xz,n)(1 — —* ds =0, 
ee (xx, m)(1 — (nvx)) is 2 


where ds is the arclength element for I as a space curve of R*. Since the boundary 
curve is convex, the above integrands are not negative and Fatou’s lemma implies 


Se dsx 
Himint| (a, n)(1— (n, na} = 0. 
But limg—+o0 (xx, n) (dsx/ds) <0 because I” is convex. Then we assume, by passing 
if necessary to a subsequence, that limy_,49(vz, mn) = 1. Let a be a unit vector of R3 
orthogonal to the plane P. Then limg_, 99 (vz, a) = 0. Hence, the flux formula (5.6) 
and the Lebesgue bounded convergence theorem show that limy_..5 Hy = 0. As this 
holds for every sequence, the second conclusion of lemma follows. 


Proof of Theorem 6.3.5 Consider a sequence of immersions spanning J as in the 
preceding lemma. Let h, be the height of each surface with respect to the plane P. 
Inequality (6.1) assures us that limg_.o. hx = 0. Moreover, Lemma 6.3.7 implies 
Ax H; < a and by Corollary 6.2.2 we deduce that the surface must be a graph. 
Take H with |H| < Ho, where Ho is the positive number given in Lemma 6.3.6. 
We know that there exist H-graphs on 22 spanning 02 provided |H| < Ho and by 
uniqueness, the surface must be such a graph. This completes the proof. 


We recall the definition of an isoperimetric region. 


Definition 6.3.8 Let D be a compact surface of R* with boundary 4D. Fix a num- 
ber V > 0. An isoperimetric region of R* with respect to (D, V) is an open region 
W CR? of volume V with 


dW=DUM 
and M is a surface of least area among all such surfaces. The set M is said to be a 


solution of the isoperimetric problem with respect to (D, V). 


If D = Y, we go back the classical isoperimetric problem, whose solution is the 
sphere [Swz84, Stn42]. Results of FJ. Algrem and J.E. Taylor establish that there 
always exists a solution of the isoperimetric problem [Alm76, Tay76]. 
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Theorem 6.3.9 Given a compact surface D in R? and a positive number V, there 
exists a Solution of the isoperimetric problem with respect to (D, V). Furthermore, 
this solution is an embedded surface. 


It is worth noting that this theorem does not provide any information on the 
topology of the isoperimetric solution. Theorem 2.1.7 asserts that the solution of the 
isoperimetric problem is stable because it is a minimizer of the area. 

As a consequence of Theorem 6.3.5, 


Corollary 6.3.10 Let 82 be a convex planar domain. Then there exists a positive 
number Vg such that for any real number 0 < V < Va, the isoperimetric region 
corresponding to the pair (2, V) is the domain bounded by GU &, where G is a 
cmc graph on 22 with OG = 02. 


Remark 6.3.11 By means of a symmetrization argument, M. Koiso proved that 
given a circle and V € R, flat disks and spherical caps are the only immersed 
compact surfaces bounded by I” enclosing a volume V and with least area among 
all immersed compact surfaces with the same boundary and volume [Koi95]. 


6.4 Surfaces with Large Volume 


In this section we consider cmc surfaces with sufficiently large volume. We have 
proved in Sect. 6.3 that a cmc surface spanning a convex curve is a graph if the 
volume is very small. In a similar setting, if we now increase the volume enough, 
we expect the surface to resemble a large spherical cap. This question is currently 
open and in this section we will give a partial answer assuming that the surface is 
embedded and included in one side of the boundary plane. In addition, we will give a 
positive answer to the Brito et. al. conjecture under the assumption of large volume. 

We introduce the following notation. Let P be the plane with equation z = 0, 
e3 = (0,0, 1) and P+ = {p € R?: (p, e3) > 0}. Let P, denote the horizontal plane 
with equation z = t. Denote by B(p,r) the Euclidean ball centered at p of radius 
r>Oand D(p,r) = B(p,r) 1 P if pe P. If p = O is the origin, we simply write 
B(r) and D(r), respectively. 

Let M be a compact embedded H-surface included in P* with T=0M C P. 
Let 2 C P be the domain bounded by I and let W be the bounded domain of R? 
determined by MU 2. Let W’ = WU (2 x (co, 0]). Consider the orientation 
on M pointing towards W, which implies, by the comparison principle with planes 
approaching from above, that H > 0. 

We make use of an argument similar to that in Theorem 4.2.1. By means of 
the method of moving planes with P; approaching from t = +o0, there are two 
possibilities. If during the entire reflection process, M/* C W’ holds for all t > 0, 
then the surface is a graph on £2. If not, there exists a first time t; > 0 such that 
My \ OM; ¢ W’. In such a case, we deduce the following: 
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1. The first contact occurs between a point g € M, i and its reflection q* with respect 
to P;,, which is a boundary point g* € I”. Moreover, the contact between M; and 
M at q* is transverse. 

2. The surface M;* is a graph on P, for all t > f}. 

3. The highest point of M lies in the cylinder 92 x (0, 00). 

4. If h denotes the height of M, then h <2/H andh—1t <1/H. 


We employ the Alexandrov method by vertical planes as in Theorem 4.1.1. If v € 
R°? is a horizontal unit vector, consider 7; = {pe R?: (p,v) =f} and let {77; : 
t € R} be the 1-parameter family of vertical planes orthogonal to v. The reflection 
method starts with planes approaching from tf = +00. Since the surface lies in PT, 
we continue until /7; touches I” at t = fo and Mi C W. Then we can continue 
reflecting slightly further obtaining y* C @ for t € (t9 — €, to) for some € > 0. 
Assume that 02 is a convex curve. If we take all horizontal vectors, the above 
planes I7,,, each of which depends on a horizontal vector v, touch all points of 02 
by the convexity of 0§2. This proves that M \ (92 x [0, oo)) is a graph on the right 
cylinder 02 x [0, 00) in the sense that any ray emanating outward orthogonally 
from any point of d§2 x R intersects M at most once. In particular, the distance 
between each connected component of M \ (2 x [0, c©)) to 92 x [0, 00) is less 
than or equal to 1/H by Theorem 2.3.5. This proves that M is included in a compact 
subset of R* whose size depends only on 2 and H (this fact was already proven in 
Corollary 4.2.7). 

In the next lemmas we shall use results of curvature estimates and compactness 
theorems for H-surfaces: we refer to [GTO1, Whi87]. 


Lemma 6.4.1 Let H > 0 and let M be an H-graph on Q with boundary 02. Then 
there exist uniform area and curvature estimates on compact subsets of P* depend- 
ing only on H. 


Proof Up to areflection about P, assume that M lies over P and since H is positive, 
N points downwards. Consider M = graph(u). We know by Theorem 2.3.5 that the 
function f = H(x,e3) + (N, e3) satisfies Af > 0. Denote by Mt the part of M 
above the plane P;. Assume M7 4G. On Miia we have f < He/4. On the other 


hand, since Mii Cc Miia f < He/4in MZ. Using Af > 0 again, we find that 
H (x, e3) + (N, e3) < He/4 


in M* 


€/2" Then 


H 
(N,¢3) <H= —Hu<H(<-<)=-— 
4 4 3 


in Ma: Let Q(€) = {x € 2: u(x) => €}. Let B be the minimizing curve between 
§2(€) and 092(€/2) and denote by L() its length, which we now compute. If a = 
a(s) is the curve in Min whose orthogonal projection is 6 and if aw is parameterized 
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by the arclength, then 


L L 
Lip)= [ 1=(a'@),enf'ds = f [(N, es)[ds 2b, 
0 0 


where L is the length of a. But L is greater than the distance between the planes 
Pej2 and P., hence L() > He*/8. Let 5 = He*/16. Thus, for each x € Q(e), 
D(x, 6) C 2(€/2). Since we have control of u and |Vu| (or equivalently of (NV, e3)) 
in 2(€/2), the standard theory of elliptic equations guarantees C*” estimates for u 
on §2(€) depending on H and e. 


Lemma 6.4.2 Let I’ Cc P. be a strictly convex closed curve. Then there exists an 
r > 0 depending only on I’ such that if M is a compact embedded surface spanning 
I and included in P*, there is a point p € 2, depending on M, such that D(p,r) C 
92 and M1 (D(:p,r) x (0, &)) is a graph over D(p,r). 


Proof If M is a graph on £2, the result is immediate. Assuming the contrary, let 
t; > Obe the height when M7" first touches I” at the point q* € I”. We know that Mr 
is a graph on P;, and that {g*} x (0, 2t1) C W. Denote by xo and x; the minimum 
and the maximum of the curvature « of I”. Given a point of I, there is a circle C 
of radius 1/xo tangent to I” at this point and I” lies in the closed round disk defined 
by C. On the other hand, given 0 < p < 1/x,, I” has a tubular neighborhood of 
radius /. 

Let v be a horizontal vector and consider {/7; : t € R} the 1-parameter family 
of vertical planes perpendicular to v foliating R?. With the usual notation, assume 
that 7; 1 82 = % for large enough t. Apply the Alexandrov reflection method by 
planes J7, approaching from t = +-oo. Then we continue until [7, touches 02 and 
we keep reflecting until at least a distance p/2 beyond the first time the planes meet 
I’, in particular, at least a distance o/2 beyond the first time the vertical plane meets 
the circle C. If ng is the inward normal to C at q*, there is an open set V C P 
of n,« formed by horizontal unit vectors v where we apply Alexandrov’s method 
as above and M* Cc W. This open set of horizontal vectors depends only on C 
(that is, on Ko and «,). For each v, denote by J(v) the open segment in $2 joining 
q* and its reflected point by vertical planes orthogonal to v up to a distance of at 
least 0/2. The set of these segments only depends on the geometry of 22. Now, we 
take r > 0 such that a disk D(p,r) is included in Uvev J(v). By the Alexandrov 
reflection method about J7;, we know that J(v) x (0, 2t;) C W, for each ve V. 
Thus D(p,r) x (0,2t,) C W. If we consider D(p,r) x (0,00), we conclude that 
the intersection with M only occurs with points above the height ¢ = t, that is, with 
points of Pos But we know that M;r is a graph on £2. This ends the proof. 


The next lemma is the key result of this section. 


Lemma 6.4.3 Let M,, be a sequence of compact embedded 1-surfaces included in 
P* with 0M, C P. Assume 0M, C D(ry) with r, > 0. Then there exists a subse- 
quence that either converges to the origin O or to the sphere of radius | included in 
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P* tangent to P at O. In the first case, the convergence of surfaces is on compact 
subsets, and in the second case, the convergence is smooth on compact subsets of 


R* \ {0}. 


Proof We have proved that M,, is included in a compact subset depending only 
on §2 and, in this case, H = 1. Let r > 0. For large n, the Alexandrov method by 
vertical planes with the surface M,, shows that we can continue reflecting by vertical 
planes until 0 D(r). Moreover the parts outside D(r) x [0, oo) are graphs and, by 
Lemma 6.4.1, there exist uniform area and curvature estimates. If we take horizontal 
planes, we reflect until at least t = 1/H = 1. A similar argument as in Lemma 6.4. 1 
shows that there exist area and curvature estimates for (Mn). s- These estimates 
assert that there exists a subsequence of M,,, again named M,,, which converges on 
compact subsets of R* \ J, J = {0} x [0, 1]. We have two possibilities concerning 
the limit surface M; either M = 9 or M is a surface included in R? \ J with constant 
mean curvature H = 1. 


1. If M =@ then M, is uniformly close to /. In particular, M, is an H-small surface 
(H = 1) and as 0M, C B(r,), Corollary 5.3.4 implies that M, C B(rn). This 
proves that M,, converges to 0 as r, > 0. 

2. Assume M # (J. The limit surface is embedded in R? \ J because we can ap- 
ply the Alexandrov method to each surface M;,, with vertical planes approaching 
from infinity at least up to dD(r) where r is as close to 0 as we wish. Further- 
more, we arrive with horizontal planes P; until at least a height 1/H = 1. Fix 
r > 0. Let v be a horizontal vector and IT; be the vertical planes orthogonal to 
v where ¢ indicates the signed distance to the z-axis. We know that the reflec- 
tion method works at least until the planes arrive at 0D(r). Letting r — 0, the 
surface M contains the origin O and it is invariant under reflection in Io, i.e., 
M is invariant under reflection in the vertical plane containing the z-axis and 
perpendicular to v. Since this holds for any horizontal vector, the surface M is 
rotational and the axis of revolution is the z-axis. Moreover, the height is at most 
2. This means that M is a sphere of radius 1 containing the origin O and whose 
axis of revolution is the z-axis. 


We are now in a position to prove the main result of this section (a gener- 
alization for hyperbolic space was established by B. Nelli and B. Semmler in 
[NeSe99, Sem00]). 


Theorem 6.4.4 Given a strictly convex closed curve I’ in P, there exists an 
H(I’) > 0 such that if 0 < |H| < H(), any compact embedded H-surface span- 
ning I” and included in P* is a topological disk. Moreover, either M is a graph on 
Q or M satisfies the following properties: 


1. MN (2 x (0, &)) is a graph on 2. 
2. M \ (2 x (0, 00)) is a graph on the right-cylinder I" x (0, 0). 


Proof Yf M is an H-small surface, Theorem 5.3.3 asserts that M is a graph on £2 if 
His sufficiently small. Therefore, we shall assume that M is not an H-small surface. 
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Fig. 6.2 The catenoid K in the proof of Theorem 6.4.4. If the surface M is not an H-small surface, 
the proof shows that K is included in the domain W for small enough H 


Let p € I’ andr > 0 be the number given by Lemma 6.4.2. Fix 0 < p < {r, 1/ko}. 
Let Co = 0D(p, p) and consider the catenoid intersecting P along Co making a 
contact angle greater than 2/2 and such that the part of this catenoid over P is 
a graph on P \ D(p, p). Let K be the intersection of this catenoid with the slab 
{(x, y,Z)€ R?:0<z<1}and let 8K = Cp UC}, where C; is a horizontal circle at 
height z = 1. See Fig. 6.2. 

Let V={ve P:Co+vcCc MQ}. Let R be sufficiently large so that the disk 
D(R) + a in the plane P; contains C, + v for all v € P. Consider a sequence 
M,, of H,-surfaces under the hypothesis of the theorem with H,, — 0. We ap- 
ply Lemma 6.4.3 for the renormalized surfaces H,M,, which are 1-surfaces with 
I, = H,I — 0 and M, is not an H,,-small surface. Lemma 6.4.3 implies that 
H,,M,, converges to the sphere S C P* of radius | through the origin O. In par- 
ticular, (AnMn)i 45 is close, with respect to the C*-distance, to the hemisphere 
SO{@, y,z) €R?:z> 1). 

We apply Lemma 6.4.3 and the convergence on R? \ {QO}. Fix a height equal to 
1/2 over P. For small enough H,, M, 1 (D(R) x [1/2, c)) is a graph on D(R) with 
height larger than 1/H,,. Using again the convergence on R? \ {O} of Lemma 6.4.3, 
the reflection of this part of M,, through horizontal planes is a graph uniformly close 
on D(R) and with height less than 1/2. Moreover, M, N(D(R) x [1/2, 1/Hn]) = @. 
Thus K + e3 and C; + te3, t € [0,1], are included in W. Since Co + te3 C W, 
0 <t < 1, we show that we can move down the catenoid K + a until its original 
position and with the property that there do not exist contact points between K + ta 
and M,,. Indeed, if there is a contact, this must occur at an interior common point. 
If we orient the catenoid pointing towards W, as for M,, then the catenoid lies 
above M,, around the tangent point, which is a contradiction because K is a minimal 
surface and H,, > 0. 

Similarly, as Cj + v C W, the tangency principle assures us that we can move 
K horizontally, by K + v, v € V, and the catenoid K + v is included in W. By the 
choice of p, for each g € I’, there is a v € V such that Co + v is tangent to I" at g 
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and Cp + v C 2. Move K horizontally again by K + tv, 0 <t < 1. The tangency 
principle implies that there do not exist contact points between K + tv and M, and 
so, K + v touches I” at the point g. As a conclusion, all horizontal translations 
K +0, uv € V, are included in W. As D(r) x (0, 1] Cc W by Lemma 6.4.2, we see 
that 22 x (0, 1] C W. On the other hand, we know that M,M (D(R) x [1/2, 00)) 
is a graph above D(R) of height greater than 1/H,. As 2 C D(R), we deduce 
that M,N (@ x (0, 00)) is a graph on §2. Furthermore, we have proved that M;, \ 
(2 x (0, c)) is a graph on 02 x [0, co). Both facts prove that M is a topological 
disk. 


Finally, we express this theorem in terms of the volume and the area of 
the surface and, as announced in the introduction to this section, we shall de- 
duce that if the volume is sufficiently large, the surface must be a topological 
disk. In fact, by Lemma 6.4.3, it looks like a large spherical cap by the C™- 
convergence. 


Corollary 6.4.5 Let IC P be a strictly convex curve. Then there exist constants 
V(I’), AU) > 0 depending only on I” such that any compact embedded H -surface 
spanning I and included in P* is a topological disk whenever its volume is greater 
than V (I) or its area is greater than A(I’). 


Proof Let M be a compact embedded H-surface spanning I”. In view of Corol- 
lary 4.2.6 we know that M is included in a ball B(p,r + 2/|H|), where r > 0 
is a number such that I’ Cc B(p,r). Then the volume of M satisfies 0 < V < 
(47/3) + 2/|H|)°. If V is sufficiently large, for example, V > V(J"), with 
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VO) = SAP) a 


then |H| < H(I’), where H(J’) is the value given in Theorem 6.4.4. This implies 
that M is a topological disk. 
For the area, we employ the Minkowski formula (6.11): 


1 
A=3Hv—> | (x, v) ds. 
2 Jom 


We know that the boundary part on the right-hand side is bounded in terms of J” and 
that H is bounded by (5.8). Hence it follows that if A is large enough, the value of 
V exceeds V (J), obtaining the result. 


Corollary 6.4.5 is related to Corollary 6.3.10, where it was proven that given a 
convex boundary curve and for small volume, the surface is a graph, in particular, 
a topological disk. In Corollary 6.3.10, there were no assumptions on the embed- 


6.4 Surfaces with Large Volume 121 


dedness of the surface nor was it assumed that the surface lies on one side of the 
boundary plane. 


Remark 6.4.6 In the Plateau problem for parametric surfaces (1.2), H. Brézis and 
J.M. Coron studied the behavior of large solutions when H is fixed and the bound- 
aries I, converge to the origin O. They proved that if the area of the solutions M, 
remains bounded, a subsequence converges to O or to a finite (connected) union of 
spheres of radius 1, at least one of them containing O [BC85]. 


Chapter 7 
Constant Mean Curvature Disks with Circular 
Boundary 


We study the case where the boundary of a cmc surface is a circle. In previous 
chapters, we have obtained some results under the assumption of embeddedness. 
In this chapter we focus on Conjecture | of Chap. | and we will assume that the 
topology of the surface is the simplest one, namely, a disk. 

We have seen how the control of the area or the volume of a cmc surface allows 
us to understand the geometry of the surface. When the surface is a topological disk 
spanning a circle, we may get something more. Our first interest focuses on the area 
of the surface. We shall prove that a certain control of the area of the surface shows 
the umbilicity of the surface. In addition, we shall prove that under the assumption 
of stability, a cmc disk spanning a circle must be umbilical. In particular, this gives 
a partial positive answer to Conjecture 3. Finally, we end the chapter with estimates 
of the area of a cmc disk with circular boundary. The results in this chapter appear 
in [ALP99, APO1, LM95, LM96]. 


7.1 Disks with Small Area 


Consider a compact surface M with the topology of a closed disk. We abbreviate 
this by saying that M is a disk. The main result in this section is motivated by the 
isoperimetric inequality (6.7) which we now return to in full generality [BC78]. 


Lemma 7.1.1 Consider a disk M with a Riemannian metric ds*. Let c € R. If L 
and A are the length of 0M and the area of M, respectively, then 


1? —24(20 -[ (k ~oy*am) GA* = 0, 
M 


where K is the Gauss curvature and (K — c)* is the positive function of K — c. 
Moreover, equality holds if and only if (M, ds”) is a geodesic disk in a sphere with 
Gauss curvature c. 
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Fig. 7.1. The bold line indicates the range of the area of an H-disk with circular boundary. The 
numbers A_ and A¥ are the bounds of the area A that appear in (7.2). If A coincides with the 
value A_ or A,, the surface is a spherical cap. Theorem 7.1.2 proves that the interval (0, A_] is 
impossible and it must reduce to the single point {A_} 


We apply this lemma in the context of cme surfaces. Let x : M —> R? be an 
immersion of a disk M with constant mean curvature H where, as usual, we are 
considering on M the induced metric from R°. Since K < H? and H is constant, 
we choose c = H” in the preceding lemma. Then 


L? —4nA+ H*A2>0 (7.1) 


and equality holds if and only if the surface is umbilical. In this case, the surface is 
part of a plane if H = 0 and part of a sphere of radius 1/|H| if H #0. We draw 
attention to the fact that if H = 0, then (7.1) asserts L? > 47 A, which extends to 
minimal surfaces the classical isoperimetric inequality of the plane. 

Assume that the boundary I” = x(0M) is a circle of radius r > 0. Then L = 27r 
and (7.1) becomes 


4n*r? — 40 A+ H7A7>0. 


Suppose H #0. From this quadratic inequality, there are two positive numbers 
A_— < A+ such that 


2 2 
A<A-=(1-V1-7H?) or A>Ay= = (14+V1-PH?). (72) 
Recall that the mean curvature H satisfies |H| < 1/r (Corollary 5.1.8). Further- 
more, equalities in (7.2) hold if and only if the immersion is umbilical: see the dis- 
cussion in Sect. 6.2. More precisely, A_ (resp. A+) is the area of the small spherical 


H-cap (resp. large spherical H-cap) spanning I”. See Fig. 7.1. 


Theorem 7.1.2 Let M be a disk and let x : M — R? be an immersion with constant 
mean curvature H #0 and spanning a circle I” of radius r > 0. If 


2 
ae 1—r?H?), (7.3) 
then x(M) is a spherical cap. 


Proof Suppose that I” lies in the plane z = 0 and is centered at the origin and let 
e3 = (0, 0, 1). Consider a parametrization wa = a(s) of I” by the arc length such that 
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a(s) x a'(s) =re3. Let Kg be the geodesic curvature of 0M. Since the curvature of 
I is 1/r, we have 


1 
K>(s) + Ke (s) = 72? (7.4) 


where «,(s) = o(a’(s), a’(s)) is the normal curvature of 0M in M. If N is the 
Gauss map and since a’’(s) = —a(s)/r*, we find that 


f / " 1 
kn(8) = —(N'(s), a'(s)) = (N65), ”(s)) = —5(N(8), (5) 
1 / 
= —=(N(s) x a'(s), €3). 
The flux formula (5.1) gives 
A 
/ Kn(s)ds = =[ (a(s) x a'(s), e3) ds =2nrH. 
aM r Jam 


We use the Cauchy-Schwarz inequality twice in this relation together with (7.4): 


2 
An? r? HH? = (/ kn(9) ds) <2ar [ K2(s) ds=4n? —2ar [ Ka(s)ds 
aM aM aM 
2 
<4n?—(f K4(0)ds) ; 
aM 


if Kg(s)ds| < 2nVv1— r?H?. (7.5) 
aM 


As the topology of the surface is a disk, the Gauss-Bonnet theorem says 


an = f Kam + | Ko(s)ds. 
M aM 
Taking into account (7.5) and K < H 2 we deduce 

Qn < AH* +2nV1—r?H?. 


Hence A > A_. In view of (7.2) and (7.3), we conclude A = A_ or A, which 
means that the immersion is umbilical and so, x(M) is a spherical cap. 


We obtain 


Combining Theorem 7.1.2 and the Minkowski formula (6.11), we obtain: 


Theorem 7.1.3 Let I" be a circle of radius r > 0. Consider an immersion x : 
M -> R? of a disk M spanning I and with constant mean curvature H # 0. If 
the volume V of M satisfies |V| < 2r?/3, then x(M) is a spherical cap. 
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Proof Let a be a unit vector orthogonal to the plane containing I’. Assume H > 0 


and let N be the corresponding orientation. From Corollary 6.3.2, V > 0. If v is the 
inner conormal vector of M along 0M, the Cauchy-Schwarz inequality yields 


2 
(/ (va) ds) <2ar [ (v.x)ds = ane f (1—(v,a)?)ds. (7.6) 
aM 0M aM 


Using the Cauchy-Schwarz inequality again and the flux formula (5.2), we have 


2 1 . 2 
(v, a)“ ds > — (v,a)ds} =2nrH”. 
aM 2ar \Jam 


Substituting into (7.6), we obtain 


(v, x) ds 
aM 


This inequality provides an upper bound for the right-hand side in the Minkowski 
formula (6.11), 


<2nr*V1—r?H?. 


A-3HV <arV1—r2H?. (7.7) 


By Theorem 7.1.2, if x(M) is not a spherical cap, its area A satisfies 


Mei 1+V1—r2H2). 
H2 


From this inequality and (7.7), we see that if x(M) is not a spherical cap, the volume 
V satisfies 

20 mr? 

V>— (1 1—r?2H? 1—r?H?. 

gee OE ag vir 
The right-hand side in this inequality is a decreasing function of H. As the mean 
curvature H moves in the range 0 < H < 1/r, the minimum occurs at H = 1/r, 
which is 2773/3. This concludes the proof. 


Corollary 7.1.4 Let I" be a circle. Then the volume of a non-spherical cmc disk in 
Euclidean space spanning I" is greater than the volume of a hemisphere with the 
same boundary. 


Theorems 7.1.2 and 7.1.3 are related to Corollary 6.2.3, where the hypothesis was 
AH? < 2z. All these results say that if the area or the volume of a compact cmc 
surface with circular boundary is small in some sense, then the surface is spherical. 
Whereas in Chap. 6 the assumption was the embeddedness of the surface, here we 
suppose that the topology of the surface is a disk. 
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7.2 Stable cmc Disks 


In this section we study the stability problem of a compact cmc surface with circular 
boundary. Consider an immersion x : M —> R? of a compact surface M with 9M 4 
%. Define the function 


vw:M—R, w= (xx N,a), 


where a € R?. The function y represents the normal component of the Killing field 
Y(p) = p x a of R? corresponding to the rotations around the vector a. For each 
péM andu€T),M, we have 


(dy) p(u) = ((dx) p(u) x N(p), a) —(x(p) x Apu, a), 
where A is the Weingarten map of the immersion x. Hence we compute the Hessian 
Vw: ifu,v€T)M 
(Vv) ,@, v= —((dx) p(v) x Apu, a) — ((dx) p(w) x Apv, a) 
—(x(p) x (VA)p(u, v), a) — (Apu, Apr) ¥(p), 


where VA is the covariant derivative of A. Taking the trace in this equality, we 
deduce that 
Aw = —2(x x VH,a) —|o|?v. 


If the mean curvature is constant, V H = 0, and the function w satisfies the Jacobi 
equation. 


Lemma 7.2.1 Let M be a compact surface. Let x : M — R? be an immersion of 
constant mean curvature and let N be the Gauss map. If a € R°, the function yy = 
(x x N,a) satisfies 


Av +lol-y =0. 


If x(0M) is a circle in a plane P and a is a vector orthogonal to P,, then 
i wdM=0, w=OondoM. 
M 
If w = 0, the surface is rotationally symmetric with respect to the axis a. 
Proof We prove that uw aM =0. Let 2 C P be the disk bounded by the circle. 


As the divergence of the vector field Y(p) = p x a is zero and the normal vector to 
22 is Ng = £a/|a|, we have 


o= | uxaNaM + | (xa,Nayam = [ (x xa, N)dM. 
M 2 M 
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Since y is an eigenfunction of the Jacobi operator L = A + |o|* for A = 0, the 
nodal lines of y are piecewise smooth curves [Che76]. If x(0M) is a circle and a is 
a vector orthogonal to the plane containing x(0M), the boundary curve 0M is itself 
a nodal line. The function y allows us to prove: 


Theorem 7.2.2 Planar disks and small spherical caps are the only strongly stable 
cmc surfaces with circular boundary. 


Proof Consider the function y, where a is a unit vector orthogonal to the plane 
containing the circle. If y¥ =0 on M, then M is umbilical. In such case, the surface 
is a planar disk or a spherical cap. For spherical caps, we know that only the small 
ones are strongly stable (Proposition 2.1.13). 

For the converse, if M is strongly stable, 4;(L) > 0 by Corollary 2.1.14. Assume 
that y& is not constantly zero on M. Then Lemma 7.2.1 says that w is an eigen- 
function of L with eigenvalue 4 = 0. As a consequence, 4; (L) = 0. By the Courant 
theorem [CH89], y does not change sign, a contradiction because [ uw dM =0. 


We now state and prove the main result of this section. 


Theorem 7.2.3 Planar disks and spherical caps are the only stable cmc disks with 
circular boundary. 


In order to emphasize the importance of this result, we recall the three conjectures 
concerning compact cmc surfaces bounded by a circle established in Chap. | assum- 
ing topology, embeddedness and stability. Theorem 7.2.3 states that if the surface is 
a disk and stable, it must be umbilical. We point out that if the surface is embedded 
and a disk, or embedded and stable, the corresponding questions currently remain 
unsolved. 


Proof Consider conformal coordinates on the surface. Denote by D = {z € C: |z| < 
1} the closed unit disk in the complex plane C and let x : D > R? be a stable 
immersion with constant mean curvature H with x(@D) =S!, where S! is the circle 
{(x, y,0) € R?: x? + y? = 1}. Let ds* = E|dz|? be the induced metric on M. In 
addition, we introduce polar coordinates r,@, with z = rel? = r(cos@ + isin@). 
The unit tangent and unit normal vectors to dD with respect to ds? are: 


Choose WN so that along the boundary it satisfies dx(t) x dx(n) = N. Denote by a 
a unit vector orthogonal to the boundary plane such that x x dx(t) =a along 0D. 
Take wy = (x x N,a). The normal derivative of y on the boundary is 


anw = (Vy, nm) = (dx(n) x N,a) +(x x dN(n), a). 
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As dx(n) x N=v x N =dx(t) and dN(n) = —o(t, n)dx(t) — o(n, n)dx(n), we 
have 


Inv = —o(t,n), 


where o is the second fundamental form of the immersion. On a neighborhood of a 
point on 0D, choose a branch of the logarithm and make the holomorphic change 
of coordinates w = log z. Since w = log|z| + i@ (mod 277i), we have 


1 : 
Ow = 5 or —i0d9) 


globally on 0D since dg is independent of the branch of logarithm. Also, 0, = zd, 
globally on 0 < |z| < 1. 
Consider the Hopf differential dz? on M. From (2.18) we have on 0 < |z| < 1, 


2°@ = 2270 (8:, dz) = 20 (Bw, dw). 


Hence along |z| = | we see that Im(z?®) = —a(0,, dg). By using the values of 0, 
and dg, we derive 


Im(z*®) = Ed, on aD. (7.8) 
Claim The normal derivative 0, vanishes at least three times on 0D. 


Proof of the claim We argue by contradiction. Suppose that 0, y vanishes at most at 
two points of the boundary. At these points, Im(z*@) vanishes by (7.8). There is no 
loss of generality in assuming that there are exactly two distinct points z1, z2 € 0D. 

Since @ has no singularities on 0D, we extend @ analytically to a slightly larger 
disk of radius R > 1. As the zeroes of ® are isolated points, let ¢ > 0 be a suffi- 
ciently small number so that &—!({0})N Dz (z;) = {zj}, where D,(zj) ={z eC: 
|z —zj| <6}. Let DE = D — (Dg (z1) U De(z2)) and let Ce = 0D? be oriented pos- 
itively. Compute the total variation of arg(z”®) along the curve C;. Since there are 
no zeros of z7@ on C,, we have 


1 2 @ 
1 | ( n ) hin: (7.9) 


i Zz @ 
where m(¢€) is the number of zeros inside C, with multiplicity. Calculating residues, 
we obtain 
1 Q’ 


lim — —dz=-—njn, 
e301 JC.naD,(z;) P 


where nj is the order of the zero of @ at z;. Then 
1 2 © 


— lim (E+ Fae 4r + 2m + 0m +), 
Ee >0SC,\a(DelziJUDe(22)) \S P 


130 7 Constant Mean Curvature Disks with Circular Boundary 


where m denotes the number of umbilical points, with multiplicities in the interior 
of D. 

If nj =n2 = 0, the image of dD under z°® has winding number at least 2 with 
respect to the origin which implies that Im(z?®) vanishes at least four distinct points 
on 0D. If n; +72 > 0, by the last equation, the total variation of arg(z7®) over the 
two arcs determined by z; and z2 is at least Sz. Hence, there must be at least three 
points on dD where Im(z*@) vanishes. This ends the proof of the claim. 


Now we prove the theorem. Proceeding as in the proof of Theorem 7.2.2, either 
M is umbilical or the function yw changes sign. In view of Lemma 7.2.1, 4 = 0 is an 
eigenvalue of the Jacobi operator in (2.12), and since w changes sign, A; 4 0 and 
so, Ay <0. 

We know that the k-th eigenfunction f; of L divides D at most into k nodal 
domains [CH89]. Let fo be an eigenfunction corresponding to A2. Assume that 0, f2 
vanishes at a boundary point p € dD. As fo =0 along 0D, we have V fo(p) = 
0. We show that there is a nodal line £ distinct from dD ending at p. Assuming 
the contrary, there is an open domain U around p such that f> has sign, except at 
U 0D. Assume, for example, that f2 > 0 on U. Then on U, we have 


Afp=—lol’ fp <0 


and the maximum principle implies that f2 assumes its maximum at the boundary. 
Thus, f2 < maxgy f2 = 0. This contradiction proves the existence of L. 

Since f2 has at most two nodal lines, the derivative 0, f2 vanishes at most two 
times at 0D. By the claim, y = f, for some n > 3. Therefore 2 < 0. Define 


_ to fo2dD 
~ fy fidD 


and let f = fo+cfi € Hy? (M). Then f = 0 along 0D and bb fdD = 0. However, 
using that L(f;) + A; f; =0 and that ‘f fi fjdD =0, we find that 


1(f)=%a | fRad+er [| fr dD <0, 
D D 


which is not possible by the stability of the surface. This shows that w = 0 on D. 
It follows that the surface is rotational and hence the surface is a planar disk or a 
spherical cap. This concludes the proof of theorem. 


Remark 7.2.4 Similar arguments as in Theorem 7.2.3 have been used for stable im- 
mersions from a disk in Euclidean space spanning a circle and minimizing other 
functionals different from the surface area, such as the anisotropic and the Willmore 
energies: see the works of M. Koiso and B. Palmer [KP13, Pal00]. 
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7.3 Other Area Estimates of a cmc Disk 


In Theorem 7.1.2 we obtained an estimate of the area of a non-umbilical cmc disk 
bounded by a circle. The purpose of this section is to find other area estimates using 
the properties of the function yw = (x x N,a) and Theorem 7.2.3. First we need the 
following result, which appears in [Ruc79] (see also [HO82]). 


Lemma 7.3.1 Let x : M — R? be an immersion with constant mean curvature H. 
If ds? is the induced metric on M, define the metric 

5 le,» 2 2 

ds’ = ——ds = (2H? — K)ds’. 


Then the Gaussian curvature K of the Riemannian surface (M, ds”) satisfies K <1 
and equality holds if and only if the immersion is umbilical. 


The relation between A and the Laplacian A computed with respect to the metric 
ds* is A= 2/|o |? A. From Lemma 7.2.1, we have 


Aw +2 =0. (7.10) 


Theorem 7.3.2 Let H #0 and let M be a topological disk. Let x : M > R? be 
an immersion with constant mean curvature H and spanning a circle I” of radius 
r > 0. If the area A of M satisfies 


1—r?H?, (7.11) 
then x(M) is a spherical cap. 


Proof Let us assume for contradiction that the surface is not spherical. Define the 
function w taking the vector a as a unit vector orthogonal to the plane containing the 
circle J”. From the proof of Theorem 7.2.3 we know that the normal derivative 0, 
must vanish at least three times on the boundary of the surface. Because y must 
change sign across each nodal curve interior to M and since M is a topological 
disk, there are at least three simply connected nodal domains, D;, i = 1, 2,3. Since 
w does not vanish in each D;, fi = Wp; 1s the first eigenfunction of the Laplacian 
A with Dirichlet condition in D; and the first eigenvalue is 2 by (7.10). 

We use the Faber-Krahn inequality [BC80, Proposition 3.3]. As K < 1, we 
compare the first eigenvalue of the Dirichlet problem with that of domains of 
a sphere of curvature 1, say, of the unit sphere S*. Denote by A; the area of 
(D;, ds”). Assume that Aj; < 27 and let D, be a geodesic disk D! C S* with 
area(D!) = Aj. Then the Faber-Krahn inequality asserts that (D) <1(Dj, ds). 
Consequently, A4;(D;) < 2. However, proper inclusions strictly increase the first 
eigenvalue [CH89]. As area(D} ) < 27, D, is included strictly in a hemisphere of 
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S? and the first eigenvalue of a hemisphere is 2. We would have Ay (D} )>2,a 


contradiction. Therefore, Aj > 27 "for alli = 1, 2,3. 
By the definition of ds* and if A is the area of (M, ds’), we have 


a= | (4H? K)am =29A- [ KdM. 
M M 
As A> yy A; > 677, the above inequality yields 

3x 1 
A>—=+ = | KdM. 7.12 
>atoal (7.12) 


From (7.5) and the Gauss-Bonnet theorem, 


an = f Kam + | Keds = | KdM +2nvV1—r2H?. 
M 0M M 


Substituting into (7.12), the proof is now complete. 


We compare estimates (7.3) and (7.11). Let 


the right-hand side in (7.11). Then 


5 
A2<A +, when ea: ee 
9r2 


and 
Ay>A h oe 
> when —~ < — 
: is Or ~ 72 
Remark 7.3.3 Theorem 7.3.2 improves a result given in [Lop99a], which states that, 
under the same assumption, if J u lo i? dM < 87, then M is a flat disk or a spherical 
cap. 


Chapter 8 
The Dirichlet Problem of the cmc Equation 


In this and the next chapter we shall study the Dirichlet problem for the cmc equa- 
tion assuming in the present chapter that the domain is bounded. As we shall see, 
the existence of a solution to the Dirichlet problem reduces to the question of ob- 
taining a priori estimates for the solution and its gradient. This is possible thanks 
to the type of second order equation and the topological apparatus of a priori esti- 
mates described by Ladyzhenskaya and Uraltseva. For a systematic introduction to 
the Dirichlet problem for elliptic equations of second order, including results of reg- 
ularity, we refer the reader to Gilbarg-Trudinger [GTO1]. Other references include 
[Bak94, DHKW92, DHS10, Sau06, Sim97]. 

The purpose of the present chapter is to study the geometry that lies behind the 
Dirichlet problem, giving a geometric interpretation of the usual techniques that ap- 
pear in the theory of PDEs. In this sense we skip the discussion of regularity and 
we will assume that the initial data in the Dirichlet problem is sufficiently smooth 
to guarantee that the solutions are smooth. We shall make geometric assumptions 
on the length or the curvature of the boundary curve and we shall use known sur- 
faces such as pieces of Delaunay surfaces as barriers to control the graphs that are 
solutions of the Dirichlet problem. If these barriers are spherical caps or cylinders, 
we shall assume that the domain is convex. When we employ nodoids, we suppose 
that the domain satisfies a certain exterior circle condition. The reason for focussing 
on convex domains is not only because they are easy to work with but also because 
if the Dirichlet problem is solvable for arbitrary data, the domain must be strictly 
convex. We finish the chapter with a discussion of the corresponding Dirichlet prob- 
lem for the cmc equation in domains of the unit sphere S? whose solutions represent 
radial graphs. 

From the viewpoint of the theory of PDEs the mean curvature equation falls into 
the family of elliptic equations of divergence type, as was remarked in Chap. 3. 
The literature for this equation is very extensive where the constant H in the mean 
curvature equation is substituted by a function f = f(x, Vu). In differential geom- 
etry, the Dirichlet problem has received interest in recent years, see for example, 
[Bgn09, Daj09, DR11, EsRi01, FLRO2, Lop99b, Lop01b, Lop02a, LM96, Rip01]. 
On the other hand, results of existence have been extended to other ambient spaces 
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and contexts: [AD07, ADRO7, DHL08, DLO9, DROS, ET11, EFR10, FM11, FR12, 
HRSO9, MRR11, Pin09]. See Chap. 11 for a treatment of the Dirichlet problem in 
hyperbolic space and Sect. 12.6 in Lorentz-Minkowski space. 


8.1 The Method of Continuity 


Let 2 C R* be a smooth domain, H € R and g € C°(9Q2). The Dirichlet prob- 
lemfor the mean curvature equation consists of finding a solution u € C7(2) 
C°(Q) of the boundary value problem 


Vu 
= div] —————— ] —-2H=0 in? 8.1 
a) i( ~~) in (8.1) 
u=qg ono. (8.2) 


The geometric meaning of (8.1)—(8.2) is that the graph of a solution u describes a 
non-parametric surface M spanning the curve I” = graph() = {(q, (g)):¢ € OQ} 
and the mean curvature of M is H, computed with respect to the upwards orientation 


(—Vu, 1) 
V1+|Vul2 


We say that M is an H-graph. Denote by P(H, ¢) the problem (8.1)-(8.2). 

Although in the discussion of the results we shall require, if necessary, sufficient 
smoothness of §2 and q, it may occur that the gradient of the solution blows-up near 
the boundary points of §2, and the solution may not be smooth on 02. For example, 
take the unit disk 2 = {(x, y):x* + y? < 1} and gy =0 on 02. For H = 1, the 
solution of (8.1)-(8.2) is the function u(x, y) = —/1 — x? — y? and the graph of 
u represents a hemisphere of radius 1. In this case, |Vu| = oo on 02 and u only 
extends continuously to 2. 

In this chapter, we will identify the Euclidean plane R* with the plane P of R? 
with equation z = 0. Let 


N(x, y, u(x, y)) = (x, y). (8.3) 


e3 = (0,0, 1). 


The technique that we employ to solve (8.1)-(8.2) is the so-called method of conti- 
nuity. For details, we refer the reader to [GTO1, Sects. 11.4, 17.2]. The idea is that 
we ‘continuously deform’ the problem P(H, ¢) by defining a 1-parameter family of 
Dirichlet problems in such a way that at a starting time, the problem can be solved 
and a further analysis of the curve of solutions together with an argument on con- 
nectedness allows us to complete the set of parameters, solving the initial Dirichlet 
problem P(H, ~). We shall see that this process reduces to estimating |u| and |Vu| 
on £2 for a solution u of (8.1)-(8.2). 
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We present this technique in our context. Assume that g is smooth on 02. Con- 
sider the set of Dirichlet problems P(tH, tg) parameterized by t € [0, 1]: 


Qin w= div ( ) 21H =0 in Q 


Vu 
J1+|Vul? 


u=tg ono. 
Define the set 
i= {t € [0, 1]: there exists a solution u; of P(tH, tg)}. 


In order to obtain a solution of P(H, ~), we need to show that .” is a non-empty 
open and closed subset of [0, 1] and, by connectedness, .Y = [0, 1]. In particular, 
1 € .Y and this solves P(H, @). We will prove that .Y is always a non-empty and 
open subset of [0, 1], and we will establish conditions to guarantee that .7 is closed. 

The starting point of the continuity method is the existence of some t € .Y and 
in this case, it corresponds with the value t = 0. Indeed, the function up = 0 is a 
solution of P(0, 0) and thus O€ .Y and Y £9. 

Now that the existence of the solution ug has been established, we are going to 
show that .Y is an open set in [0, 1]. 


Proposition 8.1.1 The set Y is open in [0, 1]. 


Proof Let to € %. We show that there exists an ¢ > 0 such that (f9 — €,f9 +) N 
[0, 1] Cc Y, that is, for any ¢ in such interval, there exists a solution u; of P(tH, tq). 
Consider a more general context. Let x : M — R?* be an isometric immer- 
sion of a compact surface M and let N be a fixed orientation on M. For each 
ue ce (M), define the admissible normal variation x; : M — R? by x:(p) = 
x(p)+tu(p)N(p), pe M,t € (—e, €). Let H(t) be the mean curvature of x;. 


Lemma 8.1.2. Up to constants, the derivative H'(0) is 
/ d 2 
H’(0)= re H(x;(p)) = Lu) = Au + |o|Pu, (8.4) 
t=0 


where A denotes the Laplacian operator on M and o is the second fundamental 
form of the immersion x. 


Proof See (A.10), Appendix A. 


The operator L = A + |a|? is the Jacobi operator that we met earlier in the sta- 
bility theory (see Eq. (2.11)). This operator is elliptic and has the following proper- 
ties [CH89]: 
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Lemma 8.1.3 Let i. € R. Consider the eigenvalue problem 


Lu+iu=0 onM 
u=0 onoM, 


The eigenvalues of L form a discrete set h, <2 <--+ with limj-+o0 Aj = +00. Let 
V,, denote the eigenspace subspace of ij. 

Let h € Co°(M). If 2 is not an eigenvalue of L, there exists a solution of the 
equation Lu + hu = h. If 4; is an eigenvalue of L, there exists a solution of Lu + 
Aju =h if and only if h is L?-orthogonal to Vi; for j <i. 


We return to the proof of Proposition 8.1.1. Let t € .W. Define the function 
F:Cy*(@2) x (0, > Ch), Fv, 1) = Qin (v + 19), 


where with by same symbol g we denote a C”“-extension to Q of the initial 
function g. Let u; = v + tg and let x be the immersion of the graph of u;. As 
t € .Y, we have Q;y(u;) = 0 and F(u; — tg, t) = 0. Given w € CQ), define 
Xs5(p) = x(p) + sw(p)N(p) and let H(s) be the mean curvature of the immersion 
x,. Then 


Fone ee 2rH =2(H(s) — H(0)). 


Vil+lu+swtto)|? 


We compute (Dj F’)(y,:)(w). From the expression of H’(0) we have 
(Di F)v,)(w) =2H' (0) = Aw + |o Pw, 


where A and o are respectively the Laplacian operator and the second fundamental 
form of the immersion x;. 


Lemma 8.1.4 The operator (D F)(y,t) = L is invertible. 


Proof 


1. The operator L is injective. Let w € cc (2) be a function such that Aw + 
|o|7w =0. Assume w 4 0. As w = 0 0n 2, A = 0 is an eigenvalue of L. On the 
other hand, the graph of u; is strongly stable and thus A; (L) > 0 by Lemma 2.3.9, 
obtaining a contradiction. 

2. The operator L is surjective. By Lemma 2.3.9, 4;(L) > 0. Then 0 is not an 
eigenvalue of L. Using Lemma 8.1.3 and given h € Cj (Q), there exists a w € 


Cy @) such that Aw + |o|?w =h,ie. Lw=h. 


Finally, the invertibility of Z concludes the proof of openness by the implicit 
function theorem. Indeed, if fo € .%, there exists an ¢ > 0, an open set V around 
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Uty — top and a diffeomorphism h : (f9 — €, t9 + €) > V such that for any ¢ € (fo — 
€,tote), F(h(t), t) = 0. If we let u; = h(t) +1, then uw; is a solution of P(tH, tg). 
This proves Proposition 8.1.1. 


Remark 8.1.5 From the proof, the invertibility of L has been proved thanks to the 
strong stability of an H-graph and the standard properties of the eigenvalues of an 
elliptic operator. The first part was proved in Lemma 2.3.9 via the existence of a 
function g < 0 such that Lg > 0. In other words, we have proved that the kernel of 
L is trivial and so, L is a self-adjoint Fredholm operator of index 0. In fact, as was 
remarked in Chap. 2, it is possible to perturb a strong stable H-surface by means of 
a variation by cmc surfaces [Koi02, Tom75]. 


As a consequence, we have the following result, which we used in previous chap- 
ters (e.g., Sects. 5.2 and 6.3). 


Corollary 8.1.6 Let 2 C R* be a bounded domain. Then there exists a constant 
Ho = Ho(&2) > 0 depending only on Q such that if |H| < Ho, the problem P(H, 0) 
has a unique solution. 


Proof Let us take g = 0, H = 1 in the Dirichlet problem and let .Y be the corre- 
sponding set. As the function u = 0 solves P(0, 0), we have 0 € .Y. Since 0 is an 
interior point of .”, there exists an ¢ = ($2) > 0 such that [0, ¢) C .~. This proves 
the existence of solutions of P(H, 0) for 0 < H < e. Choose Ho = €. For values H 
in (— Ho, 0], we make use of Remark 3.2.7. 


Finally, we proceed to study the question of whether .7 is a closed set in [0, 1]. 


Proposition 8.1.7 Assume that there are a priori C!“(92)-estimates of solutions of 
P(tH, tg) for allt € (0, 1]. Then the set Y is closed in [0, 1]. 


Proof Consider {t,} C 1 where t, — t. Let u, be the corresponding solutions of 
P (tn, tye). As {un} is bounded in C!-“(92) and g and §2 are smooth, the theory of 
Schauder estimates for quasilinear elliptic equations implies that {u,,} is a bounded 
set in C*“ (2) [GTO1, Theorem 6.6]. By the Ascoli-Arzela theorem, there is a sub- 
sequence (which we also call) u, that converges uniformly to u € C 2(2) in the 
C?2-norm. On the other hand, the map 


T :[0,1]x C7?) >C%(Q), Tu, t) = Orn (u) 
is continuous. Since t, > t and u, > uinC 2(), we have 
Orn (u)=T( lim (ny un)) = lim T(ln, un) = lim Qr,1 (ln) =0. 
N— Oo n—-> oo n—->oo 
This proves that Q;47(u) = 0 in §2. Moreover, 


Waa = lim (Unjaq)= lim (mp) = t¢. 
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As y and 02 are smooth, it follows that u € C©(2) [GTO1, Theorem 6.19]. This 
proves that t € .Y. 


From Proposition 8.1.7, in order to establish that .7 is a closed set, it suffices 
to find a priori estimates in C le) fora prospective solution of P(H, ¢). In fact, 
because the given data (2 and g in P(H, @) are smooth, we only require C MD) 
estimates of solutions of (8.1)—(8.2) [GT0O1, Theorem 13.8]. 

Thus the question of the solvability of the Dirichlet problem P(H, ¢) reduces to 
the problem of controlling supg |u| and sup, |Vu| for a prospective solution u by a 
constant that depends only on the initial data of the Dirichlet problem. 


Proposition 8.1.8 /n the continuity method, if there exists a constant C > 0 inde- 
pendent of t such that for any solution u; of P(tH, tp) we have 


lUtlci@y = Sup |u;| + sup |Vu;| < C, 
2 2 


then S is a closed set in [0, 1]. 


Remark 8.1.9 If g is only continuous on 092, we approximate g uniformly by 
smooth functions g,. Suppose that we can solve the Dirichlet problems P(H, ¢,) 
obtaining smooth solutions u, for each n. By Schauder theory, there exists a sub- 
sequence (which we also call) uw, that converges locally in C k (2) to a function u 
and u solves (8.1) in 2. In order to prove that u is continuous on 2 andu=o 
on 082, we apply the maximum principle to the difference function u, — uj, as in 
Lemma 3.2.3. Then 


SUP |Un — Um| = SUP [Un — Um| = SUP |On — Gl. 
2 02 a2 


AS @,p is a Cauchy sequence inC 9a), the same is true for uv, and this proves that 
Un — u uniformly on £2. 


Lemma 8.1.10 There are always a priori C°-estimates for u;. 


Proof If H = 0, the graph is included in the convex hull of its boundary "= 
graph(¢), giving C°-estimates depending only on the boundary. 

Assume now that H 4 0. As t = 0 is an interior point of .Y, there exists a fo > 0, 
to = to(2, g, H), such that P(tH, tg) has a solution for t € [0, fo). In particular, the 
solutions u; satisfy a priori C 9_estimates in the interval [0, to). Assume t > fo. By 
Theorem 2.3.5, we find that 


1 1 
uy; < maxtg + —— < max =——, 
os 5g . t|H| ~ a2 lv to| | 


1 
uz > mintg — —— > — max |g| — ——. 
(200° tAl 82 lv! tol H| 
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It follows that 


uy| < max + —— 
[vel <maxlo| + 


for t € [to, 1]. This inequality, and the argument given for values ¢ in [0, fo], yields 
C°-estimates of u, for each t € [0, 1]. 


In order to derive the estimates of |Vu| in 2, we now show that the supremum 
of |Vu| is attained at 02. 


Lemma 8.1.11 Given a solution u of P(H, 9), we have 


sup | Vu| = max |Vu|. 
a IQ 


Proof By the expression of N in (8.3), we know that 
1 


J1+|Vul2- 


Then there are a priori estimates of |Vu| provided (N, e3) remains bounded away 
from zero. By Eq. (2.24), A(N,e3) < 0 and the maximum principle asserts that 
(N, e3) > minga(N, e3). Then infg (N, e3) > mingg (N, e3), obtaining the desired 
result. 


(N, €3) = (8.5) 


Now we shall restrict our considerations to the case where g = 0 on 02. We 
prove that C '(Q)-estimates of any solution u; of P(tH,0) reduce to P(H, 0). Let 
v be the inner unit conormal vector of M = graph(u), where wu is the solution of 
P(H,0), and let w be a parametrization by the arc length of 0§2. The expression 
of the vector e3 with respect to the basis {a’, v, N} gives (N, e3)° + (v, e3)° = 1. 
According to the choice of the orientation NV on M, we have 


\Vu| = ees (8.6) 
1 =, es)2 


As a consequence of this reasoning: 


For the Dirichlet problem P(H, 0), we obtain estimates of |Vu| on @ pro- 
vided we are able to find a constant C < 1, depending only on the initial data, 
such that |(v, e3)| < C ond. 


We call the slope of a graph M at a boundary point p the value |(v(p), e3)|. 


Lemma 8.1.12 Let 2 CR? be a bounded domain and q € 082. Consider u~ , u, 
ut € C?(Q) such that: 


1. u~(q) =u(q) =ut(q). _ 
2. u~ <u <u™ inaneighborhood of q in Q. 
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Then 
|Vul(q) < max{|Vu- |(q), 


Vut|(q)}. 


Proof Let C = max{|Vu" |(q), |Vut|(q)}. Let n € R* be a unit vector at g pointing 
inside 2. Let a: [0,¢) + @ be a curve such that w(0) = q and a’(0) = n. By 
hypothesis, 


u- (a(t) < u(a(t)) < u* (a(t), te[0,e). 


By the definition of C, for each 5 > 0, there exists an e’ = (6) < & such that 


u- (a(t)) — u(q) | u*(a(t)) — u(q) 
t f t 


<C+6, 


for t € [0, e’). Then we have 


ee u_ (a(t)) —u(q) Z u(a(t)) — u(q) Z ut (a(t)) —u(q) 
t t t 


C <C+6. 


Letting t > 0, we conclude 
(Vu(q), n) <C+6. 


Since this holds for any 5 > 0 and for any 7, we have |Vu|(qg)| < C, proving the 
result. 


Lemma 8.1.13 Let u be a solution of P(H,0). Then for any t € [0,1], 
l(v-(qg), €3)| < [(v(q), e3)|, g € 082, where 1; (resp. v) denotes the unit conormal 
vector of the graph of the solution u; of P(t H, 0) (resp. u) along the boundary. 


Proof By the comparison principle, we know that u < u; < ug = 0 (Corol- 
lary 3.1.8). Then Lemma 8.1.12 implies |Vu;|(g) < |Vu|(qg) for any gq € 092 and 
t €[0, 1]. Finally, (8.6) yields |(v,(q), e3)1(q) < (vq), e3) I. 


In conclusion, we have: 
Proposition 8.1.14 Assume that there exists a bound C < 1 depending only on 82 
and H, such that the slope of an H-graph on 8 with boundary 082 is bounded 
by C. Then the Dirichlet problem P(H, 0) is solvable. 


By the monotonicity on H of the solutions of P(H, 0), we obtain: 


Corollary 8.1.15 Let 2 C R* be a bounded domain. If P(H,0) has a solution, 
then P(h, 0) is solvable for any —|H| <h<|A|. 


Proof We may suppose that h > 0. Let up, be a solution of P(h,0). By Lem- 
ma 8.1.13, |(v_, e3)| < |(vH, e3)|, obtaining a priori estimates of the slope of up. 
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Now we return to a question posed in Chap. 5. Assume that 2 C R? is a bounded 
domain. We know that if P(H, 0) has a solution, then |H| < L/(2a({2)) where L is 
the length of 092. However we do not know the range of H for which the Dirichlet 
problem is solvable. We now assert that the set of such H’s is an interval [Mcc99]. 


Corollary 8.1.16 Let 2 C R? be a bounded domain. Then there exists a constant 
FAmax, 9 < Hmax < 00 such that for any H with |H| < Hmax, the Dirichlet problem 
P(H, 0) is solvable and if |H| > Hmax, the problem P(H,0) has no solution. 


Proof Let Hmax = sup{H € R: P(H,0) has a solution}. We know that if P(H, 0) 
has a solution, then |H| < L/2a(S2) and thus, Hmax < L/(2a(2)), which shows 
FAmax < ©. On the other hand, by Corollary 8.1.6, Hing, > 0. We now prove that 
for any H € (0, Hmax), P(H, 0) has a solution. Let H be a number with 0 < H < 
Aimax- By the definition of Hingx, let ho > 0 such that H < ho < Hyg, and P (hg, 0) 


has a solution. Corollary 8.1.15 ensures that P(H, 0) is solvable. 


In the extremal case H = Aymax, take a sequence H, 7 Hinax with the corre- 
sponding solutions u, of P(H,, 0). Let u(p) = limun(p), p € 2. Then a compact- 
ness argument as in Proposition 8.1.7 proves that u solves P(Hinax,0) in 2. We 
claim that the function u blows-up at a boundary point, that is, 


sup |Vul(p) = 00. 
ped 


Assuming the contrary, we have supz |Vu| < oo. Then u extends smoothly to Q and 
u = limu, =0 on 092. Then u is a smooth solution in 2 of the Dirichlet problem 
P(Amax, 9). Proposition 8.1.1 proves that the Dirichlet problem P (H, 0) is solvable 
for H exceeding the value Hyg, in contradiction with the definition of Hingx. We 
point out that the function u will extend continuously to 02 if we provide barriers 
that allow us to control the function u near to 082. 

We finish this section with a new proof of Theorem 4.2.1 which does not use the 
Alexandrov reflection method but instead solves a Dirichlet problem for the cmc 
equation [Lop99c]. 


Proof of Theorem 4.2.1 Let M be a compact embedded H-surface spanning a sim- 
ple closed curve contained in the plane P with equation z = 0. Assume that a neigh- 
borhood of 0M in M is a graph over §2, where (2 C P is the domain bounded by 
dM = 02. The proof consists of two steps. 


Claim There exists an H-graph G on 82 with dG = 0M. 
In order to prove the claim, let W C R? be the 3-domain determined by M U 


(082 x (—oo,0]) that contains (2 and orient M by the Gauss map WN such that 
H > 0. With this choice, the orientation N points towards the domain W. 
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By the continuity method, we require a priori estimates of the slope of G along 
082. After a reflection with respect to P, assume that G lies above P. On G we 
choose the orientation pointing downwards and thus its mean curvature is positive. 

Move G down by vertical translations ¢;, where ¢;(p) = p + te3 with t < 0. Let 
G; = ¢;(G). Observe that int(G;) C W for all t < 0. For sufficiently large negative 
t, G; 1 M = @ and int(G;) C W. Next we move G; up until the first intersection 
point with M at t = 4. If this occurs at t; < 0, the contact point must be interior 
in both surfaces, and the tangency principle would say that G C M. This however 
contradicts that 0G;, = 02 x {ti}, OM =02 and t) <0. 

We can move G; up until the initial position ¢ = 0. In particular, G C W and the 
slope of G along 0£2 is less than of M. As M is a graph on 2 around 02 and if v 
and vg denote the inward unit conormal vectors of M and G along 02, respectively, 
we have 


0 < (vg, e3) < (v, e3) < sup(v, e3) < | (8.7) 
a2 

along 02. This proves the claim. 
Having established the existence of G, there are three possibilities. First, there is 
a contact between M and G at an interior point p of both surfaces. Since G C W and 
M Cc OW, M and G are tangent at p and G lies above M. The tangency principle 
implies M = G, proving the result. A second possibility is that at a boundary point 
Dp €9Q, (vG(P), 6&3) = (v(p), e3). Then (8.7) implies that both surfaces are tangent 
at p and G lies above M. Then the boundary version of the tangency principle gives 
M = G again. The last case is that int(G) C W and we have a strict inequality 
in (8.7) along 02. The reasoning follows as in the proof of Theorem 5.2.1 using the 
flux formula, thereby obtaining a contradiction. 


8.2 The Bounded Slope Condition 


A first example where the method of continuity applies is in the search for minimal 
graphs (H = 0). In such case, the solvability of (8.1) for arbitrary functions g € 
C°(92) is equivalent to the (non-strict) convexity of the domain §2 [Fin54, Fin65]. 
In this section we shall prove Finn’s result assuming that {2 is strictly convex and 
g is smooth on 082. The basic feature is that, under these hypothesis, ¢ satisfies a 
bounded slope condition, which is defined as follows [GTO1, Sects. 11.3, 12.4]. 


Definition 8.2.1 Let 2 C R? be a bounded domain and let ¢ be a function of 322. 
Let I’ = {(g, 9(qg)) € R?: q € 082} denote the graph of g. We say that I” (or ¢) 
satisfies a bounded slope condition with constant K > 0 if for each p € I” there are 
two planes IT es and JT, through the point p such that J” lies between jue and JT, 
and the slopes of these planes are bounded by K. 
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We write p = (q, 9(q)). As the planes ga and il, contain the point p, they are 
given by linear equations of the form 
z=, (x, y)=(n7,,¥) -— a) + 9) 
z=, (x,y) =(n,,@, ¥) — gq) +9), 


where n*,n 


gitlg © R?. The unit vectors orthogonal to ae and JT, are 


(nt) (nz) 
fitige /1t+ingP 


respectively. The constant K says that Ing, Ing |< K for g € 02 and the angle 67° 
between iT and the vector (0, 0, 1) satisfies 


' 1 1 
l= > 
Jiting?  YI+e? 


| cos 0, 


This means that the planes iy and JT, are not arbitrary tilted for all p € I’. The 
other two conditions of the bounded slope condition property read as 


for any g’ €0Q andpeTl. 
Some properties induced by the bounded slope condition are the following: 


1. The function ¢g is continuous. Indeed, if g € 082 and {qn} C 02 — gq, then 
Ty (Gn) < P(Gn) S 1 (qn). Letting n — oo and by the continuity of v and 
7, » We deduce lim g(gn) = ¢(q). 

2. If I’ does not lie in a plane and I" satisfies a bounded slope condition, then {2 is 
convex. Fix q € 0. For each q’ € 02, 


+ - Pe Pe - 
os Tp (q') — Tp (7) -_ (nj “hg q — 4}. 
Since I” does not lie in a plane, ng —n,z #0. This shows that the straight line 
{(x, y) €R*: (nf —n7, (x, y) —q)=0} 


is a supporting line at each point of 02, proving the convexity of 092. 


The following result is due to P. Hartman [Har66]. 


Proposition 8.2.2 Assume that 2 C R? is a smooth bounded domain. If Q is 
strictly convex and y € C® (092), then @ satisfies a bounded slope condition. 
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We remark that the converse of this proposition holds in the following sense: if 
g is not the restriction of a linear map (or equivalently, I” is not a plane curve) and 
gy satisfies a bounded slope condition, then 2 is necessarily convex. 

Given the definition of the bounded slope condition and Hartman’s result, we can 
now prove the following existence result for minimal graphs. 


Theorem 8.2.3. Let 2 C R?* be a strictly convex bounded domain and 9 € 
C™(d2). Then there exists a solution of P(O, y) which is smooth on 22. 


Proof \f I” is a plane curve, the planar domain bounded by I” is itself the solution 
of the Dirichlet problem. Suppose that I” does not lie in a plane. Then I" satisfies a 
bounded slope condition with constant K > 0. By the continuity method, consider 
the 1-parameter family of Dirichlet problems P (0, tg). 


Claim The curves I, = {(q,ty(q)) € R? :q € 8Q} satisfy a bounded slope condi- 
tion for the same constant K. 


Proof of the claim Given p = (g,tg(q)), consider the planes A? aud 1," de- 
fined by 


z=m," (x,y) =(np", (x, y) — tq) +1t9@), 


Z= 7: y= mae (x, y) — tq) +t9(q). 


where i = tng and ng” = tn, . Then for each q € 02, p= (q,tp(q)) € Mp’ 


and for each g’ € 0Q, 


Finally, |Ing"| =t\nf | <tK < K. 

In the scheme of the continuity method described in the preceding section (where 
now H = 0), the set .Y is open in [0, 1] and .Y 49%. Let M; denote the graph of 
the solution u, of P(0, tg). Fix p = (q,tg(q)) € I; = 0M,;. Notice that I; is nota 
plane curve because I” is not. This implies that M; is not a planar domain. We are 
going to estimate |Vu;| along 02, which is sufficient by Lemma 8.1.11. For this 
purpose, consider the planes ny and IT, * Move rere up vertically until it does 
not touch M,. Next displace if down until it first touches M,. Since ei and 
M, are minimal surfaces, the tangency principle asserts that this contact must occur 
when the plane ee and the graph M; touch in a common boundary point. Since 
ey in its original position contains the point p and the bounded slope condition 
says that the boundary curve I; lies below IT ae the plane must return to its initial 
position. 

Similarly, the surface M; lies above 5a and both surfaces have a common 
point p. Furthermore, the tangency principle implies again that 7, M, lies strictly 
between ii” and ae 
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We apply Lemma 8.1.12 for the functions u,, ial and 7p ” obtaining 


|Vur|(q) < max{|Vn5" 


,|Vng" |} <tK <K. 
This proves that we have a priori estimates of the gradient of the solutions of 
P(0, tg) showing the existence of a solution of P(0, ¢). 

Furthermore, we have proved that the gradient |Vu| is bounded up to 092 and 
thus |Vu| does not blow-up along 082. This implies that the solution of P(0, @) is 
differentiable on 2. 


Other recent results on the bounded slope condition in the context of the mean 
curvature equation appear in [AM09, FRO3, Rip02]. 


8.3 Graphs on Convex Domains 


In this section we study the Dirichlet problem when the boundary curve is planar, 
i.e. p =0. After a reflection about the plane P, we reduce the problem to the case 
H > 0. We will assume in addition that §2 is a convex domain. Some of the results 
in this section appear in [Lop99b, Lop01b, Lop02a, LM96, RipO1]. 

Let 2 C R? be a bounded domain, which we assume to be strictly convex in the 
sense that the curvature « of 0S2 computed with the inward orientation is positive. 
Let 


Ko = min x(q) > 0. 
qed2 


Theorem 8.3.1 Let H > 0. Consider a strictly convex bounded domain 2 C R*. If 
« > H, then there is a solution of P(H,0). 


Proof First we assume that ko > H and we will prove the existence of a solution 
a solution to P(H,0), which will be, in fact, smooth in 2. For the existence of a 
solution to P(H, 0), we shall provide two proofs. The first one is geometric using 
spherical caps as barriers to obtain the estimates of the slope of the graph along 
dM. Consider a solution u of (8.1)-(8.2) for g = 0 and let M be the graph of u. 
There is no loss of generality in assuming u > 0 and so, the Gauss map of M points 
downwards. In view of Proposition 8.1.14, we need to control the slope of M along 
092. Let g € 02 and r = 1/ko. By the rolling property for strictly convex curves 
that appeared in the proof of Theorem 5.3.3, let C, denote a circle of radius r such 
that g EC, 082 and 2 Cc D,, where D, C P is the domain bounded by C,.. Let 
C1; bea circle of radius 1/H and concentric to C,. Notice that r < 1/H. 

Let us consider a hemisphere Sy of radius 1/H supported on P whose boundary 
is Ci; and such that int(Sy) lies above P. Let us descend Sy until its intersection 
with P is C;. Denote by S; the piece of Sq above P at this position. The surface S, 
is a small spherical cap and its mean curvature is 1/H. See Fig. 8.1. 
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Sy 


Fig. 8.1 Proof of Theorem 8.3.1. Along the boundary 092, the slope of M is less than that of S,. 


We prove now that the graph M lies in the domain W C R? bounded by S, U D,. 
For this, we move S; up by vertical translations until it no longer intersects M and 
next, move 5, down until it first intersects with M. Since the mean curvature of S, 
is H and 22 C D,, the tangency principle implies that there is no contact before S, 
atrives at its original position. In this position, the slope of M at q is less than that of 
S,, which is a constant that only depends on r, and this yields the a priori estimates 
of |Vu| along 082. In fact, and since S, is a smooth graph on D, along C;, we have 
supp |Vu| < oo. 

The second proof is more analytic but it will be used in other contexts (see The- 
orems 11.2.5 and 11.3.1). Moreover, we will not obtain a priori estimates of |Vu| 
along 9 but directly in 2. Denote by x the position vector of the surface M. From 
the proof of Theorem 2.3.5, we know that A(H (x, e3) + (N, e3)) => 0 and by the 
maximum principle, 


H (x, e3) + (N, e3) < max(H (x, e3) + (N, e3)). 


Let g € OM = 022 bea point where the function H (x, e3) + (N, e3) attains its max- 
imum. As (g, e3) = 0, we have 


H (x, e3) + (N,e3) <(N(q),€3), (8.8) 


and for all v € T,M pointing inside M, we find that H(v, e3) + (dNq(v), e3) < 0. 
In particular, we choose v = v(qg) = vq, the inward unit conormal vector of M along 
082 at q. Then 


H (vq, €3) + (dNqVq, 3) < 0. 
Since the boundary 0M is a plane curve, we have 
(H + (ANqvq,Vq))(Vqs €3) <0. 


As (x, e3) > 0 0n &2, it follows that (v, e3) > 0 on 082 and the last inequality yields 
H + (dNqVq,Vq) < 9. By the definition of the mean curvature H, 


2H =—(dNgtg, tq) — (dNqvq, Yq); 
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where f, is the unitary tangent vector along the boundary at g. Then 
—H — (dNgtg, tq) = H + (dNqvq,; Vq) < 9. 


Thus 
H > —(dNgtg, tg): (8.9) 


On the other hand, the normal curvature in the direction of fg is 
—(dNgtg, tq) =(N(q), (q)) = K(Q)(N(@), 2), (8.10) 


where a = a(s) is an arc length parametrization of 02, a'(0) = ty and n(q) is the 
unit normal vector to the boundary curve. The assumption xo > H and (8.9)-(8.10) 
gives 


N@awie =< i, 
K(q) Ko 


In particular, 


H 
(vg, e3) =(N(q),n(q)) < — <1. 
Ko 


This proves that the slope of M is bounded by a constant, say, H/ko < 1, depending 
only on the initial data. Hence it follows that there is a constant C < 0, depending 
only on H and £2 such that (N(q), e3) < C. From (8.8), we see that 


(N,e3) < —H(x,e3) +C <C, 


which gives an estimate of |Vu| on @ according to (8.5). 

So far, we have obtained the existence of a solution of P(H,0) for each H with 
0 < H <xo. Moreover, and since the gradient is bounded from above in 2 depend- 
ing only on the initial data, the solution obtained is smooth in 2. Now, we proceed 
by proving the existence of a solution of P(H,0) in the case H = xo. The reader 
may consider the particular example where {2 is a round disk of radius r = | (and 
kg = 1). Now the problem is to solve the Dirichlet problem for H = 1, where the 
solution is u(x, y) = —./1 — x? — y? which is not smooth on x? + y* = 1. Then we 
approximate by solving H,, — 1 by small spherical caps. 

Let us consider an increasing sequence H, — H. Let u, be a solution of 
P(A, 0) in 2, which exists because ko > H,. By the monotonicity of H,, and the 
tangency principle, the sequence {u,,} is monotonically increasing and converges 
uniformly on compact subsets of 2. Let u = limu,. Standard compactness results 
involving the Ascoli-Arzela theorem guarantee that u € C 2(2) and Q_y(u) =0 
as in Proposition 8.1.7: because the orientation points downwards, in (8.1) we are 
using the operator Q_ 7. 

It remains to check that u € C9(2) and u = 0 on 922. Let p€02 and {pm} Cc 2 
with pm — p. Consider the hemisphere S$; as above and let Dr be the open disk 
of radius R = 1/H such that Sy = graph(v), with ve C@(Dr) N C°(Dr). Place 
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Dr such that p € 0D. We know that 2 C Dp and by the tangency principle, 
0 <u, < von. Foreachn EN, 0 < upn(pm) < v(pm). Then 0 < u(pm) < v(pm). 
Letting m — oo, 0 < u(p) < 0. This proves the continuity of u up to 02 and that 
u=OondM. 


In the proof of the preceding result we have used spherical caps as barrier sur- 
faces. In the next result, we apply a similar argument but with pieces of cylinders, 
specifically with half cylinders and quarters of cylinders. By a quarter of a cylin- 
der we mean the closure of each one of four connected components obtained by 
the intersection of an infinite cylinder of circular cross-section with two orthogonal 
planes containing its axis. It is worth noting that in the next theorem, the bounded 
domain {2 is merely convex and so 02 might contain pieces of straight lines. 


Theorem 8.3.2 Let H > 0. Let 2 C R* be a bounded convex domain included in 
an open Strip of width w > 0. If H < 1/w, then there exists a solution of P(H, 0). 


Proof As in the preceding theorem, we distinguish two cases, depending on whether 
H <1/w or H =1/w. We first assume that H < 1/w. Let M be an H-graph on 92 
with 0M = 082 and suppose that M lies above the plane P with equation z = 0. 


Claim There exists anumber 5 > 0, 6 =6(82, H), such that the height h of M with 
respect to P. satisfies 


1 
h<—-—6é. 8.11 
<a (8.11) 


Proof of the claim As w < 1/H, we place 2 between two parallel lines L{, U L5 
such that dist(L/,, L) < 1/H. Let Sy be a half-cylinder of radius 1/(2H) such that 
Sy C Pt ={(x, y,z) € R?: z> 0} and 8Sy C P. Observe that dS is formed by 
two parallel lines L; U Lz whose distance is 1/H. 

Consider the strip Dy C P bounded by dS. Place Sy so that Li! UL, C Dy 
(and consequently, the four straight lines L’ and L; are parallel) and dist(L1, L/,) = 
dist(L2, L’,) as depicted in Fig. 8.2, left. We assert that it is possible to lower Sy 
until its intersection with the plane P is LU L‘, and the surface M remains below 
Sy. Denote by ¢; the vertical translation ¢;(p) = p + te3, t € R. Move Sy up until 
it does not touch M, that is, consider t > O sufficiently large so that ¢;(Sq7)NM = @: 
see Fig. 8.2, right. Next we move Sy down. Taking into account that M and Sy have 
the same (constant) mean curvature with the downward orientation, a first contact 
point p for some t > 0 is impossible because in such case, M and Sy are tangent at 
p, M => Sy around p and the tangency principle would yield a contradiction. Thus 
Sy returns to the initial position. 

We proceed in the same way by moving Sy down slightly until the time fo < 0 
such that (SH) P = Li UL4. Let S# = bi) (SH)M P*. Thus M lies below S”, 
in particular, the height h of M is less than that of S. Now the height of S$” is 
1/(2H) — 6, where 5 depends only on L‘ U Ls, i.e. on @ and the cylinder S77. We 
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1 
fa . 


() 
Li L, 


Ly In 


Fig. 8.2. Proof of Theorem 8.3.2. The domain {2 included in a strip determined by L' U L4. This 
strip defines a piece of a cylinder Sy that is a graph on the strip 


Fig. 8.3. Proof of Theorem 8.3.2. Along 0M, the slope of M is less than that of the cylinder Cy 
with the same height as S 


point out that we have not used that (2 is a convex domain but {2 lies in a strip of 
width 1/H. 


Having proved the height estimate (8.11), we now show the existence of a priori 
estimates of the slope of M along the boundary. Let p ¢ 0M = 02. Let Cy denote 
a quarter of a cylinder of radius 1/(2H) whose boundary is formed by two parallel 
lines OCy = R, U R>. If A is the axis of revolution of Cy, we place Cy so that 
Cy C Pt, Ri} UAC P and R> lies at height 1/(2H). The surface Cy separates 
the slab {(x, y,z) € R?:0<z< 1/(2H)} into two connected components one of 
which, C a is convex. Position Cy in such way that A is parallel to 7,082, displac- 
ing horizontally if necessary, assume that M is included in C a Descend Cy until 
the height of Cy is 1/(2H) — 6/2, where 6 is the number given in (8.11). Denote 
by Cy again the portion of Cy above the plane P. In this position, Cy is a graph 
over a strip on the plane z = 0 whose boundary is given by two straight lines par- 
allel to 7,082 and the mean curvature of Cy is H with the downward orientation. 
Displace Cy horizontally towards M in the opposite direction until Cy touches M: 
see Fig. 8.3. By the tangency principle, there is no interior contact point between 
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M and Cy. Hence we move Cy until its boundary touches 0M exactly at the point 
Dp € 02 by the convexity of 092. At p, the slope of M is less than that of Cy. On 
the other hand, the slope of Cy is a constant that depends only on the cylinder Cy 
and §2. This shows the existence of an a priori estimate of the slope of M along its 
boundary, proving the result. Moreover, the solution u is smooth in 2 since Cy is 
never vertical along its boundary. 

It remains to prove the existence in the case H = 1/w. The argument is similar 
to that in the proof of Theorem 8.3.1. Consider an increasing sequence H, — H 
and let u, be the corresponding solutions of P(H,,0) in 2 whose existence is 
guaranteed because H,, < H = 1/w.Comparing with the half cylinder Sy, we know 
that 0 <u, < 1/(2H) in 22 for all n and we let u = limu,. The function w satisfies 
Q_H(u) =0 in 92 and u, — u uniformly in compact sets of (2. In particular, 0 < 
u <1/(2H) in 92. We prove that u can be extended continuously to 092. Let p € 
02 and {pm} C 2 with pm — p. Following the same process as above, we move 
the quarter cylinder Cy until 0Cy touches 092 at the point p. Let v € C*(D pn 
Cc o,) be the function whose graph is Cy and where Dy C IR? is the open strip 
defined by R; U A. By the tangency principle, we have that Cy lies above uy for 
all n around p. Then in a neighborhood of p in 2 Dp, 0 < Un(Pm) < V(Pm), and 
taking limits, we finally obtain u(p) = 0. 


The next result holds again for non-strictly convex domains and it uses cylinders 
as in the preceding theorem. 


Theorem 8.3.3 Let H > 0. Let 2 C R* be a bounded convex domain and let L be 
the length of 022. If 


H< = (8.12) 


then there is a solution of P(H,0). 


Proof First, we prove the existence for H < /3z/L, obtaining a smooth solution 
in Q.1f H = J/3z/L, the argument is similar to that for Theorem 8.3.2 and we omit 
it. Let ¢ € [0, 1] and consider the graphs M; of the solutions of P(tH, 0). Without 
loss of generality, suppose that M; lies above the plane z = 0. Observe that (2 is 
simply connected since it is convex. Then M, is a topological disk and we make use 
of the isoperimetric inequality (6.7) for each M;: 


PaAgA er HA = 0, 


where A, is the area of M;. Using (8.12), the discriminant 162? — 4171? H? of the 
above quadratic inequality on t is positive because 


162? — 4171? H? > 162? — 417 HH? > 40? > 0. 
Then 


Ajt?H? <2n —V4n2— 1212H2 or A,t?H? > 20+ W402 — L212H2 
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for each t € [0, 1]. By Corollary 8.1.6, we know the existence of H-graphs in some 
interval around t = 0. As A; is a continuous map on f, and the first inequality holds 
for t = 0, this equality is valid for any ¢ € [0, 1]. In particular, for t = 1 we have 


AH 2 Qn — V4r?2 — L*H2 
2 2n H 


, (8.13) 


where A = Aj is the area of M = M,. Define 6 = 6(H, L) by 


1 Qn — V4? — L2H? 
2H 2n H , 


6= 


The assumption H < /3z:/L and (8.13) imply that 0 < 6 < 1/(2H) and 


The estimate (6.1) asserts that the height of M with respect to P is less than 
1/2H — 5. Now we employ the same argument as in Theorem 8.3.2 to conclude 
the proof. 


The next result is due to L-.E. Payne and G.A. Philippin and now it is a conse- 
quence of the preceding theorem [PP79]. 


Corollary 8.3.4 Let H > 0. Let 2 C R* be a convex bounded domain such that the 


curvature k of 02 with respect to the inward orientation satisfies 
2H 
k>—. 

V3 


Then there is a solution of P(H,0). 


Proof By the assumption, the length L of 0£2 is less than or equal to that of the 
circle of curvature 2|H|/./3, namely, 


2H H 


Now we apply Theorem 8.3.3. 


In the next result, we assume a control of the area of 2. 
Theorem 8.3.5 Let 2 C R? be a convex bounded domain. If H > 0 satisfies 
a(2)H? < >. (8.14) 


then there is a solution of P(H,0). 
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Proof Inequalities (6.9) and (8.14) imply 


a(Q\H|_ 1 
~ 200 — a(2)H2) ~ 2H" 


The reasoning is as in Theorem 8.3.2, distinguishing cases according to whether or 
not we have a strict inequality in (8.14). 


Note that the inequality (8.14) is not optimal. Indeed, if §2 is a round disk, there 
is a family of small spherical caps that are graphs on (2 with mean curvature H for 
each H with 0 < H* < m/a(Q). In view of this example, one is led to conjecture 
that it suffices to suppose that a({2)H? < , which is suitable in the case when 2 
is a round disk. 

On the other hand, the classical isoperimetric inequality in the plane states that 
L? > 4ra(Q). However this inequality does not allow us to relate Theorem 8.3.3 
and Theorem 8.3.5. 


Remark 8.3.6 S. Montiel proved the solvability of P(H,0) assuming that 
a(2)H* < a?s, where a = (/5 — 1)/2 is the golden ratio: a? ~ 0.3819 [Mon01]. 


We call the reader’s attention to the fact that in the context of the Plateau prob- 
lem for parametric surfaces, there are results of the same flavor as Theorem 8.3.5. 
A theorem formulated by H.C. Wente [Wen69] and sharpened later by K. Steffen 
[Ste76] proves the existence of an H-disk immersed in R? spanning a given Jordan 
curve I” provided that ar H? < 27/3, where ar is the least spanning area of I’. If 
I’ is a plane curve, we have ar = a({2), where §2 is the planar domain bounded 
by I. 

We end this section by considering the case where the boundary curve in the 
Dirichlet problem is not planar. Let 2 C R* be a bounded domain and H € R. 
Firstly we ask for those conditions on $2 and H such that the Dirichlet prob- 
lem P(H,@) is solvable for arbitrary g. This question was solved by J. Serrin 
in [Ser69b] (see also [Ser70] when £2 is not smooth), extending previous results 
of R. Finn for minimal graphs. Comparing with the case g = 0 (Theorem 8.3.1), it 
is clear that the solvability for arbitrary boundary conditions must require stronger 
assumptions on the convexity of £2. 


Theorem 8.3.7 (Serrin) Let 2 C R? be a bounded domain and let x > 0 be the 
curvature of 082 with respect to the inward orientation. If H € R satisfies 


k>2H>0, 
then for any y € C°(8Q) there exists a unique solution of P(H, ¢). 


J. Serrin also showed that the condition k > 2H > O is necessary for the existence 
of solutions with arbitrary boundary values in the sense that if the property « > 2H 
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Fig. 8.4 Proof of 

Theorem 8.3.7. Along the C; 
boundary I’, the slope of M 

is less than that of the 

truncated cone S 


Cr 


fails at a boundary point, it is possible to find a continuous function g on 092 such 
that the problem P(H, ¢) is not solvable. 


Proof As usual, the proof distinguishes the cases k > 2H and « > 2H. The methods 
for the case « > 2H are rather analytic and different. We refer to the original paper 
of Serrin [Ser69b] (see Remark 8.3.8 below). Here we only consider the case when 
« > 2H and ¢ is smooth. Let zo = minper 2(p) and z] = Maxper z(p). If zo = 21, 
gy is constant and we apply Theorem 8.3.1. Thus we suppose zo < z1. We employ 
the continuity method as usual. In order to obtain a priori C!-estimates, it suffices to 
study an H-graph M on £2 with boundary I” = graph(¢) (a similar argument works 
for u;, t € [0, 1]). We know from Theorem 2.3.5 the estimates 


1 1 
Z0 ye att ee (8.15) 
with M = graph(u). By Lemma 8.1.11, we shall control |Vu| along 022, and this 
we will do by means of truncated cones of appropriate mean curvatures and whose 
height is greater than that of M. 

Let h > 0 satisfy Ko/2 > h > H and kp) = minr «x. Fix two positive numbers 
r < R with 


1 1 1 
— R<—<—. 8.16 
ze <r<R< Th < aH ( ) 


Let Cr and C, denote two coaxial circles given respectively by 


a(s) = ¢ cos(s), Rsin(s), zo — a) B(s) = (: cos(s),rsin(s), Zo + a) 


After a rigid motion, suppose that 2 C {(x, y): x” + y* < r?}. Consider the trun- 
cated cone S defined by Cr and C, parameterized by W(s, t) = ta(s) + —1r)B(s), 
t <[0, 1],s €R. See Fig. 8.4. We point out that S is a graph of a function vt de- 
fined on the annulus D = {(x, y) € Rese exe y? < R*}. The height of S is 
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m = (z; — 29) + 2/H and the mean curvature Hs of S with the inward orientation 
is 

Hed 1 m 

s(s,t) = ; 

2 /(R =r)? + mr?)(Rr+ rl — 


This function is decreasing on ¢ and so 


mr 


Hs > As(s, l= , 
2R (R —r)? + m?2r2 


which is a constant. Since 1/(2R) > H, take R sufficiently close to r satisfying 
(8.16) and 


1 mr 


2R /(R—r)? +m?r2 


> HA. 


In particular, Hs > H. 

We now are in position to compare S with M. It is worth noting that any horizon- 
tal level curve at height z of S is a circle of radius p, r < p < R, and by the rolling 
property, this circle can be moved horizontally touching each point of the corre- 
sponding level curve of the cylinder 02 x R at height z. Move S horizontally until 
it contacts M. Since I” cannot touch Cr and C;, by the height estimate (8.15), the 
tangency principle guarantees that S touches M at a boundary point of M. Displace 
S horizontally touching each point of I” (at different heights) which is possible by 
the convexity of (2. Thus we have proved that given q € 02, there exists an annulus 
Dg CR’, asubdomain QF CQ with QF C Dg, q € IQ{ENAID, and AF tangent 


to 9D, at q. Furthermore, u < v* on 27 and u(q) = v*(q) = 9(q). 

Now we use another truncated cone. Let S* be the reflection of S about the 
horizontal plane z = (zp + z;)/2. Then S* is a truncated cone with boundary C, in 
the plane z = zo — 1/H and Cz in the plane z= z} + 1/H. If uv is the function 
that defines the graph S*, the same reasoning as above proves that given q € 092, 
v- <uinsome subdomain 27 with u(q) =v (q) = g(q). Therefore v~ <u < vt 
on at M 2, . Finally, Lemma 8.1.12 gives the control of the gradient of u at q: 


|Vul(q) < {|Vu*|@), 


’ ’ 


Vv |(q)} < sup{|Vu~ Vv |} = sup |Vut 
D D 

where the last equality holds by the symmetry of S*. Observe that vt and v~ de- 

pend only on the cone S, i.e. on 2 and H, obtaining a priori estimates of |Vu 


along 02. 


Remark 8.3.8 In the general case k > 2H in Theorem 8.3.7, the cylinder 02 x R 
itself has mean curvature «/2 and thus, it is greater than or equal to H. However 
092 x R is not a graph on £2. Observe that if r > R in the above surface S, then 
S converges to a right cylinder with mean curvature 1/(2R) > H. One expects that 
given gq € 082, it is possible to slightly incline the cylinder in a neighborhood of 
the point (g, g(g)) € I’, obtaining control of the slope of M around this point. The 
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proof given in [Ser69b] avoids these difficulties by studying the distance function to 
the boundary 02. 


The next result due to J. Ripoll [Rip02] treats non-zero boundary values again. 
In order to place the next theorem in the context of this section, recall that we have 
obtained a set of existence results of the Dirichlet problem for zero boundary data. If 
one wants that the boundary conditions to be arbitrary, then Serrin’s result imposes 
stronger assumptions on the curvature « of 0§2. Between both types of results, we 
ask what assumptions should be assumed for a given function g on 02 in order to 
solve the Dirichlet problem. In [Rip02], sufficient conditions are expressed in terms 
of a boundary slope condition on ¢. 


Theorem 8.3.9 Let H > 0. Let 2 be a bounded convex domain and let g € 
C®(d82). Assume that satisfies a bounded slope condition with constant K > 0. 
Assume either one of the following assumptions: 


1. The curvature k of 8Q satisfies ko > H(1+ K?)’. 
2. The domain Q is included ina strip of width w such that Hw < 1/(1+ K?). 
3. The area of Q satisfies /1 + K2(24+ K7 + KV1+ K2)a(Q)H? <x. 


Then there exists a solution of P(H, @). 


Proof The proof in the three cases is similar, and we only present it for the first 
one. We assume that H satisfies ko > H(1 + K*)?. The case ko = H(1 + K’)? is 
proved by taking an increasing sequence H,, — H, obtaining a sequence of solu- 
tions u, of P(H,, g) and we then follow the proof of Theorem 8.3.1. Assume that 
the orientation points downwards. By the method of continuity, we have to give a 
priori estimates of |Vu| along 02 for a solution u of P(H, g) (Lemma 8.1.11). Let 
M = graph(u). 

Consider p = (q, o(q)) € OM, with gq € 022. Let a be the plane given by the 
bounded slope condition. Let us intersect 2 x R with 7+, obtaining a planar do- 
main D>». In this domain, we consider the Dirichlet problem P(H, 0). For the solv- 
ability, we apply Theorem 8.3.1, showing that there is a solution if the curvature of 
dD», namely kp, satisfies k» => H. We mention that for the cases (2) and (3), we use 
Theorems 8.3.2 and 8.3.5 respectively. We compute Kp. If B(s) is a parametrization 
of 092 by the arclength, then 


a(s) = B(s) + ((B(s) — 4,07) + gq@))es 
parametrizes 0 Dp. A straightforward computation of kp gives 
lex — nj | 
Cp Sayre 


K p(s) =k(S) 
As e31n7, then |e3 — nj | > 1. Using the hypothesis, we find that 


1 
«p(s) > «S) ena = 14+ K?2>H. (8.17) 


This proves the existence of a solution vp € C 7D) of P(A, 0). 
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Now we prove that the graph Gp of vp is, indeed, a graph on (2. For this purpose, 
we know from Theorem 8.3.1 that the slope of G, along its boundary is less than 
that of the H-spherical cap that gave the a priori estimates for the function v,. This 
is expressed as 

2 


H 

8 

| P 2 2 
ko, — H 


where K0p = mingp, Kp. But (8.17) yields 


H? 1 


Vv,|" < < : 
wa H?(1+ K2) — H2 — K2 


Therefore |Vv,|, which measures the slope of G, with respect to tga satisfies 
[Vup||nq | <i, 


indicating that G, C 2 x R. This ensures that there exists a up, € C?(2) N C°(2) 
such that Gp, = graph(up). 

The graph Gp lies above the plane /T " and IT as lies above the boundary 
0M = graph(g) by the bounded slope condition. Using the tangency principle, 
we conclude that G, lies above M, that is, up > u in 92 and up(p) = u(p). Let 
IT, = graph(z,, ), which satisfies p € IT, 1 M. Since the orientation on M points 
downwards, the tangency principle implies that 7, lies below M. Then 


Tp <u<up,ypinQ and Ty (P) = Up(p). 


Lemma 8.1.12 asserts that |Vu|(p) < {|Vup|(p), K}. Since |Vu,| only depends on 
the initial data H, g and §2, we have obtained a priori estimates of |Vu| along 02, 
proving the result. 


Remark 8.3.10 Observe that if g¢ = 0 in Theorem 8.3.9, then we can take K = 0. 
Then the three assumptions correspond, respectively, with the results proved in The- 
orems 8.3.1, 8.3.2 and 8.3.5. 


8.4 The Exterior Circle Condition 


This section provides existence results for cmc graphs when the domain is not con- 
vex. While in the preceding section we used pieces of spheres and cylinders to solve 
the Dirichlet problem, here we show the role that nodoids play as barriers to get the 
desired C!-estimates. 

The key property of nodoids that we shall use is the following. Fix H > 0. 
A nodoid with mean curvature H contains pieces of catenoid-shape with mean 
curvature vector pointing outward. Given an H-surface, we move these pieces of 
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Fig. 8.5 The 1-parameter p 
family of nodoids .4%7 


H-nodoids from infinity towards to the surface with the correct orientation on the 
nodoid for comparison using the tangency principle. See Fig. 8.5. 

Recall the construction of nodoids and some of their properties. Let y(u) = 
(r(u), 0, u) be a curve defined on an open interval J of real numbers, 0 € J, and 
r > 0. The surface of revolution rotating y with respect to the z-axis is 


X (u, 0) = (r(u) cos6, r(u) sin6, u). 


Choose the outward orientation N(u, 0) = (cos@, sind, —r')/V1+r/2 and assume 
that the mean curvature H is constant. The mean curvature is 


1 r yy 


r(1 + r/2)1/2 as (1 + r/2)3/2? 


(8.18) 


where the principal curvatures are each of the two summands on the right-hand side 
of (8.18). Multiplying (8.18) by rr’, we derive a first integral 


r 


V1+r2 


for some constant c € R. Depending on the initial conditions on (8.19), we obtain 
the different Delaunay surfaces [Del41]. So: 


Hr? =— +6; (8.19) 


1. If H =0, r(u) =ccosh(u/c), c #0 and the surface is a catenoid. 

2. Ifr is a constant function, the surface is a cylinder. 

3. Ifc =0,r describes a half circle r(u) = \/1/H? — u? and the surface is a sphere. 
4. In the other cases, we obtain unduloids and nodoids. 


We focus on nodoids. There exist two numbers h, p > 0, where r : [—h, h] > 
[t,o] is an even function and the initial condition r(0) = ¢ > 0 is the minimum 
value of r. Moreover, r(h) = p and r'(+h) = too. In particular, Hp? =c. Since 
r’(0) = 0, from (8.19) we deduce Ht?+t=c, ie. 


= —-14+J/1+4Hc 
= 


(8.20) 
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Therefore H > 0 and so, c > 0. Moreover, 


Ht? +t c 
= ee 8.21 
p V 7 Vi (8.21) 


When convenient, we indicate the dependence of the parameter ¢ by a subscript ¢ 
and by (H) the dependence of H. Let .4; denote the nodoid produced by rotating y 
when }; is defined on the interval [—h, h]. Notice that p;(H) — t(#) is increasing 
on ¢ and 


1 1 1 
pd) 1H) = 5 (1 Een) ” 2H 


as t > 00. 
We now change coordinates. Let us view jy; as a graph on the x-axis and express 
the nodoids as X (x, 0) = (x cos6, x sin@, z(x)). The mean curvature H satisfies 


xz! 


Hx? = ——— +c 


V1+2? 


and for the value x = t, we have 
z(t) =0, z'(t) = +00. 


Therefore 


P e c — Hx? 
(ih =20) 20S / eae i 
t 


dx 
t x2 — (ec — Hx?) 
is H(o? — x”) 
= dx. 
t Vx? — H?(p2 — x2)? 


We collect all these properties below (see Fig. 8.5): 


Proposition 8.4.1 Let H > 0. There exists a 1-parameter family of nodoids {%, : 
t > 0} with constant mean curvature H given by the rotation of a curve y, around 
the z-axis and with the following properties: 


(a) The parameter t measures the radius of the waist circle C; of %, which is 
contained in the plane z = 0. 

(b) The curve y; is a graph on the interval (—h;, ht) and symmetric with respect to 
the r-axis. 

(c) The curve y; has horizontal tangent at the heights z = +h;. In particular, % is 
tangent to the slab S; = {(x, y,Z) € R?: |z| < hy}. 

(d) The mean curvature vector points outside the bounded domain W, determined 
by ™ and the slab S;. 
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Fig. 8.6 The uniform exterior R-circle condition and the rolling property of Cr along 082 


(e) The function h;(A) is strictly increasing on t and 


1 
lim h;(H) = 0, lim h;(H) = —. 
_ 1(H) jim, 1(H) aH 


(f) The function p;(A) is strictly increasing on t and 


1 
lim o(H)=0, lim pr(H) = 00, jim, (er(A) — 1) = = 


(g) The function h,(H) is decreasing on H. 


In this section, we shall prove the existence of a cmc graph provided that we can 
compare with pieces of nodoids: see similar settings in [Fin84, Fin88] on capillary 
problems. First, we need the following definition (see Fig. 8.6): 


Definition 8.4.2 Let R > 0. A domain Q C R? satisfies a uniform exterior R-circle 
condition if at each point p € 082, there exists a closed disk Dp C R?*\ Q depending 
on p of radius R such that Dp M Q ={p}. 


If 2 is smooth, which it is the case that we are considering for solving the Dirich- 
let problem, the uniform exterior condition is equivalent to the condition that a circle 
Cr of radius R can roll outside 2 along 0S2 touching each point of 02 along this 
displacement. If §2 satisfies the uniform exterior R-circle condition for any R > 0, 
then £2 is convex, or in other words, a convex domain may be viewed as a domain 
that satisfies the property for R = +00. 


Theorem 8.4.3 Let H > 0 and let 2 C R* be a bounded domain that satisfies 
a uniform exterior R-circle condition. Let hz = hr(H) be the number given in 
Proposition 8.4.1. Under any of the following assumptions, there exists a solution of 
P(H,0): 


1. The domain Q2 is included in a circular disk of radius r = ./(2 — Hhp)hr/H. 
2. The domain Q is included in a strip of width less than 2hr(A). 
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IT y/ 
A 


2mhpR 
i) << 
H(1+2Hhp) 


3. The length of 082 satisfies 


4. The area of §2 satisfies 


Proof As in Theorem 8.3.1, the proof distinguishes the cases that the solution is 
smooth in 92 or only in &. In the first case, we are assuming in hypotheses (1) 
and (2) that the inclusions refer to the closure of $2, whereas in assumptions (3) 
and (4), we impose strict inequalities on L and a({2). 

We begin with the first case. We claim that any of the four assumptions implies 
that there exists a number h’, 0 < h’ < hr, depending only on R, H and Q such 
that the height of a solution u of P(H, 0) is strictly less than h’. Let P be the plane 
z= 0. Without loss of generality, assume u > 0 on 2 and denote by M the graph 
of u. Recall that the orientation of M points downwards. We distinguish the four 
cases. 


1. Let us consider a hemisphere S of radius 1/H in the half-space {(x, y, z) € R?: 
z = 0} whose circular boundary is contained in P and such that the center of the 
circle 0S agrees with that of the circular disk that contains §2. Notice that the as- 
sumption on r implies 1/H > r. Translate S upward so S is disjoint from M. By 
the tangency principle, translate S downward until 0S arrives at P. We continue 
moving down until S touches 0§2. When this occurs, a calculation proves that 
the height h%, of the part of S over P is strictly less than hr. 

2. Assume that the strip is S$ = {(x, y) € R2: —hpr < y <hr}. As 2 CS, there 
exists a positive number w, 0 < w < hp, such that the straight lines on P 
given by y = +w, z = 0 define a strip B,, C S with the property 2 C By. Let 
(xo, yo) € 2. Let Wr be the H-nodoid of Proposition 8.4.1 for the parameter 
t = R. Position Vp so that its axis of revolution is parallel to the y-axis and 
the two coaxial circles of Vz project on 0S. Moreover, we position Vz so that 
the projection of the lowest points of Vp are the points (x9, —hr) and (xo, hr). 
Since M is compact, we lift up Vr until it does not touch M. Next we move it 
down until the first contact point. By the tangency principle, the contact cannot 
occur at interior points because the Gauss map of -%r points downwards. As 
dp projects on 0S, displace Vg until d.V%g touches the plane z = 0. In fact, 
we move down a bit more until Vp intersects 0 B,,. Denote by Vr, the part of 
Vp that lies above the plane and such that 0.V%R,y touches 0B, at exactly two 
points. This proves that u(xo, yo) is less than the height of zy, say, h’p. 

3. In the same way as in Theorem 8.3.3, the area A of M satisfies AH /(27) <hr. 
This inequality, in connection with the height estimate (6.1), implies u < h for 
some h® <hr. 

4. The number h? is obtained by the height estimate (6.9) and the assumption 
on a(2). 
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Assuming the height is less than h}, we study the existence of such graph. 
Consider the initial nodoids .% of constant mean curvature H defined in Propo- 
sition 8.4.1. Fix 6 with hr <6 <hep. As h; is increasing on t, consider r(é) < R 
such that the nodoid ./%-(5) has height h,:s) = 6. Place -4%,5) in such a way that the 
waist circle C,s) is contained in the plane P. We cut -%(5) by a horizontal plane 
z=e>0, ¢=2e(5), close to P such that the part of -% 3) over z = € has a height 
greater than or equal to hi and the circle [3 = 0.45) N {z = €} has a radius R(65) 
with R(6) < R. Denote by ./* the part of -(5) over the plane z = e. This surface 
is a graph on the annulus Q; = {(x, y) € R* : R(6) < Vx? + y2 < p(d)}, where 
p(6) is the radius of the circle of .4-(5) at height 6. Move .% a vertically until 15 
meets P and let Ds C P be round disk bounded by /;. 

Given p € 9Q, position .V* so that Iy M 2 = {p}, which is possible by the 
uniform exterior R-circle condition and because R(5) < R. Displace .* upward 
until it does not touch M and then let it descend. Since the height of M is less 
than .V*, the tangency principle guarantees that the first intersection point be- 
tween .V* and M occurs when .V* arrives at the plane P exactly at the point p. 
This proves that the slope of M at p does not exceed that of ./* at this position. 
This gives a uniform bound for |Vu| along 0 in terms of .V* and this completes 
the proof of the existence of a solution uw. In addition, as |Vu| is uniformly bounded 
along 02, we have u € C®(Q). 

The second part of the proof makes use of the assumptions (1) and (2) given in the 
statement of the theorem and the equalities in hypotheses (3) and (4). Given H € R, 
consider an increasing sequence H, — H. For eachn EN, let un € C™ (2) bea 
solution of P(H,, 0). We remark that for each H, < H, we can apply the existence 
result of the first part: case-by-case, we have: 


1. It suffices to notice that 


2hr(H 2hr(A, 
ROA) _ cy? < ZR) _ yc)? (8.22) 
H Ay, 
The function 2a/x — a*, a > 0, is decreasing on x for x > 0. Then 
2hr(A) 2hr(A) 
—hp(H)” < ——— — hp(H)’. 


n 


Next, the function 2x /a — x* is increasing on x € (0, 1/a). For values H,, close 
to H, hr(A), hr(An) < 1/An. As hrp(A) < hr(A,) by Proposition 8.4.1, (g), 
we conclude (8.22). 

2. Fixing R, the function hr(#) is decreasing on H. Thus £2 is included in a strip 
of width 2h r(H;,), and we apply the existence result. 

3. From part (1), L satisfies 


iz an — Anh (Hn)) | 
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4. It suffices to prove 
2thr(An) 
A, + 2Anhr(An)) 


a(92) < (8.23) 


As H,, < H, we have 
2thpr(H) 2ahpr(H) 
< : 
H(1+2HhpR(A)) A, (1+ 2HAyhr(A)) 


On the other hand, the function x/(1 + ax), a > 0, is increasing on x. As 
hr(A) <hr(A,), we obtain (8.23). 


Again, compactness arguments prove the existence of u € C?(2) so that un > u 
monotonically and Q_7(u) = 0. The proof that u is continuous on 0§2 is similar to 
that of Theorem 8.3.1. Given p € 9, consider the piece of nodoid ./* of mean 
curvature H obtained when we position . Vg in such way that Cr C P and .V® is 
the part of Vp over the plane P. Let vEC 2(Qr) N C°(QR) be the function on 
the annulus Qr = {(x, y) € R?: R < x24 y? < pr(A)} whose graph is .W* and 
position NR so that CRN 2 = {p}. Let Dp = QRML and consider the restriction 
of v to Dr. Now the argument is standard, taking into account that 0 < uy, < v in 
Dr. 


Theorem 8.4.3 may be viewed as an extension of previous results proved for 
convex domains. A convex domain 2 C R? satisfies a uniform exterior R-circle 
condition for all R > 0. Assume that R = oo and so, hog = limhr(A) = 1/(2H) by 
Proposition 8.4.1, (e). Then the statements of Theorem 8.4.3 have been previously 
proved, indeed: 


1. The domain @ is included ina circular disk of radius /3 /(2H) (Corollary 8.3.4). 
2. The domain £2 is included in a strip of width 1/H (Theorem 8.3.2). 

3. The length L satisfies LH < /3x (Theorem 8.3.3). 

4. The area a({2) satisfies a(@)H? < mz /2 (Theorem 8.3.5). 


Other existence results for cmc graphs on domains that satisfy a uniform exterior 
circle condition appear in [Bgn09, Rip0O1, RSO8]. 


8.5 Radial Graphs in Euclidean Space 


We end the chapter by considering the Dirichlet problem for the constant mean 
curvature equation on a domain of the unit sphere S*. The solutions are radial graphs 
according the next definition. 


Definition 8.5.1 Let 92 C S* be a domain and u € C*(2) M C°(Q). The radial 
graph of u is the surface 


M={x@)= e'Dasg € 2}, 


where x denotes the position vector of M in R?. 
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From the geometric viewpoint, a radial graph M on S? is characterized as a star- 
shaped surface relative to the center of S? (in this case, the origin of R3 ), that is, 
each ray emanating from the origin intersects M transversally. Consequently, if N 
is a unit normal vector field on M, the support function (N, x) is either positive 
or negative on M. Throughout this section, we shall assume the orientation N is 
opposite to the radius vector, which is expressed as (N, x) <0 on M. 

We shall treat the question of existence of radial graphs with constant mean cur- 
vature H € R (briefly radial H-graphs). The pioneering work on this subject is due 
to T. Rad6é who showed that if a simple closed curve  C R? has a single valued 
radial projection onto a plane convex curve, then J” is the boundary of a minimal 
radial graph ({[Rad32, Rad51]; a generalization in arbitrary dimensions appears in 
[Tau81]). 

We establish the associated Dirichlet problem. Consider a radial graph M = 
graph(w) on a domain (2 C S*. Let e1,e2 be a local frame field on S? and let V 
be the covariant differentiation on S2. Let 6;; = (ei, e;) be the metric on S*. The 
metric g;; on M is given by 


Sij = (Vex, Ve jx) = ei =F Ve;UVejU), 


where (-,-) denotes the standard inner product in R?. The inward unit normal to x 
is 


Vu(q) —4 i 
J1+1VuP(q) 


This map WN satisfies the choice of orientation on a radial graph because (N, x) < 0. 
The second fundamental form of x is 


N(x(q)) = Q. (8.24) 


e" (6; ; + 2VeuVe,Uu _ Ve; Ve; U) 
V1+|Vul? 


After a straightforward computation, the mean curvature H satisfies the equation 


Oi; — (Ve; Ve jx; N) = 


Mh 2( a ) 
= e SSS Is 
J1+|Vul2 J1+|Vul? 


where div denotes the divergence operator with the standard metric of S?. In this 
section, we study the Dirichlet problem when the boundary curve I” is contained 
in S*, ic. [ = 092. Then the boundary condition is written in terms of wu as 


div 


(8.25) 


u=0 ond. (8.26) 


The problem of existence of radial graphs of prescribed constant mean curvature 
presents some differences with the Dirichlet problem for a planar domain of R?, 
which we distinguish in this section with the term ‘vertical graph’. This is the case 
for uniqueness, as shown the next example. 
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Fig. 8.7 Non-uniqueness of 

radial graphs for H > Oona 

domain 2 C S?. Here @ is 


represented by the dashed M)(b) 
line 


S(b) 


Example 8.5.2 Let 


1 2r*—1 
wats pe|o, =]. Roy Le Pept =e 


Consider 


S(b)={(x, y,z)€ Rix? +y?+(z+b) = Rp}. 


This surface S(b) is a sphere centered at (0,0,—b) with radius Rp. Let M,(b) be 
the part of S(b) above the plane P with equation z = V1 — r2 and let M2(b) be the 
reflection of S(b)\Mj(b) with respect to P as depicted in Fig. 8.7. The condition 
on b guarantees that both surfaces are radial graphs in the domain 


2 =((,y,2)€S?:2>V1-P}, 


and have the same mean curvature H, = 1/Rp,. Furthermore, Hp satisfies 0 <= 
Hy < 1. Let us observe that the case b = 0 leads to $(0) = S*, hence M,(0) = 2 
and M)(0) is the reflection of S?\2 with respect to the plane P. 


However the uniqueness of the solution holds if H < 0. 


Proposition 8.5.3 Let M, and My be two radial graphs on 2 C S* of two functions 
uy and u2, respectively, and represent by H, and Hp their mean curvature functions. 
Tfuy <uz on 082 and H, < Hy <0o0n Q, then uy < uz in 2. In particular, there is 
uniqueness of solutions of the Dirichlet problem (8.25)-(8.26) if H <0. 


Proof Assume that uj > u2 ata point of 82. By homotheties ¢;(p) = tp, witht > 1, 
we lift M2 outwards until it lies entirely above the surface M, with respect to the 


8.5 Radial Graphs in Euclidean Space 165 


radius vector. Then lower it by homotheties again (t \, 1) until the initial contact 
point p with M, att = fo > 1. Since the mean curvature is non-positive, homotheties 
with ¢ > 0 increase the value of the mean curvature as we increase t. Let M} = 
$1) (M2). Since M; is tangent to M, at p, the normal vectors to Ms and M, coincide. 
Then M, lies locally above M4 around p and the comparison principle implies 
H5(p) < H\(p). We distinguish two cases: 


1. Case H2(p) <0. Since to > 1, we have 


1 
H3(p) = 7 2) > Hy(p) > Ai (p), 


obtaining a contradiction. 

2. Case H2(p) = 0. Here H}(p) = 0, hence H)(p) = 0. The tangency principle 
implies that M agrees with M, on an open subset around p. In this open sub- 
set, Hy; = Hy/to = Hy. Since H, < Hz and fp > 1, this implies H; = Ho = 0 
in this open set. With the same argument by using the tangency principle, 
and by connectedness, we conclude that M, = M3: a contradiction because 
dM, #9M) = (1/t0)dM2. 


We know that if H #0, a vertical H-graph with boundary in a plane P lies on 
one side of P. In our context, we ask if a radial H-graph on 2 C S* and with bound- 
ary 092 lies on one side of S2. In fact, the sign of H plays a fundamental role for 
the existence and uniqueness of radial H-graphs (recall that for zero boundary data, 
the sign of H is irrelevant for vertical graphs). More precisely, throughout this sec- 
tion, we will see that there are three intervals in the range of H where the behavior 
of the Dirichlet problem for radial graphs presents important differences, namely, 
(—oo, 0), [0, 1] and (1, +00). Definitively, this shows that the Dirichlet problem for 
radial H-graphs has a richness that well deserves its own interest. For existence and 
uniqueness of radial graphs, see also [AF08, AFRO6, CG13, FRO3, Swa04, Swa05]. 

One cannot expect solvability of the Dirichlet problem (8.25)-(8.26) without any 
assumptions on H and the size of the domain (2. In fact, we have: 


Proposition 8.5.4 Consider a domain 2 C S* containing the closure of a hemi- 
sphere of S?. Then the Dirichlet problem (8.25) is not solvable for H <0. 


Proof There is no loss of generality in assuming that §2 contains the upper hemi- 
sphere of S*. Then 32 is included in the half-space R? = {(x, y,z) € R?:z < 0} 
and the boundary 4M of a radial graph M on @ lies in R3 . Consider the horizontal 
plane P; with equation z = t. Decrease t from ¢t = +00 until P; first touches M at 
t = fo. As M is the radial graph of a positive function, the half-line L = {(0, 0, r): 
t > O} intersects M. This means that to > 0. If pe MN Py, p = (P1, P2, to), the unit 
normal vector is N(p) = (0,0, —1) because (N(:p), p) = —to < 0. Then M > P 
around p and the comparison principle yields H(p) > 0. As H <0, then H = 0 
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on M. The tangency principle implies that M is a domain included in the plane P,,. 
This contradicts the fact that 9M lies in R?. 


In the simplest case where 92 is a round disk of S*, appropriate spherical caps 
with boundary 092 are radial H-graphs on (2. In general, the plane P containing 
the circle does not include the origin of R°. If 2 is included in a hemisphere and M 
is a radial graph, then MM (P \ 2) =G and Corollary 4.1.4 implies that the surface 
is a planar disk or a spherical cap. If 2 contains the closure of a hemisphere of S*, 
we do not know if umbilical surfaces are the only examples. In fact, we have the 
following 


Conjecture Planar disks and spherical caps are the only star-shaped surfaces 
in R? with constant mean curvature and circular boundary. 


If the conjecture is true, it would be the boundary version of Jellet’s theorem. 
On the other hand, J. Serrin studied the existence and uniqueness of radial graphs 
with prescribed mean curvature [Ser69b, $23]. Taking into account the choice of the 
orientation on a radial graph, he proved: 


Theorem 8.5.5 Let H <0 and let 2 C S* be a domain whose closure is contained 
in an open hemisphere. Let Hr be the mean curvature of I = 092 as a submanifold 
of 82, computed with respect to the unit normal pointing to the interior of 2. Let 
be a smooth function on 092 such that 


Hr(q) => —2He? >0 (8.27) 
on 082. Then there exists a unique solution of (8.25) with u= @ on 082. 


In particular, if Hp > O, there exists a minimal radial graph on 2 for arbitrary 
values of y on 882. When the prescribed boundary is included in S?, i.e., g = 0, the 
mean curvature condition (8.27) can be relaxed. We now state the main result in this 
section [Lop03a]: 


Theorem 8.5.6 Let 2 be a domain on the unit sphere S* whose closure is contained 
in an open hemisphere and let H <0. If 


Hr >—-H, 
there exists a unique radial H-graph on 82 with boundary 082. 


Following the method of continuity, we introduce a real parameter ¢ € [0, 1] into 
the boundary-value problems P (tH, 0). We need to find C!-estimates for a prospec- 
tive solution of (8.25)-(8.26). 

Let us begin by obtaining a priori bounds for |u| on @. If p= eq, q € Q, 
denotes the position vector of a radial graph M, then |p| = e“. Thus C°-estimates 
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of u correspond with bounds of |p| for each p € M. We study the general case of 
boundary data ¢ in the Dirichlet problem and set 


: 2 2 
m= min : R= max . 
ne ae 


Theorem 8.5.7 Let Q be a domain in S* and let M be a radial H-graph on Q. 
1. If H <0, then 


-14+/14+mH2 
Nm <iplsVR, peM. (8.28) 
2. If H > 0, then 
1+/1+ RH 
IpI< , pemM. (8.29) 
H 
3. If H =0, then 
lpl<VR, peM. (8.30) 


Proof In view of (2.23) and (2.25), we have 
H 
a( Fier +(N(p), r}) = (2H* — |ol'(p))(N(p), p) 2 0. 
The maximum principle gives 
EP aine gem eevee (8.31) 
2 "= neam\ 2 a je , 
Suppose now H < 0. Then 
H 5 H 
les (N(p), p) < zm 


that is, —H|p|? + 2|p| + Hm > 0. This quadratic inequality on |p| has one neg- 
ative and one positive root. Then one derives the left-hand inequality in (8.28). If 
H > 0, the argument is similar obtaining (8.29). If H <0, the maximum principle 
for Eq. (2.23) yields directly the right-hand inequalities in (8.28) and (8.30). 


If 9M CS? and H <0, the inequalities (8.28) read as 


-1+VJ/1+ H2 
— <|pl<1 (8.32) 


for all pe M. 
Observe that the estimates (8.28), (8.29) and (8.30) are sharp as shown in the 
following example: 
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Fig. 8.8 The radial graphs 
M, and M2 on 22 attain the 
extremal values of the 
modulus function |p| given in 
Theorem 8.5.7 


Example 8.5.8 Letr € (0, 1) and 2 = {(x, y,z) € S*:z>VJ71— r2}. Let 


1 a r 
JI—-r)  1-r J 


The surface S(r) is a sphere centered at the point (0,0,1//1—r7) of radius 
r//1—r2.. Then 0Q determines two spherical caps on S(r), namely M; and M2, 
which are radial graphs on {2: see Fig. 8.8. According to the choice of N, H is 
negative on M, and positive on Mp. It is easy to see that M; and Mp attain the 
bounds (8.28) and (8.29) of Theorem 8.5.7, respectively. Notice that both graphs 
are tangent to the cone from the origin of R? and based on 92. Let us observe that 
M; are orthogonal to S? along its boundary. In this sense, there is some analogy with 
vertical graphs of R*, see Theorem 2.3.5. Finally, the planar domain of the plane P 
with equation z = /1 — r2 and defined by |p| < 1 is a radial minimal graph on 2 
and |p| < 1. 


se) = [a..z eR a? +y?+(2- 


If H > 0, it is possible to have a priori lower estimates for |u|, provided the clo- 
sure of 2 is included in an open hemisphere. This improves the estimate (8.29). In- 
deed, without loss of generality, assume that 2 is included in the upper hemisphere 
of S?. Write u = mingeae z(q) > 0. Compare M with horizontal planes arriving 
from the half-space z < 0. As the orientation on M points in the opposite direction 
of the vector position, the tangency principle implies that the first contact point be- 
tween the planes and M occurs at boundary points and we arrive at the height z = p. 
In particular, « < z(p) < |p|, for all p € M, and thus, log <u on Q. 

Having obtained estimates of |u| in Theorem 8.5.7, we proceed to estimate |Vu|. 
In order to do this, it will be convenient to express Vu in terms of the support 
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function of M. The expression of N on M given in (8.24) yields 


e#() 
N(p), P) = >. 
| | V1+ |Vul?(q) 


Thus the bounds of |Vu| are obtained provided that we have estimates for the sup- 
port function (N, x) together with the C°-estimates derived for u in Theorem 8.5.7. 
Here we follow the same ideas as the second proof of Theorem 8.3.1. 

As usual, we first assume Hr > —H and at the end of the section, we return to 
the general case Hp > —H. In the next result, we suppose u = 0 on 022. 


(8.33) 


Theorem 8.5.9 Let 2 CS? be a domain and let H <0. Assume that Hr > —H. 
Then there exists a positive constant C = C(Q2, H) such that if u is a solution of 
(8.25)(8.26), we have 


sup |Vu| < C. 
2 


Proof Assume that M = graph(u). In view of (8.28), we have |p| < 1 on M and 
the maximum principle gives (v(p), p) < 0 along 092, where v stands for the inner 
unit conormal vector of M along 082. Inequality (8.31) guarantees that the function 
H|p|?/2+ (N(p), p) assumes its maximum at a point q € 02: 


H 5 H 
35 |PI +(N(p), p)< a +(N(q), 4) (8.34) 
for all p € M. Moreover, the maximum principle gives (vg = v(q)) 
H(vg,q) + (dNqvq,q) < 9. 
Consequently, 


(H — (vq, vq))(vq,4) <0. 


This inequality and the fact that (v,,q) < 0 yields o(vg,¥,) < H. Let a be an 
arc length parametrization of OM. As 2H =o(a’,a’) + a(v, v), it follows that 
H < a(a’,a’). Decompose the second fundamental form o of the immersion 
32 — S* as the sum of the second fundamental form o@ of 92 << 2 and the 
second fundamental form of 22 > S*. Thus 


o(a’(q), @'(q)) =a (a (gq), a'(q)) (vq, g) — (N(Q), 4): 


(v9.9)? +(N(q).4) =lI? =1 


and (vg, q) < 0, we have (vg, ¢g) =—/1—(N(@), q)2. Then 


(N(q),q)) +H <—Hr(q@)V1-(N@,4)- 
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Since (N(q),q) <0, we find that 


—H — Hr(q),/ Hp(q) + 1-H? 


N(q),4) < 
1+ H2(q) 
Let introduce the values 
Ko = min Ar(q), kK, = max Ar(q). (8.35) 
qedQ qe02 


Taking into account this inequality and (8.34), it follows that for each p €¢ M, we 
have 


H H + Hr(q)V Arq)" + 1 = H? 
(N(P), P) < > (1 — IPI) 1+ Ary 
H+ Ar(q)VHr(q)? + 1-H? 
= 1+ Ar(q)? 
H+ Ko /eg + 1— HP 
2 
1+) 


Let us remark that the constant b; is negative and it depends only on {2 and H. 
According to (8.28) and (8.33), the number b; determines a constant C(§2, H) such 
that |Vu| <C. 


Observe that if H <0, Eq. (2.25) leads to A(N(p), p) = 0. By the maximum 
principle, the function (N(p), p) assumes its maximum at a point of 0M. In this 
case (with no assumption on Hr), supg|Vu| = maxag |Vul. 

From Theorems 8.5.7 and 8.5.9, we have obtained a priori C! -estimates for solu- 
tions of (8.25)-(8.26). Once such estimates have been established, we shall prove the 
existence of a solution to the Dirichlet problem by means of the continuity method 
as usual. Define 


t= {t € [0, 1] : there exists a solution u, of P(tH, 0)}. 


In this context, we show that .Y is a non-empty, open and closed subset of [0, 1]. 

First, we prove that 0 € .7. As we observed earlier, this is a consequence of 
Theorem 8.5.5. This means that we can start the existence procedure. In a second 
step, we prove that .” is open in [0, 1]. Recall that the linearization of the mean 
curvature is the Jacobi operator L = A + |a|?. Using (2.25), the kernel of L is 
trivial because 


L((N,x)) =—2H = 0 


with (N, x) <0 and so, L is an elliptic operator of index zero (see Remark 8.1.5). 
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It remains to see that .Y is closed in [0, 1]. This is equivalent to finding global C!- 
estimates of each solution u; independent of t. As a consequence of Theorem 8.5.7 
and Proposition 8.5.3, for each solution u;, t € [0, 1], we have 


-14+J/1+ H2 
SS expr) <1. 


Thus 


ala lanes 


log < 
|| 


uy SY, 
obtaining the desired a priori C°-bounds for u, independent of t. 

Returning to estimates for |Vu|, we apply Theorem 8.5.9. We need to estimate 
b, in (8.36) from above by a bound independent of t. As H < 0, we have 


tH +ko,/Ko + 1— 12H? H +ko,/Kq +1—H? 


< <0, 
L+K? = l+K? 


b= 


giving the corresponding estimates of |Vu|. Since we obtain supg|Vu| < oo, the 
function u is smooth in 22. 

Finally, we consider the case Hr > —H. Let H, > 0 satisfy H, \. H. Then 
Hr > —H > —H). By the above case, let u, € C~ (2) be a solution of the Dirich- 
let problem (8.25)-(8.26) for H,,. By Proposition 8.5.3 and Theorem 8.5.7, uy, is 
an increasing function with u, <0. By compactness arguments, there exists a sub- 
sequence, renamed uy, and u € C*(2) such that uv, > u uniformly on compact 
subsets of £2. Then u solves (8.25) for H in 2. 

Now we prove that u extends continuously to 0§2 with u = 0 on 02. As barriers 
we use the spherical caps that appeared in Example 8.5.8, which play the same 
role as hemispheres in Theorem 8.3.1. More precisely, let ko be the number given 


in (8.35). Take the surface M; C S(r) given in Example 8.5.8 for r = 1/,/1+ ke 


and denote by £2; the round disk bounded by 9M in the upper half-sphere of S* 
(see Fig. 8.8). According to the orientation, the mean curvature of M, is H, = 
—V1—r?/r = —xo and H, < H. On the other hand, as ko > —H, 2 CQ). 

We claim that int(M,) MN int(G,,) = @ where G,, if the radial graph of u,. For this, 
we apply homotheties tM, for t € (0, 1) and t \, 0 until tM, 1 G, = @. This holds 
because §2 C $2; and G,, and Mj, are radial graphs on §2 and {2, respectively. Next, 
we go back by letting ¢ 7 1. If there is a first touching point between t9M, and 
Gn, with fo < 1, this contact must occur at an interior point. Thus, both surfaces are 
tangent. The comparison principle implies that H) /t9 > H,, which is a contradiction 
since tg < 1 and Hi < H < H,,. Therefore we return to the initial position of M, 
proving the claim. 

This proves that G, lies in the domain W Cc R? bounded by My U £21. Similar 
reasoning proves that this also happens for the surface M, the graph of u. We are 
now in position to prove the continuity of wu on 092. Let p € 092. Since the geodesic 
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curvature of 02; is (constant) kg and the geodesic curvature of 092 at p is Hr(p) 
with kg < Hpr(p), after a rigid motion it is possible to position Mj so that 2 C Q, 
and p € 08210821. Let vp be the function defined on $2; whose radial graph is M1. 
By the claim, vp <u, in $2 and, in addition, we know that uy, < 0. If pm > p with 
Pm € &, then vp(Pm) < Un(Pm) < 9. By letting n > 00, vp(Pm) < u(Pm) < 9. 
Now let m — ov. By the continuity of vp on 2 C 2) and since vp(p) = 0 we 
finally prove that lim,,-. 45 U(Pm) = 0. 


Chapter 9 
The Dirichlet Problem in Unbounded Domains 


This chapter deals with the Dirichlet problem for the constant mean curvature equa- 
tion in the case that the domain 2 C R? is not bounded. There are differences be- 
tween the cases H = 0 and H #0. Bernstein’s theorem establishesthat the only 
minimal graph defined on R? is an affine plane. In contrast, if H ~ 0, there do 
not exist H-graphs on R?, in fact, 2 cannot be ‘large’ in the sense that 2 can- 
not contain in its interior a closed round disk of radius 1/|H|. If H = 0, any un- 
bounded domain of a plane is a solution of the minimal surface equation. Further- 
more, uniqueness does not hold even for simple boundary conditions. For example, 
if 2 = {(x, y) € R?: x > O}, the linear function u,(x, y) = cx, c € R, satisfies the 
minimal surface equation on S2 for every constant c, with ue = 0 on 02. For un- 
bounded domains, a pioneering article on minimal graphs is that of P. Collin and 
R. Krust [CK91]. See also [Ber51, ER89, EsRill, FM11, Hwa88, Hwa94, KT98, 
Kuw93, LR88, Maz04a, Maz04b, Spr02]. 

In this chapter we shall treat the question of existence when H 4 0. We shall 
characterize the solvability of the Dirichlet problem when {2 is convex. In this set- 
ting, we use cylinders as barriers. If {2 is not convex, we use nodoids to obtain 
results of existence when (2 satisfies a uniform R-circle exterior condition in the 
same spirit as Sect. 8.4. In addition, we shall obtain height estimates for cmc graphs 
with the same flavor as those obtained for bounded domains. The method of exis- 
tence that we apply is a modified version of the classical Perron method of super 
and subsolutions. The subsolution will be a solution of the minimal surface equa- 
tion, while a supersolution is replaced by a family of local upper barriers, which will 
be pieces of cylinders or nodoids depending on the domain. See [Jin06, Jin08] for a 
similar setting with variable mean curvature in unbounded domains. 

The main results in this chapter appear in [Lop01b, Lop02b, Mee88, RR1O]. 


9.1 Height Estimates 


Examples of H-graphs on unbounded domains are some pieces of half cylinders. 
The half cylinder of radius r given by C, = {(x, y,z) € R?: y? +27 =r?,z>0} 
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is the graph of the function z(x, y) = /r2 — y? defined on the strip B, = {(x, y) € 
R? : |y| <r}. In this example, z € C?(B,) and z extend continuously up to 9B,. The 
mean curvature is H = 1/(2r) with respect to the downward orientation. 

R. Finn derived a necessary condition for the existence of a solution on a strip 
for arbitrary boundary conditions [Fin65]. 


Proposition 9.1.1 Let H 40. Consider a strip 2 C R* of width w > 0. If there is 
a Solution of (8.1) on 92, then w < 1/|H|. 


Proof Assume @ = {(x, y) € R? : —w/2 < y < w/2}. For each n €N, define the 
truncated domains (2, = {(x, y) € 2:-—n <x <n}. On 2y, the divergence theo- 
rem applied to (8.1) gives 


4nw|H| = 2|H| area(Q,) < L(8Qn) = 4n + 2w. 


Letting n — oo, we conclude |H| < 1/w. 
This result extends to unbounded convex domains. 


Theorem 9.1.2 Let H 40 and let 2 C R* be an unbounded convex domain. If 
(8.1) has a solution, then Q2 is included in a strip of width 1/|H|. 


Proof Let u be a solution of (8.1) defined on 2 and let G denote the graph of w. 
Consider the orientation given in (8.3). Since {2 is not bounded, we cannot directly 
apply Corollary 3.1.7 and so we do not know the sign of AH. In view of Theo- 
rem 3.3.2, for each p € 92, the closed disk D(p, 1/|H]) is not included in 22. Using 
this property and the convexity of 2, it follows that @ is included in a strip B’ of 
width 2/|H| and by means of a rigid motion, assume that 


1 1 
B’ =}(x, y)€ R?:-— < <a}. 9.1 
{ y) Tie (9.1) 
Since §2 is a convex domain, there are two possibilities. First, if the x-coordinate of 
all points of (2 is not bounded from above and from below, then 92 is a strip included 
in B’. Then Proposition 9.1.1 shows that the width of 2 is less than 1/|H]. 

In the other case, the x-coordinate is bounded from below or from above, and 
the two branches of 0§2 are asymptotic to a strip B,C B’ of width h, each being 
a branch asymptotic to each straight line of 0B). After a translation, suppose that 
the infimum of the x-coordinate of (2 is 0. Then 22 C {(x, y) € R?:x> O}. Fur- 
thermore, 082 — 0B), as x — +00. By the convexity of 2 and because 2 is not 
bounded, for each n > 0, consider the two points {y1 (7), ye) } = 2N{(, y): ye 
R}, with yj (2) < y2(n). For each m > n > 0, let 


nim = {(x, y) ER? in <x <m, y(n) <y < y2(n)} 


be the rectangle whose sides have lengths m — n and y2(n) — y(n). See Fig. 9.1. 
The convexity of §2 implies that 2p, C &. 
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Fig. 9.1 The domains £2, in the proof of Theorem 9.1.2 


An integration of (8.1) on §2,,m and the divergence theorem yields 


2|H|(m — n)(y2(n) — yi (n)) = 2|H | area(2nm) 


< L(OQqr,m) 


i (Vu, n) 
IQnm V1 + |Vul? 


2 
= 2(m —n+t yo(n) — yi(n)) = 2(m At aa): 
where n denotes the outward unit normal vector along 0{2y,. Letting m — oo, we 
see y2(n) — y(n) < 1/|H |. Since the two branches of 02 are asymptotic to the strip 
0B), in the limit case n —> 00, we conclude h < 1/|H| and the theorem is proved. 


Constant mean curvature graphs defined on unbounded domains with g = 0 in 
the boundary condition (8.2) have similar height estimates as in Theorem 2.3.5. We 
point out that, although many of the results on existence of the Dirichlet problem 
in this chapter are formulated for a convex domain 2, the next theorem holds for 
arbitrary domains £2. 


Theorem 9.1.3 Let H > 0. Consider an unbounded domain 2 C R? and let u € 
C2(2) N C°(Q2) with u =0 on dQ. If M = graph(u) is an H-graph, then 0 < 
|u| < 1/H. In particular, either u > 0 on 2 oru<Oon. 


Proof Denote by N the orientation corresponding to H > 0 and let P; be the hor- 
izontal planes with equation z = ¢t. First we prove that M lies on one side of Po. 
Assume that u takes negative and positive values in §2. Let g € 2 be a point such 
that u(q) > O and consider the vertical half-line L = {g} x [u(qg), oo). Consider 
the spheres of radius 1/H centered at L and approaching from above. In the first 
contact point with M, the intersection must occur at a point p whose third coor- 
dinate is greater than or equal to u(qg). By the tangency principle, N(p) does not 
coincide with the unit normal vector of the sphere at p. As M is a graph, the point 
p must necessarily belong to the lower hemisphere. Since the unit normal vector 
of the sphere (for H > 0) points inside, then at p it points upwards. It follows that 
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N(p) points downwards. As M is a graph, (N, e3) < 0 on M. Now, we proceed with 
points where u < 0 and comparing with spheres approaching from below. A similar 
argument and the tangency principle prove that M and the first sphere of contact 
agree on a common open set which implies, appealing to Theorem 2.2.2, that M is 
umbilical, a contradiction. In fact, if u takes positive values, then u > 0 in 92 and 
int(M) M Po = @: on the contrary, and if g € int(M) | Po, the comparison principle 
between M and Po at g yields a contradiction because Po lies above M around q. 
This proves that u 4 0 on int(M), which is the first statement of theorem. 

Without loss of generality, assume that u > 0 in 92. The previous reasoning 
proves that if H > 0, the orientation N points downwards. The proof of theorem 
comprises two steps. 


1. Claim. The height of M is bounded. 

This result is particular case of a more general result that asserts that given a 
strong stable H-surface, the intrinsic distance from a point of M to 0M is less 
than or equal to 7/H ([RR10]; also [FS80, LR89]). In this case, an H-graph 
is strong stable by Theorem 2.3.10. As u = 0 on 092, the value |u(q)| is less 
than the distance between (g, u(q)) and 0M, which is less than or equal to 7/H, 
proving that uv is bounded. 

However, we present a proof which does not use this result. Here we follow 
[Mee88] with some minor modifications. As u > 0 in £2, let W be the domain 
bounded by M U & that lies below M. Consider the plane Py;q. If Piyy 
M = Q, the height of M is bounded by 1/H and the claim is proved. Thus, 
we suppose that P;/7 does intersect M and that this intersection is transverse: 
if not, we replace P,/y by another horizontal plane Pe+1/H, € > 0 where the 
intersection is transverse. Let D be a connected component of Pi/y M W and 
assume that there are two points g;, g2 € D at distance greater than 2/H. Then 
there are two parallel lines L; and L2 contained in Pi/y and at distance 2/H 
apart, with gj € Lj,i = 1,2. Leta: [0,1] > D be an embedded arc with a (0) = 
a((0, 1]) A Ly and a(1) = a([0, 1]) MN L2 (the end points of a may not agree 
with the points q;). Let L',, L’, be the vertical translations of L; in the plane Pp. 
If a(s) = (x(s), y(s), 1/H), let E = {(x(s), y(s), t/H) : s,t € [0, 1]} denote the 
set of all vertical translations of aw between the heights z = 0 and z = 1/H. Then 
E is included in W because M is a graph on §2 and a([0, 1]) C W. Consider the 
convex hull Q of L} UL2U L{, UL. Since E C Q is embedded with JE C 0Q, 
the set Q \ E has exactly two connected components, and denote by Q; and Q2 
the closures of both components. The surface E will be used as ‘a door’ to enter 
into the domain W with a hemisphere of radius 1/H. See Fig. 9.2. 

Let L C Po denote the equidistant line from Li and Ly and, after a horizontal 
translation and a rotation about the z-axis, assume that L = {(t,0,0):t € R}. 
Suppose that Q; is the connected component that intersects L for values t close 
to t = —oo. Consider the 1-parameter family of hemispheres {S; : tf € R} cen- 
tered at (t, 0,0) of radius 1/H with 0S; C Po and contained in {(x, y, z) € R3: 
z > O}. Then S; C Q for all tf, and for t close to —oo, S; is included in Q}. In- 
crease ¢ until S,, first contacts with E at t = to. Next we continue to increase f 
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Fig. 9.2. Proof of the boundedness of an H-graph 


and let oe = S;M Q2. Note that for some € > 0, 
aS CEU(QNQ2) and St CW 


for t € (to, t9 + €). We point out that the part of 3S;" in 2M Qz is a piece of a 
circle of radius 1/H. 

We claim that for some ft > to, Sy, C W. On the contrary, there exists a first time 
t2 > to such that Sp CW, Shas g W ford>0. AsdOW=MUQ, it follows 
that La \ (ast  E) intersects M at a point p € M. If p is an interior point, 
both surfaces are tangent; if p € 0M, both surfaces are tangent again because Si 
is orthogonal to Pp along 3;5 M Po, which means M is vertical at the contact 
point. Since Ss has mean curvature H with the inward orientation and ice >M 
around the contact point, the tangency principle implies that via C M inan open 
set around p. In particular, there is an open set in M formed by umbilical points 
and by Theorem 2.2.2, M is included in a sphere, a contradiction. Having proved 
this claim, and since S;, C W, we conclude that 2 contains the closure of a disk 
of radius 1/H, which is impossible by Theorem 3.3.2. 

Summarizing, we have proved that the diameter of each connected component of 
Pi OW is at most 2/H, in particular, such a connected component is bounded. 
Thus, and in view of Theorem 2.3.5, the part of M above P\;7, which is an H- 
graph on bounded domains, has a height of at most 1/H. This proves that the 
height of M is less than 2/H and so, is bounded. We point out that if we need 
to work with the intersection Pe+1/4 MM, the same argument proves that the 
part over P.41/H is bounded. In fact, the height of this part is less than 1/H, but 
letting « — 0 and by transversality, the height of M over Pj/y is less than or 
equal to 1/H. 

Claim. u < 1/H. 

Consider on M the function f = H(x,e3) + (N,e3). If f <0 on M, then 
(x, e3) < —(N,e3)/H <1/H and the height estimate is proved. Thus, assume 
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spheres unduloids cylinder 


ae! to al ail. 
t= a aa <b < ‘= oR 


Fig. 9.3. Unduloids with the same mean curvature H and parameterized by the bulge radius f. 
As the parameter f¢ ranges from t = 1/H to t= 1/(2H), the H-surfaces change from a stack of 
spheres, through to unduloids and, finally, to a cylinder 


that f is positive at some point. By the preceding step, we know that (x, e3) 
is bounded. Let c = supy f and take p, € M such that f(pn) > c. Taking a 
subsequence if necessary, we assume that u(pn) > Zo and (N (pn), e3) > no. If 
zo <0, then c = lim f (py) = Hz + no < 0, a contradiction. Thus, zo > 0. Then 
we assume that u(p,) > 0 for all n. 

For each n, displace horizontally M so that py, lies in the z-axis and denote by 
M,, the new surface. In view of Lemma 6.4.1, we know that an H-graph with zero 
boundary values satisfies a priori interior curvature estimates. Therefore a subse- 
quence of M,, converges to an H-graph on a domain of R? and the boundary of 
this graph lies in Po because 0M, C Po. Let p = lim p, and M be the connected 
component of the limit surface containing p. As z( p)= = limu(pn) = Zo > 0, we 
have p € int(M). Since the function f defined on M assumes a maximum at p 
and Af > 0, it follows that f is constant on M. By Lemma 2.3.4, M is umbilical. 
As H £0 and Misa graph, Mis part of a small H-spherical cap with boundary 
on Po. But in this cap, f < 0, contradicting the fact that c > 0. 


The height estimate obtained in this theorem is sharp because there exist undu- 
loids that are H-graphs on unbounded domains whose height is as close to 1/H as 
we wish. Unduloidsare embedded cmc surfaces of revolution and translationally pe- 
riodic [Del41]. Place an H-unduloid so that its axis of revolution L lies in the plane 
z = 0. The unduloid has (infinite) bulges and necks, in fact, this unduloid belongs to 
a l-parameter family of H-unduloids {U; : 1/(2H) <t < 1/H} with the same axis 
L and the parameter ¢ indicates the bulge radius. If t ~ 1/H, the family converges 
to a stack of spheres of radius 1/H whose centers lie in L and if t > 1/(2H), the 
limit surface is a cylinder with axis L and radius 1/(2H). See Fig. 9.3. The part uF 
of U; above Pp is the graph of a function u; ina domain 92; C Po, u; = 0 along 082; 
and US is vertical along 0§2;. Then the height of U ig ranges from 1/H (spheres) to 
1/(2H) (cylinder). 

A direct consequence of the proof of Theorem 9.1.3 is: 


Corollary 9.1.4 Let H > 0. Let 2.C R* be an unbounded domain and u € 
C2(2)N C°(Q) with u = g on 082. If g is bounded and M = graph(u) is an H- 
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graph, then 

inf y : <u<supo+ ] 

i ——<u<supg+—. 

02 HT ~~ a2 H 


This corollary extends the estimates obtained in Theorem 2.3.5 for unbounded 
domains of R?. 


9.2 Graphs on Convex Domains 


The next theorem provides a characterization of the solvability of the Dirichlet prob- 
lem when 2 is an unbounded convex domain and u = 0 along 022. 


Theorem 9.2.1 Let H £0 and let 2 C R* be an unbounded convex domain in- 
cluded in a strip of width 1/|H|. Then there exists a solution u of the Dirichlet 
problem P(H,0). Moreover 0 < |u| < 1/(|H|) in Q. 


Proof Observe that if u is a solution of P(H, 0), the function —uw is a solution of 
P(—H, 0). Thus we may prescribe the sign of H and, without loss of generality, 
suppose H > O with the downwards orientation. This means that u > 0 in §2. Con- 
sider §2 included in the strip B = {(x, y) € R?: —1/@QH) <y<1/(@H)}. 

By Corollary 9.1.4 we know that there are height estimates for a solution u of 
P(H, 0). Recall that these estimates hold for any domain of R?, independently of 
whether {2 is or is not convex. However, in the case that we are considering here, that 
is, where §2 is included in a strip of width 1/H, a standard comparison argument 
with half cylinders of the type z(x, y) = ./1/(4H2) — y? and the plane z = 0 gives 
us 


O<u(r,y)<72@,y), Gye. (9.2) 


See also the proof of Theorem 8.3.2. This proves the last statement of the theorem. 
Now we prove the existence of a solution where {2 is either an infinite strip 
parallel to the x-axis, or §2 is a domain where the x-coordinate of all points of 2 is 
bounded above or below and asymptotic to a strip included in B. 
If £2 is a strip, by means a rigid motion, assume that 2 = By, with h < 1/(2H). 
Then 


ues. =\o y2 — 2 
4H? > ~~ V 4H 


is a solution of (8.1) with wu =0 on 02 and u describes a piece of a cylinder of 
radius 1/(2). 

Assume now that £2 is not a strip. In order to find a solution u of the correspond- 
ing Dirichlet problem, we shall employ the classical Perron method of subfunctions 
for (8.1) (see [CH89, Vol. 2]; also [GTO1, Ser70]). This will be possible provided 
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that for sufficiently small disks there exist solutions of (8.1) with arbitrary continu- 
ous boundary values. 

Let v € C°(2) and let D C @ be aclosed disk. Denote by @ the unique solution 
of the Dirichlet problem 


Q_y(v)=0inD, v=vondD. 


Here we use Q_y instead of Qy because we are assuming the downward orienta- 
tion in (8.1). The existence of the function v is guaranteed by Theorem 8.3.7 because 
as D C 2, the radius of the disk D is less than 1/(2#). It follows that the curvature 
of 0D is greater than 2H. Define the continuous function Mp(v) in 92 by 


Mp(wy(py= 40? PEP 
v(p) pEeQ\D. 

A function v € C°(2) is said to be a subsolution in Q if v < Mp(v) for every disk 
D in §2. Moreover, and in such case, v is called a subfunctionrelative to 0 if v < 0 
along 0D. 

Let F denote the class all subfunctions relative to 0. First, observe that F 4 ¥ 
since 0 € F: for any disk D C 22,0 < Mp(0) in D by the maximum principle. The 
next lemma gives some properties of F that are needed in the Perron technique. 


Lemma 9.2.2 


1. If {vj,..., Un} C F, then max{v,..., Un} € F. 
2. Ifve F and if D is a disk in Q, then Mp(v) € F. 


Proof 


1. Let D be a disk in £2 and let v = max{v,,..., v,}. On OD, we have v; < 
v and the maximum principle gives Mp(v;) < Mp(v) for each i. Then 
max{Mp(v1),..., Mp(vn)} < Mp(v). Furthermore, as the functions v; are sub- 
solutions, vj < Mp(v;) on D and thus v < max{Mp(v1),..., Mp(vn)}. As a 
consequence, we obtain the desired inequality v < Mp(v). This proves that v 
is a subsolution. On the other hand, v; < 0 on 092. Thus v < 0 on 02 and we 
deduce that v is a subfunction in 2 relative to 0. 

2. First, we show that 


Mp(v) < Mp (Mp(v)) 


for any disk D’ C Q. This clearly holds if D’ lies either completely inside or 
completely outside of D. Thus we need only consider the case where D’ is partly 
inside and partly outside of D. As vu € F, it follows that v < Mp(v) and the 
maximum principle yields U < Mp(v) on D’. Since v < Mp’(v), the maximum 
principle again implies 


v< Mp(v) < Mp (Mp(0v)). (9.3) 


Then Mp(v) =v < Mp: (Mp(v)) in D’ \ D. We study the situation in D’N D. 
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a. If p€ a(D’N D) NAD, then Mp(v)(p) = v(p) and by (9.3), Mp(v)(p) < 
Mp (Mp(v))(p). 
b. If p€a(D'N D) NID’, then Mp (Mp(v))(p) = Mp(v)(p). 


As a consequence, it follows that 
Mp(v) < Mp (Mp(v)) 


on 0(D’'/N D) and the maximum principle yields the desired inequality Mp(v) < 
Mp (Mp(v)) in D’/N D. Finally, since 02 C 2\ D, Mp(v) =v <0 on AN. 
Hence we conclude that Mp(v) is a subfunction in £2 relative to 0. 


Let z be the function defined on B given by z(x, y) = /1/(4H?) — y? and Z = 
Z|qQ its restriction to $2. Consider 


F*={ve F:0<v<ZinQ}. 


Note that the functions in F* are uniformly bounded. Also, the functions in F* 
satisfy properties (1) and (2) of Lemma 9.2.2. For property (1), 0 < v; < Z and the 
same is true of the function max{v,,..., v,}. For the second property, let v € F*. 
As 0 < v < Z, the maximum principle implies Mp(0) < Mp(v) < Mp(Z) on D. 
But Mp(Z) = Z and Mp(0) < 0. 

As Mp(v) € F* if v € F* and v < Mp(v), define 


u=sup{v:ve F*}=sup{Mp(v): ve F*}. 


The Perron method shows that u is a solution of Q_47(u) = 0 in 2 (see [GTOI, 
Theorem 6.11], also Proposition 8.1.7). We prove that u is continuous in 2 and 
that u = 0 on 02. The function uw is continuous in 2 by Harnack’s principle: if 
D is a disk in 92, the functions Mp(v) are uniformly bounded and this implies 
uniform boundedness of their first derivatives. Thus the family {Mp(v) : v € F*} is 
uniformly continuous in D and the same is true of the function u. 

It remains to check that the solution u actually takes the value 0 on 0£2. Here 
we follow similar ideas as in the proof of Theorem 8.3.2. Let p € 092. Consider an 
infinite quarter-cylinder C,, of radius 1/(2H) whose axis is parallel to the tangent 
line L to 02 at the point p. Now position Cy in {(x, y, z) : z = 0} in such a way that 
its axis and one component of Cy, lie in the (x, y)-plane. In addition, assume that 
the concave side of Cy is looking towards p and that its axis lies in the connected 
component of R? \ L that does not contain 2. By the convexity of 02, we get 
Cy G= 8, where G is the graph of the function u. Move Cy towards 2 by 
horizontal translations keeping the axis of Cp parallel to L until contact with G. 
By the tangency principle, the convexity of §2 and the height estimate (9.2), the 
first contact point between the surfaces Cy, and G occurs at p. Represent by vp 
the function whose graph is C,, and defined on a strip B, of width 1/(2H) where 
p € OBy. Consequently, the functions vp and yy = 0 are a modulus of continuity in 
a neighborhood of p, where yw <u <v, on By &. Since vp(p) = w(p) = 0, we 
obtain u(p) = 0. This completes the proof of Theorem 9.2.1. 
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For an unbounded convex domain, the same argument proving the estimate of an 
H-graph gives the following consequence: 


Corollary 9.2.3 Let H > 0. Let 2 C R? be an unbounded convex domain and u € 
C2(2)N C°(Q) with u= gy on 082. If g is bounded and M = graph(u) is an H- 
graph, then 
inf 1 Ea Z 1 
inf g — —— su —. 
a2! 2H ie oT 2H 
The solution obtained in Theorem 9.2.1 is unique [CK91]. Here the uniqueness 
is not a direct consequence of a ‘move up—move down’ argument, such as that used 


for the bounded case. 
In view of Theorems 9.1.2 and 9.2.1, we conclude: 


Corollary 9.2.4 Let H > 0 and let 2 C R? be an unbounded convex domain. Then 
there exists an H-graph in 92 with boundary 092 if and only if 92 is included in a 
strip of width 1/H. 


When £2 is a bounded domain included in a strip, we have obtained in Theo- 
rem 8.3.2 an existence result for the Dirichlet problem P(H,0) when 2 is convex 
and the width of the strip is less than 1/| |. Therefore, Theorem 9.2.1 can be seen 
as an extension of this result for unbounded convex domains. 


9.3. The Exterior Circle Condition 


In the aforementioned paper [Fin65, p. 159], for H > 0, R. Finn conjectured that 
the half cylinder of radius 1/(2H) is the only H-graph in a strip of width 1/H. 
However, a counterexample was provided by P. Collin in [Col90] who succeeded in 
proving the existence of an H-graph on a strip of width 1/H whose boundary con- 
sists of two equal convex functions on 0S2 (A. N. Wang proved a similar existence 
result for the particular case that the boundary data is a parabola [Wan90]). Both 
graphs will be obtained as a consequence of Theorem 9.3.1 below. 

In this section we assume that the boundary satisfies a uniform exterior circle 
condition. In order to obtain the a priori C! estimates, we use pieces of nodoids as 
barriers as in Theorem 8.4.3. Consider a strip 2 C R? of width w > 0 given by 


2={(x,y)€R?:0<y <u}. 


For each smooth function f : R—R, we associate the function gy defined on 082 
by 


pr(x,0) =o¢, w) = fe). 
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A solution u of (8.1) with gy as boundary values is a graph on {2 spanning the curve 
with two connected components, namely, 


I'(f) = {(x,0, f(x) :x eR} U { (x, w, f@)) x ER}. 


Then I"(f) is formed by two copies of the graph of f, each copy positioned over 
one of the straight lines that defines 0§2. Let f be a smooth function defined on R. 
We say that f satisfies a uniform exterior R-circle conditionif such property holds 
for one of the two domains of R? \ graph (f). 

Now we establish two theorems concerning the solvability of the Dirichlet prob- 
lem (8.1)—(8.2). With the notation of Proposition 8.4.1, the first result addresses the 
existence of solutions of the Dirichlet problem when {2 is a strip. 


Theorem 9.3.1 Let H > 0 and let f be a smooth function on R that satisfies a 
uniform exterior Pr(H)-circle condition, 0 < R(H) < oo. Let Q= {(x, y) € R?: 
0 < y < w} be astrip of width w < 2hr(A). Then there exists a solution of P(H, 9) 
with ~ = yf. Moreover u satisfies 


1 1 
ux, y)< fats or fa)—-se<uG.y, Gye. (9.4) 
Proof First we need an existence result concerning a minimal graph on the strip. 
The following proposition is a consequence of a theorem of J.C.C. Nitsche [Nit65] 
and H. Jenkins and J. Serrin [JS63] for bounded domains with piecewise smooth 
convex boundary (see also [ER89]). 


Proposition 9.3.2 Let 2 C R* be astrip and let f be a continuous function on dQ. 
Then there exists a solution of the Dirichlet problem P (0, @f). 


Proof For eachn € Z and n > w, consider the intervals I, = {n} x (0, w) and Jy = 
(—n,n) x {y}, y € {0, w}. Construct an exhaustion of subdomains Qy) C 2y41 of 
2, where {2;, is the rectangular domain bounded by the segments J_, UI, UJoU Jy. 
Since the line segments of its boundary satisfy 


length(/_,) + length(/,) < length(Jo) + length(Jy), 


the mentioned Nitsche-Jenkins-Serrin theorem proves the existence of a sequence 
Un (resp. v/,) of solutions of the minimal surface equation on 2, assuming the value 
f along Jo U Jy and +00 (resp. —oo) along J_, U I,. Then vu, (resp. v/,) is a 
decreasing (resp. increasing) sequence. If D C §2,, is a compact set, for n > m, we 
have on D the inequalities: 


* if if / 

inf Vip S Un S Uy S Un S Vm XS SUP Um. 
D 

By compactness, a diagonal argument shows that v, converges to a minimal solution 

@ on §2. Using the Scherk surface as a barrier, we deduce ¢ = f along 02, as 

desired. 
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Fig. 9.4 Proof of Theorem 9.3.1. The nodoid -%p rolls along "(f) proving that u= f along 02 


There is no loss of generality in assuming that the domain of R? \ graph (f) that 
satisfies the uniform exterior pr-circle condition is {(x, z) € R?:z> f(x)}. Let 
Np denote the nodoid of constant mean curvature H given by Proposition 8.4.1 for 
the parameter t = R. This surface is bounded by two coaxial circles of radii pr in 
parallel planes separated by a distance of 2hpr. 

Assuming existence, we first prove that one of the two inequalities (9.4) holds. 
More precisely, by the above assumption on the planar domain z > f(x), we prove 
that u(x, y) < f(x) + 1/@A) for all (x, y) € Q. Let u be a solution of (8.1)— 
(8.2) and let G be its graph. Let (xo, yo) € 2. Consider the vertical planes [7; with 
equations y = ft. We know that the domains Do = {(x,0,z):z > f(x)} C Mo and 
Dy = {(x, w,z):z> f(x)} C My satisfy the uniform exterior pr-circle condition. 
Position -V%p so that its axis is parallel to the y-axis and the circle Cr given by 
Proposition 8.4.1 lies over the line y = w/2, z = 0. Take the connected component 
obtained from -%g when we cut it by the planes [7g and J7,,, and denote this com- 
ponent by -Vp again. The boundary curves of -Vp are two circles of radii < pr(H) 
and located in planes parallel to 7p, Tw respectively. Moreover Vz is symmetric 
about the plane y = w/2. 

Move -%p so that the two open disks defined by 0.%p are included in Do U Dy 
and 0.Vp touches the points po = (x0, 0, f(xo)) and py = (xo, w, f (xo)). This is 
possible by the uniform pr(H)-circle condition and because the radius of 0-VR 
is less than pr(H). See Fig. 9.4. Now move -¥Vpg vertically upwards so that 
NRO G = and next, move Vg downwards until it first touches G. By the tan- 
gency principle and since G is a graph, the first contact with G cannot be at 
an interior point of G because the mean curvature vector of -V%r points down- 
wards (see Proposition 8.4.1(d)). Thus no tangent points exist before reaching 
I'(f) and this occurs when 0.4% touches '(f) at the points pg and py. Then 
u(xo, yo) < f (xo) + pr < f(xo) + 1/24). 

Geometrically, we can visualize this as follows. By the tangency principle, de- 
scend .Ve from z = +00 until Vr touches [(f) and no contact points occurs 
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between Vp and G. By the uniform exterior circle condition, and because the mean 
curvature vector of Vr points outside Wr (Proposition 8.4.1(d)), we roll pr along 
I(f) so that during the displacement, the nodoid ./g touches G only at boundary 
points of G, and all points of 0G are contacted. 

Now we proceed with the proof of the existence part of Theorem 9.2.1. Let Qa C 
@ be the region onto which -¥%p projects by vertical projection. Let p € 02, p= 
(xo, €), Where € = 0 or € = w. Position -Vg so that one of the two points at lowest 
height (necessarily boundary points) projects onto p. Consider the half part of Wp 
that lies below the horizontal plane containing its axis. Denote by -/g° this piece of 
Ar. Then ¥,* is an H-graph on a domain 2, C &@ with the unit normal vector field 
pointing downward. Position ./;° so that the point (p, f(xo)) belongs to 0.1". Let 
vp be the function on §2, whose graph is -/7,*. Finally, let # be the minimal solution 
guaranteed by Proposition 9.3.2. 

Let & be the family of functions v, with p € 082. On the other hand, we have 
f < vp along 082, 1 082. Since the graph of ¢ is a minimal surface, the tangency 
principle gives ¢ < Mp(@) for each disk D C §2, which means that ¢ is a subsolu- 
tion that satisfies @ < vp, for every vp € XY. 

We introduce the concept of subfunction relative to f similar to that given in 
Theorem 9.2.1. A function v is said to be a subfunction relative to f if v is a sub- 
solution in 2 and v < f along 082. We prove that between the function v, of 
and the subsolution @, there exists a solution of (8.1). Let a ; be the class of all 
subfunctions v such that @ < v < vp in 2p, forall ped. 

The functions of F ; are uniformly bounded in each compact set of §2. Since 


y € F*, we define u : 2 — R by 


u(x, y) = sup v(x, y). 


* 
veF; 


* 


Similarly as in Lemma 9.2.2, the set Fy is stable by Mp, i.e., if v € Fr, then 
Mp(v)€ Fe. Since v < Mp(v), we have 


u(x, y) = sup Mp(v)(x, y). 


* 
ve Fs 


Using compactness and the maximum principle, it follows that u is a solution 
of (8.1) just as in Theorem 9.2.1. 

Finally, we employ a standard barrier argument to prove that u is a continuous 
function in 2. In order to show that u = @ f on 082, we use the functions vp, and 
as local barriers. Indeed, let p € 0§2. Then the functions vp, and ¢ define a modulus 
of continuity in a neighborhood of p. Since vp(p) = ¢(p) = f(x), with p = (x, €), 
we deduce u(p) = f(x) and this completes the proof of Theorem 9.3.1. 


As a consequence of Theorem 9.3.1, we have [Col90]: 


Corollary 9.3.3 Let H > 0 and f be a convex function on R. Let 2 C R* be a strip 
of width w < 1/H. Then there exists a solution of P(H, yf). 
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Proof The proof can be carried out by using nodoids or half cylinders. For example, 
assume w < 1/H. Since f is convex, f satisfies a uniform exterior pr-circle condi- 
tion for all R > 0. Proposition 8.4.1 gives hr(H) € [0, 1/(2H)) and the width of the 
strip where there is a solution takes any value in the interval (0, 1/7). If w= 1/4, 
we replace the nodoids .Vp by the half cylinder with equation z = /1/(4H2) — y?. 
We may also use pieces of half cylinders for the first part corresponding to width 
w<I1/H. 


The height estimate (9.4) has been obtained thanks to the type of domain, in 
this case, a strip, and the width w < 2hr(A) allows us to control the height of an 
H-graph with pieces of H-nodoids. 

The second existence theorem in this section concerns the case g = 0 in the 
Dirichlet problem, but now £2 is not a strip. 


Theorem 9.3.4 Let H > 0 and let 2 C R? be an unbounded domain that satisfies a 
uniform exterior R-circle condition, 0 < R < 00. If Q is included in a strip of width 
w < 2hpr(A), then there exists a solution of P(H,0). 


The solution obtained in Theorem 9.3.4 is unique: [CK91, Hwa88, Maz07a, 
Mik80]. 


Proof Consider 2 C {(x, y) € R? :0 < y < w}. Denote by P the plane z = 0. We 
already know that the solutions of (8.1) with zero boundary data are bounded. Con- 
sider Vp as in the proof of Theorem 9.3.1 and let u be a solution of (8.1)-(8.2) 
for g = 0. Without loss of generality, assume that u > 0. The same argument used 
to find the height estimate in Theorem 9.3.1 proves the existence of a constant C 
depending only on 02, such thatO <u <C <hp. 

Let us fix H. Consider the 1-parameter family of H-nodoids .%j. Let r; < R so 
that h,, = C. Position -¥,, in such way that the axis of .%, coincides with the z-axis 
and the waist circle of -%, lies in P. Let.” be the part of .4, above the plane P. 

Move ./"! down by a small displacement such that the new radius r of the circle 
obtained by intersecting with the horizontal plane z = 0 satisfies r) <r < R (and 
C <h,). Denote by -”" again this part of the nodoid above P. 

Let 2" C @ be the annulus onto which ./" vertically projects. The radii of 
92" are r < p,, where the first circle lies in the plane P and the second one in a 
horizontal plane at height z = h,. 

Arguing as in the proof of Theorem 9.3.1, we introduce the class of subfunctions 
relative to f = 0. Now, we have the minimal solution ¢ = 0 on 22. Consider p € 092 
and move .V" horizontally so that the disk D, defined by the circle 0W" MN P 
satisfies D, C R? \ 2 and D, N 2 = {p}. This is possible because {2 satisfies a 
uniform exterior R-circle condition and r < R. Write 2? = £2" to indicate the 
dependence on p and denote by vp the function on 2? whose graph is .V’". 

Let & be the family of functions v, with p € 092. Then we see again that 0 < vp 
on 2? M 2. Now the steps to follow are analogous. Let F* be the class of all 
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Fig. 9.5 Proof of Theorem 9.3.4. The nodoid .”" moves down until it reaches 02 and the graph 
G lies below ./’". This proves that the solution u satisfies u = 0 at dQ 


subfunctions v such that 0 < v < vp in 2? @ for all p € 022. Recall the graph G 
of u lies above the plane P. We see F* 4 @ again because 0 € F* and 


u(x, y) = sup v(x, y) = sup Mp(v)(x, y) 
ve F* ve F* 


is a solution of (8.1) in 92. 

We employ the functions v, and 0 in a neighborhood of p for the modulus of 
continuity. This occurs as follows. We lift .”” until it does not touch the graph 
G, and next, we descend it. The tangency principle guarantees the non-existence 
of interior contact points between .”" and G before ./" arrives at the plane P 
because the orientation of ." points down as depicted in Fig. 9.5. Let us remark 
that the height of G is strictly less than C and C <h,, with h, the height of .V”. 
This proves that 6 < u < vp on 2? &2. Finally, we use that vp(p) =0= o(p). 


Chapter 10 
Constant Mean Curvature Surfaces 
in Hyperbolic Space 


This chapter is devoted to the study of compact surfaces with constant mean curva- 
ture in hyperbolic space H3. Although many questions have their origin in Euclidean 
space, there are some exceptions. One of the first ways in which the geometry of HI? 
differs from that of Euclidean space is in the variety of umbilical surfaces. Besides 
totally geodesic surfaces and spheres, there are more umbilical surfaces, namely, 
equidistant surfaces and horospheres. As in Euclidean space, there are foliations by 
totally geodesic surfaces, whose leaves are minimal surfaces, and by spheres, where 
each leaf has (different) constant mean curvature. However, new foliations appear 
which are associated with the new umbilical surfaces. So, given h € (0, 1), there 
exist foliations of H? by equidistant surfaces with the same mean curvature h and if 
h = 1, the foliations are given by horospheres. By means of these foliations, and in 
combination with the tangency principle, we can sweep HI by surfaces, all having 
the same constant mean curvature, obtaining a certain control of the geometry of an 
H-surface when there is a relation between the values H and h. 

A second feature of Hi? is the existence of cme surfaces with no equivalence 
in R?. We expand on this. The nature of H-surfaces in hyperbolic space depends 
on the value H of the mean curvature as compared with the number |c|, where 
c = —1 is the (constant) sectional curvature of HI*. In a certain sense, surfaces with 
|H| = 1 exhibit similar behaviour as minimal surfaces of R*. This relation was first 
studied by R. Bryant [Bry87] and has been successfully continued by many authors. 
If |H| > 1, the surfaces behave similarly to (non-minimal) cme surfaces of R?. It is 
the case || < 1 that is completely new and which has no counterpart in Euclidean 
space. 

A third difference appears when we consider the simplest boundary curve. Given 
a circle I” of radius p, there is a family of umbilical surfaces spanning I” and such 
that the values of the mean curvature H vary in an interval. First H starts from 
zero, corresponding with a geodesic surface, next H grows by means of equidistant 
surfaces until H = 1, say, a horosphere. Next, we have spherical caps (pieces of 
spheres), where the value of the mean curvature increases until it attains maximum 
of the curvature of the circle, namely, H = coth p (greater than 1). Finally, increas- 
ing the radius of spheres, H decreases towards H = 1. As in Euclidean space, we 
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want to investigate whether the umbilical surfaces are the only possible examples 
with boundary a circle. In this sense, the same three conjectures of Chap. | are 
considered in hyperbolic ambient space. 

We begin the chapter with the description of umbilical surfaces. As in Euclidean 
space, the tangency principle and the flux formula will give us a certain control 
and information about the shape of a compact cme surface of H? in terms of the 
geometry of its boundary. We shall prove that a compact H-surface spanning a 
circle with |H| < | must be umbilical. Finally, we end the chapter by studying cmc 
surfaces bounded by a circle under the hypothesis that the surface is a topological 
disk or stable, as was considered in Chap. 7 for cme disks of R*. Some of the results 
are taken from [Lop99d]. 


10.1 Basics on Hyperbolic Geometry 


In this section we fix the notation and we recall some properties of hyperbolic 
space H?. We shall employ the upper half-space model for H’, that is, 


R} ={(,y,z)€R?:z>0} 
equipped with the metric 


_ dx? +dy* +d? 
=. 


(, ) 

z 

We shall use the affine structure of R*, we will denote by (x, y) the horizontal 
coordinates and the z-axis will indicate the vertical direction. Let e3 = (0, 0, 1). 

The hyperbolic space H? has a natural compactification H3 = H? Ud.,H, where 
IooHI? = {z = 0} U {oo} is the asymptotic boundary of HI’ and it agrees with the 
one-point compactification of the xy-plane Py = {z = 0}. Furthermore, 4,,H? can 
be identified with the asymptotic classes of geodesic rays in HI. 

Letx:M—> R3 be an immersion of an orientable surface M. Consider on M 
the induced metric from the Euclidean space and from the hyperbolic space. In 
this setting, there exists a relation between the mean curvature of both isometric 
immersions. A more general result refers to conformal metrics as follows. 


Lemma 10.1.1 Let (Q, g) be a Riemannian n-dimensional manifold and let f be 
a smooth positive function on Q. Define the metric g = f?g. Letx:M—> Q be 
an immersion of an orientable hypersurface. If H stands for the mean curvature 
of (M,x*(g)) with respect to an orientation N, then the mean curvature H of 
(M, x*(g)) is 
ae 

ff? 
computed with the orientation N = N/f, where N(f) is the derivative of f 
along N. 


N(f) (10.1) 
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Proof If V and V stand for the Levi-Civita connections of (Q, g) and (Q, g), re- 
spectively, we have 


= 1 = 
Val Val (OY EE) X= eOT)V iE) AY ea), (10.2) 


where V f is the gradient of f for the metric g. Let u be a principal direction for the 
isometric immersion x : (M, x*(g)) > (Q, 8), V,N = —ku, « € R. We show that 
v=u/f is a principal direction for x : (M, x*(g)) > (Q, g) . Using (10.2), 
V,N= WN + (ULAN + NCP) = 
1. = K 1 - K 
= aN(fu u=( N(f) 4), 
i i f? f 


Moreover, this computation shows that 


k= 


© NW) 
FP 


is a principal curvature, which proves (10.1). 


In the case of hyperbolic space, we choose Q = R3, g the Euclidean metric, 
g = (-,-) the hyperbolic metric of H? and f = 1/z. Let N be a unit normal vector 
field on M C Hi and consider the orientation N on M C R? given by N = N/z. 
The previous computation permits us to establish that the principal curvatures x; (p) 
and «;(p) of M are related by 


Ki(p) = z(p)Ki(p) + N3(p) i =1,2, (10.3) 


where N3 = zo N. The relation (10.1) between H and A is now 


H(p) =z(p)H(p) + N3(p). (10.4) 


A first consequence is the classification of the umbilical surfaces of HI. In the upper 
half-space model of Hi? and from (10.3), we have x; = k2 if and only if K) = k2. 


Proposition 10.1.2 Let x : M — Hl? be an immersion of a surface M in the upper 
half-space model of °. Then x : M — H? is umbilical if and only if x : M > Ro 
is umbilical considering on M the Euclidean metric. 


Therefore, in this model of H3, umbilical surfaces are the intersection of Eu- 
clidean planes and Euclidean spheres with R3. See Fig. 10.1. In what follows, if A is 
a subset of IR*, we denote by the same symbol A its intersection with Re. Denote by 
B(p,r) the Euclidean ball centered at p with radius r > 0 and S(p,r) = 0B(p,r). 
In addition, [7(p, v) denotes the Euclidean plane through p and with unit orthogo- 
nal vector v. 
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Fig. 10.1 Umbilical surfaces in H? 
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Fig. 10.2 The mean curvature of umbilical surfaces. We indicate the orientations corresponding 
to non-negative values of the mean curvature 


We now compute the mean curvature of the umbilical surfaces of H? by using 
(10.4). Recall that the Gauss curvature of a surface in Hi? is K = k,k2 — 1. Fora 
plane IT(po, v), take N(p) =v. As H=0, H(p) = z(v) = v3, the third coordinate 
of the vector v. In particular, |H| < 1. For a Euclidean sphere S(po, 7), consider the 
inward orientation N(p) = —(p — po)/r. Here H = 1/r and N3(p) = —(z(p) — 
Z(po))/r. Then (10.4) gives 


Hin stp) z(p) — z(po) _ 3(Po) (10.5) 


r r 


In particular, if the center po lies below Po, the mean curvature is negative. 
We describe the umbilicalsurfaces of HI? in the upper half-space model. See in 
Fig. 10.2 the orientations corresponding with H > 0. 


1. Geodesic plane. This is an Euclidean hemisphere that orthogonally intersects 
Po and a vertical Euclidean plane. The mean curvature is zero. Intrinsically, the 
curvature is K = —1 and thus it is isometric to the hyperbolic plane H*. 

2. Equidistant surface. This is a surface equidistant from a geodesic plane. In our 
model, it is a tilted Euclidean plane IT(p,v), where v is neither vertical nor 
horizontal, and a Euclidean spherical cap (not a hemisphere) included in R3 and 
whose boundary is a circle in Po. The value of H satisfies 0 <|H| <1 and K is 
constant with K € (—1,0). 

3. Horosphere. A horosphere is a ‘sphere’ whose centre lies at 09, HI°. In our model, 
it is a horizontal plane L(c) = {(x, y,z) € Ro :z=c}, c > 0, and a Euclidean 
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sphere of RS tangent to Py. The mean curvature H is 1. It is isometric to a 
Euclidean plane since K = 0. 

4. Hyperbolic sphere. A hyperbolic sphere is the set of equidistant points from a 
fixed point called its centre. It is a Euclidean sphere included in R3. The mean 
curvature H satisfies |H| > 1. If o > 0 denotes the hyperbolic radius of the 
sphere, the mean curvature is H = cothp. The curvature K is constant with 
K>1., 


Recall the types of isometries of HI* viewed in the upper half-space model. 


1. Hyperbolic translation along a geodesic y. Every geodesic y C H? determines 
a 1-parameter group of hyperbolic translations where the corresponding Killing 
vector field extends the velocity vector field of y. If we consider the geodesic 
y(t) = (0, 0, t), the associated hyperbolic translations are given by 


or: (X,Y, 2) > tx, y,2z) t>0, (10.6) 


that is, (Euclidean) homotheties from the origin O € Po. These isometries fix 
two points of Joo HI, namely, y N Joo HI3. 

2. Hyperbolic reflection. Let P be a geodesic plane represented by a hemisphere of 
RS perpendicular to Pg. A hyperbolic reflection with respect to P is Euclidean 
inversion about P. If P is a vertical Euclidean plane, the corresponding hyper- 
bolic reflection is the Euclidean reflection about P. A hyperbolic reflection fixes 
pointwise the geodesic plane P. 

3. Parabolic translation. Thisisometry fixes only one point of d5.H>. In our model, 
it is a Euclidean translation along a fixed horizontal direction. 

4. Hyperbolic rotation. Consider a geodesic of H? given by a vertical line y. The 
hyperbolic rotations determined by y are the Euclidean rotations about y. These 
isometries fix y pointwise. 


The relation (10.4) allows us to obtain an expression for the mean curvature in local 
coordinates of Hi’. Let p be a point of a surface M immersed in R3. Around p, we 
know that M is locally the Euclidean graph on one of the three coordinates planes. 
If the plane is vertical, then it is a geodesic plane. If the tangent plane is horizontal, 
we consider the surface locally as a graph on a hemisphere of RS represented by a 
geodesic plane of H’. Thus a surface is locally the graph on a geodesic plane. After 
a rigid motion of HI’, suppose that M is a graph on the geodesic plane y = 0. Let 
§2 be a domain of the plane y = 0, u € C?(2) and M = graph(w). Using (10.4) and 
(3.3), the mean curvature H of M satisfies 


di ( ve ) 2 (1 ic aire ) (10.7) 
1V = é 
1+[Vul2/ Zz 1+ |Vul? 


Here V and div stand for the Euclidean gradient and divergence operators. Again, 
Eq. (10.7) is of quasilinear elliptic type, such as Eq. (3.3). In this sense, we ap- 
ply the maximum principle and Theorem 3.2.4 holds in hyperbolic space with the 
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same statement. Here we need to indicate the differences with the Euclidean case. 
Equation (10.7) transforms into 


: Vu Uz 
zdiv =2H 
Jl+ [Vu 1+ |Vul? 


We follow the same steps as in Sect. 3.2. The function F is replaced by F : R° > 
R given by 
(d+ a2 )e —2x4x5x2 +(1+ x2)x3 
(1 + x7 + x2)3/2 


X5 


Jlt+xjtx3 


F(Z, X1,X2,X3,%4,X%5) =Z 


If H, < Mo, then we begin with 
0 < F(z, r(1), (1), t(1), pC), q()) — F(z, r), s(0), (0), pO), ¢)) 


and the arguments are similar. The quadratic form Q is replaced by zQ, which is 
elliptic again because z > 0. We omit the details. 

On the other hand, the formulation of the comparisonprinciple is exactly as in 
Theorem 3.1.5. Indeed, if we repeat to the proof given there, at the point g = (x0, Zo) 
we find that 


2 
Uxx (XO, Z0) + Uzz(X0, Z0) = a Z0)- 
0 


As a consequence of the comparison principle, we have a control of the mean cur- 
vature of a closed surface of HI. 


Theorem 10.1.3 Let x : M — HP? be an immersion of a closed surface M. Then 
there exists aq € M such that |H(q)| > 1. In particular, if M is an H-surface, then 
|H| > 1. 


Proof Since M is acompact surface without boundary, there is a ball B(p, r) C Ri 
such that x(M) Cc B(p,r). Move S(p,r) by horizontal translations, which are 
parabolic translations, until the first contact point g with M. Since 0M = @, the 
point g is a common tangent point of M and S(p,r). At q, we orient S(p,r) by 
the inward orientation Ns which implies that the mean curvature Hs of S(p,r) is 
positive with Hs > 1. Consider on M the orientation N such that N(q) = Ns(q). 
Since x(M) is contained in B(p,r), we have x(M) > S(p,r) around g and the 
comparison principle yields H(q) > Hs > 1. 


In the case 0M + J, we use a comparison argument as above with spheres to con- 
trol the geometry of a surface whose mean curvature H satisfies |H| < 1 (compare 
with Corollary 5.3.4). 
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Proposition 10.1.4 Let x : M — HP be an immersion of a compact surface M with 
OM #9. Assume that the mean curvature function H satisfies |H| < 1. In the upper 
half-space model of H°, we have 


x(M) C{ }{B(p.r) CR} :x(@M) C B(p,r)}. 


Proof Consider the family of horospheres of type L(c). Starting with the plane 
z = 0, we increase c until L(c) first touches M at c = cg > 0. The mean curvature 
of L(co) is 1 with respect to the upward orientation (see Fig. 10.2). If there is a 
tangent (interior or boundary) point g €¢ MM L(co) and orienting M so its Gauss 
map agrees with that of L(co) at g, the comparison principle says that 1 < H(q). 
As |H| < 1, we have H(q) = 1. Now, the tangency principle implies x(M/) Cc L(co) 
and x(M) is the domain of L(cg) bounded by x(0M). In this case, the result is 
trivial. 

Therefore, we assume that x(M) is not included in a horizontal plane of R3. 
In view of the above argument with horospheres of type L(c), denote by co > 0 
the first time that a horizontal plane L(c) touches M, which occurs at a boundary 
point by the previous argument. Then x(int(M)) C {(x, y, Zz) € R?:z> co}. Let us 
take B(p,r) C R3 and x(0M) C B(p,r). The lowest point p of S(p,r) satisfies 
Z(p) < co and thus p ¢ M. Consider the 1-parameter family of Euclidean spheres 
{S(p7,r +t): t =O}, where p; = p+ te3. All these spheres have p as the lowest 
point. Since M is compact, for ¢ sufficiently large, we have x(M) C B(pr,r +t). 
Now we perform the reverse process by decreasing the parameter t. As x(0M) C 
B(p,r), it is not possible that for some t > 0, S(p;,7 +1) touches x(0M). On the 
other hand, the mean curvature of S(p;,r +t) is greater than 1 with respect to the 
inward orientation. This means that in this process and by the comparison principle, 
the existence of a contact point between S(p;,r + t) and x(int(M)) for t > 0 is 
forbidden. This forces ¢ to take the initial value t = 0 and we return to the initial 
position of B(p,r), showing that x(M) C B(p,r). 


The key ingredient in the above proof is that the mean curvature of S(p,r) C Ro 
is greater than 1. A similar argument can be carried out by replacing S(p,r) by 
geodesic planes and for minimal surfaces. The next result is the hyperbolic version 
of Theorem 3.3.1. 


Proposition 10.1.5 Let x : M — HP be an immersion of a compact surface M with 
aM #9. If H =0, then x(M) lies in the convex hull of x(0M). In particular, if 
x(0M) lies in a geodesic plane P, then x(M) C P. 


Here, by convex hullwe mean the following. A geodesic plane separates H? into 
two half-spaces. Then the convex hull of x(dM) is the intersection of the closures 
of all such half-spaces containing x(0M). 

In the case that the boundary lies in another umbilical surface, it is possible to 
obtain a similar result assuming a certain relation between the mean curvature of the 
surface and of the umbilical surface. The proof is based in the following result that 
was mentioned in the introduction of this chapter. 
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Fig. 10.3 Foliations of H? by geodesic planes, equidistant surfaces and horospheres of type 


S(he3, 1) 
h=0 NG pp 
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Fig. 10.4 Foliations of H? by geodesic planes, equidistant surfaces and horospheres of type 
IT(p,v) 


Fig. 10.5 The surface M is embedded with |H| = 1. The boundary 0M lies in the horosphere 
L(1) but M is not included in L(1) 


Lemma 10.1.6 For each h € [0, 1], there exists a foliation of H? by umbilical h- 
surfaces. 


Proof In the upper half-space model of Hi, let ¢; : H? > H? be the hyperbolic 
translations ¢;(p) = tp, t > 0. Consider P = S(he3, 1). The foliation that we are 
looking for is {P; = ¢;(P) : t € (0, o0)}. See Figs. 10.3 and 10.4. In the latter figure, 
the umbilical h-surfaces are described in the upper half-space model by Euclidean 
planes. 


Therefore, fixing h € [0, 1] and a given cmc surface, we can sweep the space Hi? 


comparing the surface with umbilical surfaces with the same constant mean curva- 
ture h. Notice that in case that |H| =h 40, an H-surface M with boundary 0M 
included in an umbilical surface P with mean curvature h may not be included in P 
as occurs if P = L(1) and M = S(e3, 1) N{(x, y,z) € RS :z> 1}: see Fig. 10.5. In 
this setting, we need the following definition. 
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Definition 10.1.7 Let P be an umbilical surface of HI’ such that P is not a geodesic 
plane. The mean convex sideof P is the connected component of H? \ P towards 
which the mean curvature vector of P points. 


Therefore, the mean convex side is the connected component of H? \ P towards 
which N points when the mean curvature of P is positive. This concept appeared 
for Euclidean space in Chap. 3. 


Corollary 10.1.8 Let P be a horosphere or an equidistant surface with mean cur- 
vature h > 0 and let Pr C P be a simple closed curve. Let x : M — HP? be an immer- 
sion of a compact surface M spanning I’ and whose mean curvature function H 
satisfies |H| <h. Then either x(int(M)) lies in the mean convex side of P or x(M) 
is included in P and|H|=h. 


Proof The proofs in both cases of umbilical surfaces are similar, so we shall only 
give the proof in the case when P is a horosphere. Suppose that P = L(c) for some 
c > 0. Since M is compact, let t > 0 be sufficiently small so that M C {(x, y,z) € 
Re : z > t}. Consider the horosphere L(t) and increase f until the first time t = fo 
such that L (fo) intersects M at a point p € MM L(to). Assume that p is an interior 
or a boundary point where both surfaces are tangent. We know that the unit normal 
vector in L(to) for h = 1 is N’(po) = e3. We orient M by the Gauss map N so that 
N(p) = e3 and thus, M > L(fo) around p. By the comparison principle, H(p) > 1 
and since |H| < 1, we conclude that H(p) = 1. Using the tangency principle, M 
and L(fo) agree in a neighborhood of p and by connectedness, M C L(to). Since 
dM C L(c), it follows that to = c. 

The other possibility is that L(t) intersects M at a boundary point, where M 
and L(fo) are not tangent. Since 0M C L(c), we have to = c, proving x (int(M)) C 
{(x, y,Z€ RS :Z> ch}. 


In Fig. 10.5, M is part of the horosphere S(e3, 1) and its boundary lies in the 
horosphere L(1). In this example, the surface M lies in the mean convex side of 
L(1), which agrees with the result. 


10.2 The Flux Formula 


The simplest boundary curve is a circle. In hyperbolic space HI’, we call a spherical 
cap the domain of a hyperbolic sphere bounded by a circle. Besides geodesic disks 
and spherical caps, there are more umbilical surfaces spanning circles and this high- 
lights the difference between hyperbolic and Euclidean space. Consider a circle I” 
of radius p > 0 included in a geodesic plane P. After an isometry of H?, assume that 
I’ c L(1) and is centered on the z-axis. From the Euclidean viewpoint, P is a hemi- 
sphere with dP C Po and I’ is a circle of Euclidean radius r = sinh(p) that bounds 
a domain (2 C P. The range of H for the umbilical H-surfaces spanning I” is the 
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1<AH <coth(p) 


0..H3 


Fig. 10.6 Umbilical surfaces spanning a circle I" 


following. See Fig. 10.6. Consider Euclidean spheres centered on the z-axis contain- 
ing I”, more precisely, S(te3, R;), t => 0, where R? =(t— 1)? +r?. Then I” defines 
in S(te3, R;) two subdomains with common boundary I”. If S(te3, R;) is a hyper- 
bolic sphere (t > cosh(p)*/2), both subdomains are compact, indeed, two spherical 
caps; assuming the contrary, only one domain is a compact surface. Starting with 
2, H takes the value H = 0. Recall that P = S(O, /1+r2) = S(O, cosh(p)). As 
we increase t, we have equidistant surfaces, where the value of H increases from 
0 to H = 1, which is attained by the horosphere S(te3, R;) for the value t = r7/2. 
Next, take the spheres S(te3, R,) for t > 72, By (10.5), the mean curvature of the 
spherical cap of S(te3, R;) spanning I” is 


t t 
Ree =D? + sinh(p)? 


H= 


The value of H increases until it attains a maximum at t = cosh(p)” with H = 
coth(p). Here the surface is S(cosh(p)7e3, sinh(p) cosh(p)) N {(x, y, z) € R3 1zZ> 
1}, which is a spherical cap orthogonally intersecting P along I". This surface plays 
the same role as a hemisphere in Euclidean space because its mean curvature is the 
maximum among all values of mean curvature of spherical caps spanning a given 
circle I”. Finally, increasing t — oo, we produce a family of spherical caps where 
the value of H decreases towards H = 1. 

We call attention to the fact that these umbilical surfaces are the only com- 
pact cmc surfaces that are rotationally symmetric (invariant by hyperbolic rotations) 
spanning a circle. 

As in Euclidean space, we shall obtain restrictions on the possible values of H 
among all H-surfaces spanning a given closed curve. This is obtained using a ver- 
sion of the flux formula in hyperbolic space [KKMS92, NE96, NR95]. Let M be an 
immersed H-surface in H* spanning a closed curve I” of length L. Denote by M’ 
a compact surface such that M U M’ bounds an oriented domain of HI* and repre- 
sent the induced orientations on M and M' by N and Ny, respectively. Let Y be a 
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Killing vectorfield of H°. As in Corollary 5.1.4, we obtain 


2H (Ny. ¥) d= | (v, Y)ds, (10.8) 
M! aM 

where v is the inward unit conormal vector of M along 0M. This means that the 

possible values of H are restricted by the geometry of I”. Indeed, the integral 

J u’(\Nur,Y) dM’ depends only on I” since M’ is a compact surface spanning I’. 

Choose M’ so that this integral is not zero and denote it by A(I”, M’). Thus we have 


L 
|HI s sup 5 ay (10.9) 
and this number depends only on J’. In contrast with the inequality (5.7) in 
Euclidean space, the expression (10.9) is not so amenable in general. The esti- 
mate (10.9) can be improved by replacing the denominator with the supremum of 
all |A(I’, M’)| (compare with (5.8)). 

We look at a particular example. Suppose I” is a simple closed curve included 
in a geodesic plane P. Denote by (2 C P the domain bounded by I" and let a({2) 
be its area. After an isometry, assume that P = S(O,r). Consider Y(p) = p, which 
is a Killing vector field of HI’ in the upper half-space model. Let us take M’ = 2. 
Here No(p) = z(p)p/r. Let 


= mi 
Be z(p) 


On £2 we find that 
(No, ¥)=-=1. 
Z 


Along I” = 02, (v, Y) < |p| =r/z(p). Then Eq. (10.8) implies 


r rl 
—ds < —, 
Zz 


2imiaay < | wv, vas =f =>5 


r 
where L is the length of I”. Thus 


rL 


|H|< 26 af)" (10.10) 


In the particular case where I” is a circle, we have the following theorem of B. Nelli 
and H. Rosenberg [NR95]: 


Theorem 10.2.1 Let I" be a circle of radius p > 0 and let M be a compact H- 
surface immersed in H? spanning I’. Then 


|H| <coth(p). (10.11) 


Moreover, if H =0, M is included in a geodesic plane and if |H| = coth(p), the 
surface is umbilical. 
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Proof There is no loss of generality in assuming that I” is included in L(1) and cen- 
tered on the z-axis. Then 7 Cc P = S(O, cosh(p)). If H = 0, we know by Propo- 
sition 10.1.5 that M Cc P. Assume now that H 4 0. With the previous notation, we 
have 


L=2z sinh(p), a(Q)=a sinh(p)*, r =cosh(p), O=1. 


Then (10.10) yields 
|H| < coth(p). 


Suppose now || = coth(p). Then all the above inequalities in the flux formula are 
equalities, in particular, v is proportional to Y, i.e., v(qg) = z(q)q for gq € I’. This 
means that N is orthogonal to P along 0M. If a = a(s) is a parametrization of I” 
by the arc length, then o (@’(s), v(s)) = 0 and 0M is a line of curvature. Taking into 
account that the Euclidean radius of I” is r = sinh(p), (10.2) yields 


o(a’, a’) = (N, Vee’) = (N, Vaier') +(N, Vz) 
1 ai r 
rcosh(p) /1+r2 


This shows that the boundary 0M is formed by umbilical points, in particular, they 
are not isolated. Then Theorem 2.2.2 implies that M must be umbilical. 


= coth(p). 


The last part of the statement of this result is the hyperbolic version of Brito- 
Earp’s theorem for R*, see Corollary 5.1.11. 


10.3 Embedded cmc Surfaces in H? 


We study the relationship between the symmetries of a given closed curve I” and 
those of a compact cmc surface spanning I’. If the surface is embedded, the Alexan- 
drov reflection methodpresents the same analogies as in Euclidean space. 


Theorem 10.3.1 Let I be a simple closed curve contained in a geodesic plane P. 
Assume that I" is symmetric with respect to a hyperbolic reflection about a geodesic 
plane II orthogonal to P and let L= II P. Assume that each connected compo- 
nent of I’ \ (70 L) is a graph on L. Let M be a compact embedded cmc surface 
in H? with boundary I’. If M lies on one side of P then M is symmetric with respect 
to the plane IT. 


We say that each connected component of I” \ (7M L) is a graph on L if for 
each point g € L, the geodesic in P starting at g and perpendicular to L intersects 
at most once each one of the above components. 
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Fig. 10.7 The Alexandrov reflection method in H? about geodesic planes I7, 


Proof Let 2 Cc P be the domain bounded by I’. Since M lies on one side of P, MU 
Q encloses a 3-domain W. Consider on M the Gauss map N pointing towards W. 
Let y be a geodesic in P perpendicular to L and let 7; be the 1-parameter family 
of geodesic planes orthogonal to y that foliates HI? with 1p = I7. The parameter 
t € R indicates the signed distance from J7; to the point y M /7o: see Fig. 10.7. 

Hyperbolic reflections about the geodesic planes /7; are inversions about /7;. As 
IT; is orthogonal to P for all t, the reflection of P about [7; coincides, as a subset 
of R3, with P. Now the Alexandrov reflection method works as in Theorem 4.1.1. 
Using a similar notation, for t > 0, M;* (resp. M; ) is the part of M inside (resp. 
outside) the Euclidean half-ball determined by /7; and the plane Po and M;* is the 
inversion of M;* about I7,. Starting with sufficiently large t, decrease t until J7; first 
touches M at t = to > O. A standard argument as in the proof of Theorem 4.1.1, us- 
ing the tangency principle, shows that the first contact point p must occur at f; > 0. 
If t; > 0 and by the hypothesis that each connected component of I” \ (77 L) isa 
graph on L, then p € int(M;) N int(M,, ) or p € (0M; NaM,,)\ I. In both cases, 
the tangency principle implies that /7;, is a plane of symmetry of M, in particular, 
of I”, a contradiction. 

Thus t; = 0. Moreover My C W. If there is a tangent point between Mj and Ma , 
then /7 is a plane of symmetry of M, proving the result. Assuming the contrary, we 
proceed by reflections with planes /7, coming from t = —ov, obtaining a tangent 
point before arriving at t = 0, and subsequently, a plane of symmetry, which is a 
contradiction. 


Corollary 10.3.2 Let M C H? be a compact embedded cmc surface spanning a 
circle I’ and let P. be the geodesic plane containing I. If M lies on one side of P, 
then M is an umbilical surface. 


In the case when 0M = @, the Alexandrov process works as in Theorem 10.3.1. 


Corollary 10.3.3 The only closed embedded cmc surface in hyperbolic space is the 
round sphere. 
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Proof We need to indicate the proof because, in contrast to the Euclidean set- 
ting, there is no notion of parallelism in HI. We proceed by reflections with re- 
spect to geodesic planes represented by vertical planes. Similarly as in Euclidean 
space, this proves that the surface M is invariant by hyperbolic rotations about a 
geodesic of H? represented by a vertical line. Now, fixing po € Po, we carry out 
the reflection method using hyperbolic reflections about {S(po,7) : r > O}. There 
exists an r(po) > 0 such that M is invariant under the hyperbolic reflection about 
S(po, r(po)). Since this holds for any po € Po, M must be a round sphere. 


We have studied the case where the boundary I" lies in a geodesic plane. We may 
assume that I” is included in another type of umbilical surface, say, a horosphere or 
an equidistant surface. In both cases, P separates the space H* into two connected 
components. If M is a surface in Hi? with boundary in P, we say that M lies on one 
side of P if int(M) lies in one of the two components of H? \ P. 


Theorem 10.3.4 Let I’ be a simple closed curve contained in a horosphere or in 
an equidistant surface P. Assume that I" is symmetric with respect to a hyperbolic 
reflection about a geodesic plane I orthogonal to P and that each connected com- 
ponent of ' \ IL) is a graph on L= IT P. If M is a compact embedded cmc 
surface in HP? with boundary I and M lies on one side of P, then M is symmetric 
with respect to the plane IT. If I" is a circle, then the surface is umbilical. 


Let us give a precise definition of a graph on P. Each connected component A 
of I’ \ d° OL) is a graph on L C P, where P is a horosphere (resp. equidistant 
surface) if for each point q € L, the horocycle (resp. equidistant line) in P starting 
at g and perpendicular to L intersects at most one point of A. 


Proof Assume first that P is a horosphere. Without loss of generality, suppose P 
is L(1) and /T is the plane y = 0. Let y be a horocycle in L(1) perpendicular to 
IT LQ), which means that y is a horizontal line with equations {x = c, z = 1}, 
c ER. Let T7; be the 1-parameter family of geodesic planes y = ¢, ¢t € R, with 
IIo = IT, which are all orthogonal to y. Observe that the hyperbolic reflection about 
IT, leaves invariant, as subsets, the horosphere L(1) and each of the two connected 
components of Hi? \ L(1) as depicted in Fig. 10.8. From the Euclidean viewpoint, 
the reflection process works exactly as in Theorem 4.1.1, obtaining the result. 
Suppose now that P is an equidistant surface. After a rigid motion, consider P 
the sphere S(Ae3, 1), —1 < A <0, and /7 the vertical plane y = 0. Let y be an 
equidistant line included in P and orthogonal to /7 and let /7;, t € R, be the family 
of hemispheres orthogonally intersecting y with [79 = IT. The parameter f¢ is the 
signed distance between the point y M JJ; and JT. See Fig. 10.9. As subsets of H?, P 
and the two connected components of H/ \ P are invariant by hyperbolic reflections 
about /7,; (Euclidean inversions). We proceed with large positive values of ¢ and 
next, let t > 0. We apply the Alexandrov method as usual denoting by M;* (resp. 
M, ) the part of M included in (resp. outside) the Euclidean half-ball determined 
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Fig. 10.8 The Alexandrov II = Ip 
reflection method when the 

umbilical surface P is a M 

horosphere 


Tl 


0.05 


Oso 


Fig. 10.9 The Alexandrov reflection method when the umbilical surface P is an equidistant sur- 
face 


by JT; U Po and M* the reflection of M;* about /7,. Again, the tangency principle 
proves that there is a tangent point between M7; and M,, if and only if t) = 0. 

If I” is a circle, take [7 to be a geodesic plane perpendicular to P through the 
center of I”. The above result shows that M is invariant under reflection with respect 
to IT. Repeating this process for all such geodesic planes IT, we conclude that M is 
a rotational surface with respect to the geodesic of H? orthogonal to P through the 
center of J”. Hence M is an umbilical surface spanning I". 


As in Euclidean space, we can replace the condition of prescribing the boundary 
curve by the assumption that the contact angle between the surface and the sup- 
port surface is constant along its boundary. The arguments are similar to those of 
Theorem 4.1.16 so we only state the result [Lop06b]. 


Corollary 10.3.5 Let M be a compact embedded cme surface in H* whose bound- 
ary lies in P, where P is a geodesic plane, an equidistant surface or a horosphere. 
Assume that the angle between M and P is constant along 0M. If M lies on one 
side of P, then M is an umbilical surface and 0M is a circle. 
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Fig. 10.10 Proof of 

Theorem 10.3.6 when the 

umbilical surface P is an 

equidistant surface s- 


i) 
As) at 


All the previous results show that when the boundary curve I” lies in a geodesic 
plane, an equidistant surface or a horosphere P, the condition that the surface lies on 
one side of P allows the use of the Alexandrov method. A first result that establishes 
this property is motivated by the extension of Koiso’s theorem (Theorem 3.1.11). 


Theorem 10.3.6 Consider a simple closed curve I" included in P, where P is a 
geodesic plane, an equidistant surface or a horosphere with mean curvature h > 0. 
Let 22 C P be the domain bounded by I’. Consider a compact embedded surface 
M CEP spanning TP whose mean curvature function H satisfies |H| ~h. If MN 
(P \ 2) =, then M lies on one side of P.. If, in addition, H is constant and I is a 
circle, then M is an umbilical surface. 


Proof Since the proof is similar in the three cases of umbilical support, we only treat 
the case when P is an equidistant surface. Suppose that P is the sphere S(he3, 1). 
We proceed by contradiction, assuming that M has points on both sides of P. We 
adopt the notation of the preceding lemma. Let J* and J~ denote the two sides 
of HI? determined by P: 


=| JR: Pall | 


t>1 O<t<l 


As h > 0, the orientation on P points to [ + Consider the function f:M— (0,0) 
that gives the leaf of the foliation: f(p) =t if p € P;. Since M is compact, there 
exist interior points po, pi € M such that f achieves its maximum and minimum, 
respectively. Let t9 = f(po) and t; = f(pi). By hypothesis, suppose ft; < 1 < fg 
(the case ty < 1 < fo is similar). 

Let R > 0 be sufficiently large such that for some 6 > 0, the surface M lies in 
the Euclidean ball B((R + 6)e3, R) and let S = dB((R + 4)e3, R). Consider the 
non-smooth closed surface T = S~ UAUM, where S~ = SONI and AC P is 
the annulus bounded by 0S~ and I’ as depicted in Fig. 10.10. Then T encloses a 
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bounded 3-domain W C Hl’. We orient 7 by the unit normal vector field pointing 
towards W and let N be the induced orientation on M. 

Place P;, at the point p; and orient P;, in such a way that its Gauss map at p 
is N(p,). Since N(p1) points towards W, the orientation on P;, corresponds with 
the mean curvature —h. As M > P,, around pj, the comparison principle yields 
H(p,) = —h. Observe that this holds even in the case t; = 1 because p; € int(M). 
By hypothesis, |H| 4h, which implies H(p;) > —h. Now compare P;, and M 
around po. Since N(po) points to W, if we orient P,, so that it coincides with 
N(po) at po, then P,, > M around po. The comparison principle now says —h > 
H (po) and as |H| 4h, we have —h > H(po). Thus the function H attains on M 
values greater than and less than —h. By continuity, H = —hA at a point of M, a 
contradiction. 


Finally, we point out that Theorem 5.4.1 holds in the hyperbolic setting assuming 
that the boundary lies in a geodesic plane. The proof follows the same arguments 
([NR95]; the corresponding result in S” can be found in [Lir02a)]). 


Theorem 10.3.7 Let P be a geodesic plane of H? and let M be a compact embed- 
ded cme surface in H* whose boundary is a convex curve included in P. If M is 
transverse to P along 0M, then M lies on one side of P. In the particular case that 
OM is a circle, M is an umbilical surface. 


10.4 Graphs in Hyperbolic Space 


In this section we work with the concept of a graph in H’. There are two different 
notions of graph defined on a domain of a geodesic plane. 


Definition 10.4.1 Consider a domain @ of a geodesic plane P and let u € C?(2)N 

C°(2). 

1. Geodesic graph. This is the set of points {pg : g € 82}, where pg is the point 
in the geodesic y, orthogonal to P at qg at oriented distance u(q) from q. See 
Fig. 10.11. 

2. Killing graph. Let po € P and y,, be the geodesic through po and perpendicu- 
lar to P. Consider the hyperbolic translations along yp, and the corresponding 
Killing vector field of HI associated to these translations. For each g € &, let 
O, be the orbit of g and denote by pg the point of O, at oriented distance 
u(q) from q. The Killing graph of u with respect to po is defined as the set 
{Pq :¢ € 2}. See Fig. 10.12. 


Both concepts extend easily to define curves of H? that are geodesic or Killing 
graphs over a curve of a geodesic plane. 

In the upper half-space model, let P be a geodesic plane represented by a hemi- 
sphere S = S(O,r) and let po = (0,0,7r). Then a Killing graph on 92 C S with 
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lie . 


Fig. 10.11 A geodesic graph G in H? on the domain 2 c P 


Fig. 10.12 A Killing graph 
G in H? on the domain 
2 C P with respect to po 


0.03 


respect to po is a radial graph on $2 from the Euclidean viewpoint. For Killing 
graphs, there is uniqueness of H-graphs. 


Proposition 10.4.2 Let 2 be a bounded domain of a geodesic plane P and po € P. 
Let - CHP be acurve that is a Killing graph on 8Q with respect to po. Then there 
exists at most one Killing H-graph on Q with respect to po and with boundary I. 


Proof Assume that P = S(O, 1) and po = (0, 0, 1). Since M is a radial graph on a 
domain of S(O, 1), the function (N(:~), p) does not vanish on M, where N is the 
Gauss map of M. Let M, and M) be two Killing H-graphs with dM; = 0M, =T 
and suppose that the orientations N; satisfy (Ni(p), p) > 0, p € Mj, i = 1,2. We 
shall assume that both graphs have the same orientation. 

Consider the hyperbolic translations ¢;(p) = tp, t > 0. See Fig. 10.13. For suf- 
ficiently large ¢;(M 1) does not intersect Mz. Letting t > 1, we continue until the 
first intersection point p; with M2. This will occur at a time ¢, > 1. If this contact 
point is a tangent (interior or boundary) point, and because Ni (pi) = N2(p1), the 
tangency principle implies that both surfaces agree on an open subset around pj. 
By connectedness, ¢;, (M1) = M2. As 06; (M1) = 110M, it follows that t} = 1 and 
M, = Mb, proving the result. 

Assuming the contrary, we continue until t = 1, the original position of Mj), and 
no tangent points exist between the two surfaces. In particular, along I” the slope 
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Fig. 10.13 Proposition 
10.4.2: uniqueness of Killing 
graphs 


of M2 is strictly less than that of M1, that is, 


(.(q),4) <(vi(q).q), a eT, (10.12) 


where v; denotes the unit inward conormal vector of M; along I". Now, we proceed 
in the same way with the surface M2. By (10.12), Mo lies strictly below M, along 
the common boundary and thus, in the process of translating M2, there must exist 
ty > 1 such that ¢;(M2) MN M, = @ for t > ty and ¢;,(M2) NM, ¥ @. Then neces- 
sarily there is a common tangent interior point pz € M, M ¢;,(M2). The tangency 
principle implies that @;,(/2) = M; in an open set around p2 and by connectedness, 
Pt, (M2) = M). However 0¢,, (M2) = tI ¥¢ I’, obtaining a contradiction. 


There are two notions of cylinders in HI. 


Definition 10.4.3 Let £2 be a domain of a geodesic plane P. 


1. Geodesic cylinder. This is the set of all geodesics orthogonal to P through all 
points of 22. 

2. Killing cylinder. Given po € P and yp, the orthogonal geodesic to P at po, 
the Killing cylinder on {2 with respect to po is the set of all orbits Og, g € 2, 
produced by the Killing vector field associated to yp»). We denote it by K (82, po). 


If §2 is a round disk of radius p > 0 in a geodesic plane, a Killing cylinder, 
Po = (0, 0, 1), on £2 is written as 


K(p, po) ={@y¥,2) ERY ix? +9? < (sinh(p)’)2’}. (10.13) 
The mean curvature H of 0K (p, po) is constant, with 
1 
H= 5 (tanh(p) + coth(p)) >1 


with respect to the inward orientation. 
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Proposition 10.4.4 Let 2 be a bounded domain of a geodesic plane P and pg € P. 
Let  COK(Q, po) be a closed curve that is a Killing graph on 082 with respect to 
Do- If M is a compact embedded cmc surface spanning I’ and int(M) C K(&2, po), 
then M is a Killing graph on Q with respect to po. 


Proof As in Proposition 10.4.2, assume that P = S(O, 1) and po = (0,0, 1). We 
apply the Alexandrov reflection method by using hyperbolic reflections about the 
1-parameter family P; = ¢;(P), t € (0, oo), i-e., inversions about S(O, ft). Note that 
these reflections leave invariant as subsets of R3 both dK (2, po) and K (82, pg). 
Since M is embedded and I” Cc 0K (2, po), the surface M separates K (2, po) 
into two connected components and let W be the domain that intersects B(O, fr) 
for all t sufficiently close to t = 0. Denote by M+ =MNn (R3. \ B(O,t)), Mp = 
M1 B(O,t) and MF the reflection of Mt about P;. 

Let the planes P; approach from t = oo until the first intersection point with M. 
Next, let tf \, 0 and reflect M* about P; until M** first touches M; at t = 1. If this 
number f, does not exist, then M is a Killing graph and the result is proved. If not, 
we continue until the first position that MF Z W and thus, there is a point p € Mi 
such that p* € M,,. Since I” is a Killing graph, we have p, p* ¢ I. Thus, either 
pre int(M;) N int(M,, ) or p* € (0M; 1 0M,, ) \ I. In both cases, Mj, and M,, 
are tangent at p* and one surface lies above the another around p*. The tangency 
principle shows that P;, is a plane of symmetry which is not possible because I” is 
a Killing graph on 02 with respect to po. 


If we only assume that the surface is immersed, we derive a similar result as in 
Theorem 5.2.1. 


Theorem 10.4.5 Let $2 be a bounded domain of a geodesic plane P and po € P. 
Assume that there exists a Killing H-graph G on Q with respect to po and with 
boundary 82. Let M be a compact surface and let x : M —> Hl? be an immersion 
of constant mean curvature H spanning 092. If x(int(M)) C K (82, po), then, either 
x(M) = G or x(M) = G*, the hyperbolic reflection of G with respect to P. 


Proof The case H = 0 is trivial by Proposition 10.1.5. Let H #0. Assume that the 
geodesic plane is S(O, 1) and po = (0, 0, 1). We know that G lies on one side of P 
(Theorem 10.3.6) and there is no loss of generality in assuming that G lies over P. 
We orient G by the Gauss map Ng so that (Ng(p), p) < 0, p € G. Comparing with 
the geodesic planes ¢;(P) in the farthest point of G from the origin O, we deduce 
that the mean curvature of G is positive. Move G up by hyperbolic translations ¢; 
and then down until the first contact point with M. Note that ¢;(0@) C 0K(&, po). 
An analogous process can be carried out with G* and translations coming from 
t = 0. Using the tangency principle in the same way as in Theorem 5.2.1, we obtain 
that either x(M) = G, or x(M) = G* or x(M) lies in the 3-domain bounded by 
G UG* and x(M) is not tangent to G and G* along 02 as depicted in Fig. 10.14. 
We prove that the latter case is not possible. 


10.4. Graphs in Hyperbolic Space 209 


Fig. 10.14 Theorem 10.4.5: Yoo 
uniqueness on Killing caecptres Se 
cylinders a +. (GC) 
a lees G 
7 M & 3 
A 3 K(Q, po) 


Apply the flux formula (10.8) with the Killing vector field Y(p) = p. Let v and 
vg be the inward unit conormal vectors of M and G along 02, respectively. The 
last condition on 092 says 


(vp), P)| <-(ve(p), p),  p € AL. (10.14) 


Let M’ = @ in (10.8). The flux formula for M and G gives 


i (v, pds =2H f tp.nae=| f lug. p)ds 
022 Q 022 


if (v, p) ds = (vg, p)ds 
a a2 


and inequality (10.14) yields a contradiction. 


Thus 


A result analogous to Corollary 4.2.2 can be obtained in hyperbolic space. Since 
the arguments are similar, we omit the proof. 


Theorem 10.4.6 Let 2 be a simply connected bounded domain of a geodesic plane 
P, po € P. Let I be asimple closed curve that is a Killing graph on 092 with respect 
to po. Let M be a compact embedded cmc surface in R? with boundary I’ such that 
int(M) does not intersect one of the two connected components of 0K (2, po) \ I’. 
If a neighborhood of 0M in M is a Killing graph on 82, then M is a Killing graph 
on (2 with respect to po. 


If the mean curvature of the surface is constant, we can relate the notions of 
geodesic graph and Killing graph. 


Proposition 10.4.7 Let 2 be a bounded domain of a geodesic plane P. If M is a 
compact cmc geodesic graph on 82 spanning 082, then M is a Killing graph on 22. 
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Proof If H =0, M = @ by Proposition 10.1.5, which is a Killing graph. If H 40, 
then M lies on one side of P (Theorem 10.3.6). Assume that P = S$(O,1) and 
int(M) lies outside B(O, 1). We consider the family of planes P; as in Proposi- 
tion 10.4.4 and apply the same technique of Alexandrov, where W is the domain 
bounded by M U (P \ &) that contains 2. Approaching from ft = 00, if there is 
no contact point between M;* and M, until we arrive at t = 1, then M is a Killing 
graph. 

Assuming the contrary, there is a contact point p* between M;. and M,, for some 
ty > 1 with pe My. If p* ¢ 082, the tangency principle proves that My = M,, and 
P;, is a plane of symmetry, which is a contradiction because 02 lies below P;,,. 
We discard the last possibility, namely, p* € 0@. Since M is a geodesic graph on 
Q and M;* is a Killing graph on Q for all t > t), this case only occurs if M is 
perpendicular to P at p*. In particular, T,,M is orthogonal to P;,. This contradicts 
that M;* is a Euclidean radial graph. 


For the converse, and as a consequence of the uniqueness of Killing cmc graphs 
given in Proposition 10.4.2, we have: 


Corollary 10.4.8 Let 2 be a bounded domain of a geodesic plane P and po € P. 
Let M be a Killing H-graph on 92 with respect to po and let G be a geodesic 
H-graph on 82. If OM = 0G = 02, then, up to a hyperbolic reflection about P, 
M=G. 


Finally, we point out another notion of graph in the hyperbolic context, namely, a 
parabolic graph. Consider a 1-parameter subgroup {w; : t € R} of isometries of H? 
of parabolic type, that is, y% are parabolic translations whose orbits are horocycles 
having a common point at infinity. Let P be a geodesic plane orthogonal to the 
orbits. For a domain 2 C P and a function u € C?(2) MN C°(@), the parabolic 
graph of u is defined by {Wucq)(g) 4 € Q}. In the case that P is a vertical plane, 
a parabolic graph on §2 C P is a Euclidean graph on {2 because the horocycles 
orthogonal to P are horizontal lines orthogonal to P. We have [Hin02]: 


Proposition 10.4.9 Let 2 be a bounded domain of a geodesic plane P. Consider a 
compact cme surface M CH? with 9M = dQ. If M is a geodesic graph on Q, then 
M is a parabolic graph on 92. 


Proof Consider the upper half-space model of H? and without loss of generality, 
assume that P is the vertical plane with equation y = 0. If H = 0 we know by 
Proposition 10.1.5 that M = Q, proving the result. Assume that H 4 0. As the 
surface M does not intersect P \ 2, Theorem 10.3.6 proves that M lies on one side 
of P. Suppose that int(M) is included in the half-space {(x, y, z) € Ro :y > O} and 
let T= MU (22 x (—ow, 0)e2) with er = (0, 1,0). Then T separates IH? into two 
connected components and denote by W the component containing 22. 

We employ the Alexandrov reflection method using hyperbolic reflections about 
the geodesic planes P;, y = t. These hyperbolic reflections are here Euclidean re- 
flections with respect to P,;. Approaching from t = oo, we apply the Alexandrov 
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technique as in Theorem 4.2.1, which here is formally identical. If Mf C W for all 
t > 0, then M is a parabolic graph, proving the result. Assuming the contrary, there 
exists a t; > 0, the first time where the property MC W fails. In such case there 
are two possibilities: 


1. There exists a p* € (M71 M,,)\ I” with p € M;r. Then p* is an (interior or 
boundary) tangent point of both surfaces and My. = M,, around p (with respect 
to the inward orientations). The tangency principle implies that P;, is a symmetry 
plane of M, which is impossible since the boundary of M lies on one side of P,,. 

2. There is a point p € M; such that p* € 0M. In particular, p ¢ p* and p* ¢ P;,. 
Then the horizontal segment between p and p* lies in W. Since M is a geodesic 
graph, the tangent plane T,,*M is perpendicular to P. This implies that the same 
occurs for p and T,,M is orthogonal to P. However, this contradicts that t; > 0 
and that during the reflection process, the surfaces M* for t > ft; are Euclidean 
graphs on P;,. 


10.5 The Case |H| <1 


In this section we study compact H-surfaces in H? whose mean curvature satis- 
fies |H| < 1. In view of Proposition 10.1.5 and Corollary 10.1.8, we have a cer- 
tain control of the shape of H-surface M whose boundary lies in P, where P 
is a geodesic plane, an equidistant surface or a horosphere and |H| <h, h the 
mean curvature of P. In the particular case that the boundary is a circle, we have 
[BE98a, BE98b, Lop99d]: 


Theorem 10.5.1 Let H € R with |H| < 1. The only compact H-surfaces immersed 
in HP with circular boundary are the umbilical surfaces. 


Proof Let M be an immersed H-surface with 0M = I’. Without loss of general- 
ity, suppose the circle I” lies in L(1), is centered on the z-axis and is included in 
the geodesic plane P = S(O,r). Denote by 22 C P the domain bounded by I’. 
If H =0, we know by Proposition 10.1.5 that M = Q C P. Now assume that 
0 < |H| <1. Let us take h = |HA| and let Q and Q* be the two equidistant sur- 
faces or the two horospheres of constant mean curvature h containing I”. In fact, 
Q* is the hyperbolic reflection of Q with respect to P. By Corollary 10.1.8, M lies 
in the mean convex sides of Q and Q*, in particular, M is included in the 3-domain 
Wc R3 determined by Q U Q*: see Figs. 10.15 and 10.16. 

Denote by G (resp. G*) the compact part of Q (resp. Q*) whose boundary is I". 
By the geometry of the circle I C P, the three surfaces M, G and G* are included 
in the Killing cylinder K (82, po) where po = (0,0,r). As G and G* are Killing 
graphs on 2 with respect to po, Theorem 10.4.5 yields M = G or M = G%, proving 
that M is umbilical. 


It is worth highlighting the importance of Theorem 10.5.1 when compared with 
the other results of this book because it makes no assumptions on the topology, 
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Fig. 10.16 Proof of Theorem 10.5.1. Here |H| = 1 and Q is a horosphere 


embeddedness or stability of the surface. This is in contrast to what happens in 
Euclidean space, where there is no counterpart of the family of H-surfaces with 
|H| <1. 

We continue with the case |H| < 1 now assuming that the boundary of the sur- 
face lies in a horosphere. Let I” be a simple closed curve included in a horosphere 
L(c) and let 82 Cc L(c) be the domain bounded by I’. If |H| < 1 we know by Corol- 
lary 10.1.8 that a compact H-surface x : M — HI with boundary I lies in the 
mean convex side of L(c) given by x(int(M)) C {(x, y, z) € R3 :z>c}. Assume 
now that M is embedded. Then M U @ bounds a domain W of HI*. Consider on 
M the orientation corresponding to H > 0. We say that N points inside (resp. out- 
side) if N points to W (resp. to RS \ W). Notice that if H = 1, then M = 2 or 
int(M) C {(x, y,z) € RS :z > c} with N pointing inside. 

We have a new uniqueness result. 
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ge = 


Ss L(1) 


Fig. 10.17 The equidistant surface S in the proof of Theorem 10.5.2 


Theorem 10.5.2 Let H € R with 0 < H <1. Let I be a simple closed strictly 
convex curve included in a horosphere and consider two compact embedded 
H-surfaces M, and M2 in HP spanning I. If the orientations on M; point outside, 
then M, = Mo. 


Proof Yf I is a circle, then M is umbilical by Theorem 10.5.1 and the result is 
immediate. Assume that I” is not a circle. Suppose that the horosphere containing 
Tis L(1). After a horizontal translation (a parabolic translation of HI*), assume that 
(2 intersects the z-axis. 

We consider a disk Dr C L(1) of radius R > 0 and centered on the z-axis such 
that 7 C Dr. Let Cr = 0Dr. Since I is convex and L(1) is isometric to the Eu- 
clidean plane R?, I is also convex in the Euclidean sense. Then we use the rolling 
property of convex plane curves. Let R be sufficiently large so that Cr can roll along 
I’ with the property 7 C Dr and touching each point of I. 

Suppose H > 0. Consider the equidistant surface S = S(Ae3, —A/H), 4 < 0, 
such that Cr = 0ST, where St = SM {(x, y,z) € RS :z> 1}. As 24 <0 and 
by (10.5), the mean curvature of S is H for the orientation pointing outside 
B(\e3, —A/H). See Fig. 10.17. Consider the hyperbolic translations ¢; with re- 
spect to the origin O. Let t > 1 be sufficiently large so that M; and M2 are included 
in ¢;(B(Ae3, —A/H)). Next move ¢;(S) with t \, 1. It is not possible that for some 
t > 1, @(S) has a tangent point with M; because M; and S have the same mean 
curvature for the orientations pointing outside. Thus, the value f arrives at t = | and 
S returns to its original position. In this situation, M; and Mp are included in the 
domain bounded by St U Dr. 

We move S* by horizontal translations until it reaches M;. By the tangency 
principle, there cannot exist an interior or boundary tangent point between M; and 
any displacement of S because in such case, an open set of M would be included in 
S: since S is umbilical, this would say that M is also umbilical by Theorem 2.2.2, 
but as 0M; C L(c), 0M; is a circle, a contradiction. 

By the choice of the radius R, we move S horizontally touching tangentially each 
point of I” and by the geometry of S+, we have M; C @ x R. Let po € @ and let L 
be the geodesic orthogonal to L(c) at po. Consider the hyperbolic translations from 
the point LM Po. A similar argument as in the proof of Theorem 10.4.5, together 
with the property M; C 2 x R, proves that Mj = Mp. 


214 10 Constant Mean Curvature Surfaces in Hyperbolic Space 


Suppose now H = 0. This case is similar by replacing S by a geodesic plane. 
Here the hypothesis that the Gauss map points outside is unnecessary because the 
mean curvature H = 0 does not change by reversing the orientations. 


10.6 Surfaces with Circular Boundary 


If |H| < 1, we have seen in Theorem 10.5.1 that the only compact immersed 
H-surfaces with circular boundary are the umbilical ones. Thus the remaining case 
to consider is |H| > 1. As in Euclidean space R*, we have: 


Conjecture 1 An H-disk immersed in HP? with circular boundary and |H\| > 1 is 
umbilical. 


Conjecture 2 A compact embedded H-surface in HI* with circular boundary and 
|H| > 1 is umbilical. 


Conjecture 3 A compact stable H-surface in H? with circular boundary and 
|H| > 1 is umbilical. 


The next result is similar to Theorem 5.3.1. 


Theorem 10.6.1 Let H € R with |H| > 1. Let I be a circle and let x : M > H? 
be an immersion of a compact surface M spanning T° and with constant mean cur- 
vature H. If x(M) is included in a closed hyperbolic ball of radius arctanh(1/|H]|), 
then x(M) is a spherical cap. 


Proof Consider the upper half-space model of HI’. By an isometry, assume 7 C 
L(1) and that its center lies on the z-axis. Let S be the boundary of the hyperbolic 
ball of the assumption. If there is a tangent point between x(M) and S, and because 
the mean curvature of S is |H| with the inward orientation, the tangency principle 
implies that x(M) C S and this shows that x(M) is a spherical cap. Otherwise, 
let us move S by any horizontal translation and by homotheties from any point of 
R* = R* x {0}. Again, if there is a tangent point between x(M) and one of the 
above displacements of S, the tangency principle proves that x(M) is a spherical 
cap again, proving the result. 

Assuming the contrary, there would be a small spherical cap G spanning I" 
and with mean curvature H such that x(M) lies in the domain of H? bounded by 
G UG*. Here G* denotes the hyperbolic reflection of G about the geodesic plane 
P containing I”. If 82 C P is the round disk bounded by I”, the surfaces G and G* 
are Killing geodesic graphs on {2 with respect to a point po, the intersection of P 
with the geodesic y(t) = (0,0, ft). Since M, G and G* are included in K(, po), 
Theorem 10.4.5 concludes the proof. 
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Theorem 10.6.1 extends by assuming that x(M) is included in a solid Killing 
cylinder of appropriate radius. As the argument is similar to Theorem 5.3.5, we 
only state the result. 


Theorem 10.6.2 Let H € R with |H| > 1. Let I be a circle and let x : M > H? 
be an immersion of a compact surface M spanning T° and with constant mean cur- 
vature H. If x(M) is included in a solid Killing cylinder of radius arctanh(1/|H]|), 
then x(M) is a spherical cap. 


We finish this section by proving two similar results that appeared in Chap. 7. 
Assume H € R with |H| > 1. The isoperimetric inequality of Barbosa-Do Carmoof 
Lemma 7.1.1 gives a relation between the length L of the boundary I” of an im- 
mersed disk M in H? and its area A. Since K < H? — 1, take c= H? — 1 and we 
have 


L? > 40 A — (H? — 1)A’. 


Furthermore, equality holds if and only if M is an open set of a hyperbolic sphere. 
Assume that I” is a circle of radius p > 0. Then L = 27 sinh(p) and consequently, 
the area of M satisfies 


(H? — 1)A* — 47 A + 4n7° sinh(p)* > 0. 


From this inequality, we find that 


2 
Ae Ace aol - ycosh(p)? — H?sinh(p)?) 


or 


2 
AS Age al re /cosh(p)? — H? sinh(p)?). 
The numbers A_ and A+ correspond to the areas of the two spherical H-caps 
bounded by I and satisfy 0 < A_ < Ax. Note that cosh(p)? — H? sinh(p)* >0 


by (10.11). Now we are in position to establish the following result. 


Theorem 10.6.3 Let H € R with |H| > 1. Consider an immersed H-disk M in H? 
spanning a circle T’ and with area A. If A < A+, then M is a spherical cap. 


Proof The proof follows the same steps as in Theorem 7.1.2. We only highlight 
the differences. After an isometry, suppose that I” C L(1) is a circle of radius p. 
We know that if A = A, the surface M is umbilical, more precisely M is the large 
spherical H-cap bounded by I’. If not, A < A_. In this case, as K < H* — 1, the 
Gauss-Bonnet theorem says 


an = f Kam + | ke(s)ds = A_(H? 1) +f kg(s)ds. 
M aM aM 
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Then 


2x y/ cosh(o)? — H?sinh(p)2 < / kg(s)ds. (10.15) 
aM 


Squaring (10.15) and using Schwarz’s inequality, we get 
4x? (cosh(p)? — H* sinh(p)”) < 27 sinh(p) / kg(s)* ds. (10.16) 
aM 


If @ is an arc length parametrization of J”, using that I” is a circle of radius p, the 
geodesic curvature Kg is 


i, ev cosh(oy? = (v, oe)” 
oo sinh(p) , 


where v denotes the inner unit conormal vector of M along I’. If we substitute this 
identity into (10.16), we have 


h(p)? — 2 
4sr*(cosh(p)* —H? sinh(p)”) < 27 sinh(p) cos (0) (v, a) 
aM sinh(p)2 
2 
= 47° cosh(p)* — — ad : (v, ao) ds. 
sinh(p) Jay 
Then 
i (v, a)? ds < 2H? sinh(p)?. (10.17) 
aM 


On the other hand, take the Killing vector field Y(p) = p. By the virtue of the flux 
formula (10.8), we have 


2: 
(axle sinhioy?)? = ( f (va) ds) <2nsinhip) [ (v, a)" ds, 
aM aM 
that is, 
2r HP sinhi(py? = | (v, a)? ds. 
0M 


From this inequality and (10.17), we get identities in all inequalities. In particular, 
A = A~ and the surface is umbilical. 


The last result is analogous to the result established in Theorem 7.2.3. 


Theorem 10.6.4 The only stable cmc disks in hyperbolic space HI? with circular 
boundary are umbilical surfaces. 
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Proof Consider the Minkowski model of H?. Let L* be the four-dimensional 
Lorentz-Minkowski space, that is, the vector space R* with the Lorentz metric: 


(-,+) = (x1)? + (dx2)? + (dx3)? — (dxa)’, 


where (x1, x2, x3, x4) are the usual coordinates of R*. Then H? is isometric to the 
hyperquadric 


H? = {x eL*: (x, xX) =—1,x4 > 0} 
with the induced metric from L*. In this model, the umbilical surfaces of H? are 


the intersection of the umbilical surfaces of L* with the hyperquadric HI (see 
Sect. 11.1). Assume that I” is the circle 


r= {(x1, x2, x3, X4) eH? <a? ae =r7,x3 =0,x7 a +r}. 
Consider a conformal immersion x : D — H? of constant mean curvature, where D 
is the unit disk of R?. Let e3 = (0, 0, 1, 0) and e4 = (0, 0, 0, 1). Consider the Killing 
vector field on HI> defined by Y(p) = x x e3 x eq. The vector field Y corresponds 


to the 1-parameter subgroup of rotations of R* around the plane passing through the 
origin and generated by e3 and e4. Define the function w as 


w= (e3 x e4 xX x, N). 


As in Lemma 7.2.1, the function yw satisfies 


/ wdD=0, w=0 along dD. 
D 
In view of (2.27) and (2.28), the Laplacian Aw is 

Ay + (lol? —2)¥ =0. 


The Jacobi operator in H? is L = A + |o|* — 2. With the same notation as Theo- 
rem 7.2.3, the computation of the normal derivative of w along 0D is 


Inv = (e3 x eg X dx(n), N) + (e3 x e3 XX, dN(n)). 


As N x dx(n) x x = dx(t) on 0D, e3 x e4 x dx(m) and e3 x e4 x x are both collinear 
with dx(t). It follows that 


dnw = tro (t,n). 


The remainder of the proof proceeds as in Theorem 7.2.3. 


Chapter 11 
The Dirichlet Problem in Hyperbolic Space 


We consider the Dirichlet problem for the cmc equation in hyperbolic space HI. 
Due to the type of umbilical surfaces in HI? as well as the different notions of graphs, 
there is a variety of problems of Dirichlet type. We may consider Killing graphs on 
a geodesic plane, such as those introduced in Sect. 10.4. Results of existence appear 
in [ALR12, DRO5, GEOS, Lir02b, Nit02, Zha05]. If the domain is unbounded, we 
may use the Perron method as in Chap. 9 (see [ET99, ET00]). For parabolic graphs, 
see [AMO09, BE98a]. For other methods, such as geometric measure theory or a 
variational approach, see [AR97, Cus09, SS09]. 

In this chapter we study geodesic graphs defined in a domain £2 of a horosphere, 
a geodesic plane and an equidistant surface. In order to describe the techniques, 
we consider the Dirichlet problem when 2 is a bounded domain and the boundary 
curve is 0§2. As in Euclidean space, we shall prove the existence of such graphs 
provided there is a certain relation between H and the value of the mean curvature 
HQ of 082 as submanifold of (2. The main results are taken from [Lop01a, LM99]. 


11.1 Preliminaries and Definitions 


Denote by Q a geodesic plane, an equidistant surface or a horosphere in H?. Fix an 
orientation € on Q. We define a geodesic graph on a domain of Q that extends the 
given one in Definition 10.4.1. 


Definition 11.1.1 Let 2 C Q be a bounded domain and f € C*(Q)N C°(2). The 
geodesic graph of f is the set {yg(f(q)): ¢ € Q}, where yz = yq(s) is the unique 
geodesic orthogonal to (2 at g in the direction of &(qg) and s is the arc parameter. 


Note that each point p of the graph is determined by a unique point g € {2 and the 
number f(q). This is because for an equidistant surface and for a horosphere, two 
geodesics through two distinct points of §2 and perpendicular to §2 do not intersect. 
If f =0 along 092, the boundary of the graph is 022. 
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When Q is a horosphere, this problem has received special attention because in 
the upper half-space model of H’, a horosphere is given by a horizontal plane L(c) 
and a geodesic graph on a domain §2 C L(c) is a Euclidean graph of a function 
z= u(x, y). The function u satisfies an elliptic equation of divergence type given in 
Eq. (11.8) below. Moreover, we may assume that {2 is included in the plane z = 0 
and u = 0 on 02. In such case, 2 C d.oH? and the graph represents a surface in HI 
with non-empty asymptotic boundary. We refer to [DuHi94, DuHi95, DS94, EN96, 
ETO1, GSOO, Lie00, NeSp96, Sal89, Ton96]. 

In this chapter we work with the Minkowski model of IH? (see Sect. 10.6). Um- 
bilical surfaces in this model are determined by the intersections between H? as a 
hyperquadric of L* with hyperplanes of R*+. Depending on the causal character of 
the hyperplane, we have the following description of umbilical surfaces. Let a € L4 
be a vector such that (a, a) = €, with e € {—1, 0, 1} and let t € R. Up to isometries 
in L4, the umbilical surfaces of Hi? are the sets 


Uae = {q eH: (q, a) =<}, 


and their classification is as follows: 


1. Geodesic plane: ¢ = 1 and t = 0. 

2. Equidistant surface: «= 1,7 £0. 

3. Horosphere: ¢ = 0, t £0. 

4. Hyperbolic sphere: ¢ = —1, |t| > 1. 


A unit normal field € on U,,; is given by 


1 
&(q)=—-Matrtq), A= —. (11.1) 
Vt* +e 
The Weingarten map A on U,,; with respect to € is Av= (At)v, v € Ty Ua,r. Thus, 
as we know, the mean curvature is constant on U,,; and is given by 


T 
Jr +e 


Then h = 0 for a geodesic plane, 0 < |h| < 1 for an equidistant surface, |h| = 1 for 
a horosphere and |h| > 1 for a hyperbolic sphere. 

Throughout this chapter, U,,, (resp. Q) stands for a geodesic plane, an equidis- 
tant surface or a horosphere in the Minkowski (resp. upper half-space) model of H>. 
We choose t > 0, replacing a by —a if necessary. The orientation € on U,,; will be 
as in (11.1) and as a consequence, the mean curvature is h > 0. 

We express the notion of a graph in the Minkowski model of H?. The geodesic 
of Hi? through a point x and with initial velocity v is y(s) = cosh(s)x + sinh (s)v. 
Let 2 C Ug,x and f € C*(2)NC°(Q). Then the graph M of f is 


h=,)t= 


graph( f) = {cosh f (q)q + sinh f (q)&(q):¢ € 2} 
= {(cosh f(q) — hsinh f(q))q —Asinh f(q)a:qg¢2}. (11.2) 
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In the scheme of the method of continuity, we have to establish a priori estimates 
of | f| and |V f|. We express both functions in terms of the functions (p,a) and 
(N,a), as was done in Euclidean space. Assume that 0M C Ug,r, that is, f =0 
along 02 and (p,a) =t for p € OM. Using the notation p = (g, f(qg)) € M, with 
q € @, we find that 

(p,a) = (cosh f(q) — hsinh f(q))t — Asinh f (qe 
1 
= Tt cosh f(g) — (A + Art) sinh f(g) = t cosh f(g) — 1 sinh f(q). 


We relate the gradient V f with the function (N, a), where N is a unit normal vector 
field. Consider 


1 ; 
N(p) = = ((cosh(f) — h sinh(f)) (A cosh(f) — sinh(f))q 
+ Ad cosh( f)(cosh(f) —h sinh(f))a + Vf), 


where V f is the gradient of f as function defined on 2 C U,.; and 


m= J (cosh(f) —hsinh(f))” +|V fI2. 
We have the following. 
1. If Ug,r is a geodesic plane or an equidistant surface, 
1 
(Lh) (p,a) + /1+ (p, a)? 
(cosh( f) — A sinh(f))? 


a 11.4 
ee a/(cosh(f) — hsinh(f))? + |V f |? = 


f(q) = log 


(11.3) 


2. If Ug,r is a horosphere, 


f(g) = log (11.5) 


T 
(p,a)" 
te f 


Jit eFiV fle 


Let us observe that with this choice of the Gauss map N, we have (N,a) <0 on M. 

Let 82 Cc Q be a bounded domain. From Theorem 10.3.6, we know that an H- 
graph on (2 with boundary 082 and |H| 4h is included in one of the two connected 
components of Hi? \ Q. Furthermore, if | H| < h, the graph is included in the convex 
side of Q. Thus, and according to the choice of t, € and N, we obtain: 


(N,a) = 


(11.6) 


Corollary 11.1.2 Let 2 C Ug, be a bounded domain and let f € C?(2)NC°(Q) 
with f =0 along 082. Assume that M = graph(f) has constant mean curvature H. 
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1. If H =h, then M = 22, i.e., f=0on®. 
2. If H <h, then (p,a) <t for p € int(M),i.e., f >Oon 2. 
3. If H >h, then (p,a) >t for p € int(M), i.e., f <Oon 2. 


Moreover, if H = 0, then (p,a) => 0, for pe M. 


Proof The result is a consequence of Corollary 10.1.8. It remains to consider the 
case H > 0. Assume, on the contrary, that (x, a) takes negative values on M. Let 
Po € M be arelative minimum of this function where (po, a) < 0. But (2.27) gives 


A(x, a)(po) = 2(po, 4) — 2(N (po), a) = 2(po, a) > 0, 


a contradiction. 


When |H| < 1, we know by Proposition 10.1.4 that the size of an H-surface M 
spanning a given boundary curve I” depends only on J”. This result is obtained in 
the Minkowski model as follows: 


Theorem 11.1.3 Let CH? be a simple closed curve and a € L*. Then there exists 
a constant C, = C,(I’, a) depending only on I’ and a, such that if M is a compact 
surface immersed in Hl? spanning I" with constant mean curvature H,|H| < 1, then 


max |(p,a}| < C1. 


Proof Let {e,,..., e4} be the canonical basis of Lt. By Proposition 10.1.4, we know 
that there exists a hyperbolic ball whose radius depends only on I" containing M. 
By achange of the center, we suppose that M lies in the ball {q € HP : (q, e4) > Tt} 
for some t < —1 and t = T(J’). Then (p, eq) > t for all p € M. Since (p, p) = —1 
for pé HI3, we have for each 1 <i <3, 


—(p, ea)? + (p, e:)? < (p, p) =—1. 


l(p.e)| <p, ea)? 1 sve —1= By. 


Finally, and if we write a = a,e; +... + a4e4, we conclude 


Then 


|(p,a)| < laal|t| + Bi(lai| + lao| + asl) = C1. 


We may also argue as follows. Since (HN(p) + p, HN(p) + p) = H? —1<0 
for each p € M, the vector HN(p) + p is a timelike or lightlike vector in Lorentz- 
Minkowski space L*. As (e4,e4) = —1, we have (HN(p) + p,e4) <0 on M or 
(HN(p) + p,e4) > 0 on M. We claim that the second case is not possible. If it is, 
suppose that (NV, e4) > 0 (and so, H > 0). We claim the comparison principle with 
spheres (g, e4) = t,t < —1. By (11.1), the Gauss map is € = A(e4+ Tq) for the pos- 
itive mean curvature h = —At. Then (&, e4) = A(t — 1) = Vt? — 1 > 0. The com- 
parison principle would yield H > h, a contradiction. Thus (H N(p) + p, ea) <0. 
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From (2.27) (taking c = —1) and since (p, e4) < 0, 
A(p, e4) = 2(H(N(p), e4) + (p, €4)) <0. 
The maximum principle implies that 


0 > (p,e4) > min(p, e4) = dy (11.7) 
pel 


and b; depends only on I”. Now the argument follows the same steps as in the proof 
of theorem. 


11.2 Graphs on a Horosphere 


Let 2 C L(c) be a bounded domain and let u € C?(2)N C°(2) bea positive func- 
tion. Then the geodesic graph of u is a Euclidean graph on the horizontal plane z = 0 
given by M = {(q, u(q)) :q € 2}. Assume that 9M = 0Q. If Q’ is the orthogonal 
projection of 92 into the plane R? = R? x {0}, the relation (10.4) says that the mean 
curvature H satisfies 


Vu 2 1 
div ) (1 ) =0 onQ’ (11.8) 
Geo. u V1+|Vul? 


u=c ond’. (11.9) 
This section is devoted to the proof of the following theorem. 


Theorem 11.2.1 Let 2 C Ug,r be a bounded domain such that [' = 0Q2 is strictly 
mean convex. Denote by Hr > 0 the mean curvature of 082 — Ug,, computed with 
the inward orientation. Let H be a real number such that 


—-Hr<H <i. 
Then there exists an H-graph on 82 with boundary 092. 


Observe that if 092 is a circle of radius o > 0 in the horosphere L(c), then for 
each H € (—Hr, 1] there is an umbilical H-graph on 2 spanning 0.2: see Fig. 11.1. 

We begin with a result that uses the tangency principle to compare two graphs 
depending on the value of the mean curvature. 


Proposition 11.2.2 (Monotonicity) Let 21, 822 be two bounded domains of a horo- 
sphere L(c) such that 2, C 8. Consider two functions uj; € C2(2;) N C°(2;) 
whose graphs Mj; have constant mean curvatures Hj; with respect to the upwards 
orientation, i = 1,2. If Hy < Hy < 1, then uy < uz on 22,. In particular, if 2) = 22, 
then uy < up. 
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H = —1/sinh(p) 


geese 
H=-1 
H=0 


H=1 


0-H? 


Fig. 11.1 Here @ C L(1) is a round disk of radius p. Since L(1) is isometric to R?, 
Hr = 1/r =1/sinh(p), where r is the Euclidean radius. The H-graphs begin with the domain 
2 itself (H = 1), then a domain of a geodesic plane (H = 0), we continue with another piece of 
a horosphere (H = —1) and we finish with the umbilical surface that it is a Euclidean hemisphere 
orthogonal to L(1), where the value of H is —1/sinh(). Recall that the orientation N in these 
surfaces points upwards 


Proof Since H; < 1, the surfaces M; lie in the mean convex side of L(c), that 
is, Mi C {(x, y, Zz) :€ Ro : z > c}. There is no loss of generality in assuming that 
(0, 0, c) € 22). Consider the hyperbolic translations given by ¢;(p) = tp, t > 0. Let 
po = (0,0, c) and let K (2, po) be the Killing cylinder with respect to yp) where 
Ypo is the vertical line through po. Since M; is a graph on §2; and Mj lies over 
the plane z = c, we have ¢;(M;) C K(Q;, po) for t > 1. Moreover, and because 
21 C Qo, we see that K (2, Po) C K (822, po), where the inclusion is strict. 

Let us take a large number f such that ¢;(M2) does not intersect M,. Now we 
bring ¢;(M2) back to its original position by decreasing ¢ until the first time fo > 1 
such that $;,(M2) 1 M, #4 G. Since QR, C Qo, (0822) does not touch M, for all 
t > 1. On the other hand, the tangency principle forbids an interior contact point in 
1) (M2) 1 M, because Hj > Hp. Then fo < 1 and M2 is above M, on (2). 


Denote by P(#) the Dirichlet problem (11.8)—(11.9) indicating the dependence 
of H. We apply the continuity method as in the Euclidean setting and define the set 


S= {t € [0, 1]: there exists a solution u; of PU —t+ tH)}. 


First, Y ~ % because the domain 2 is itself a graph with constant mean curvature 
1 and thus 0 € .Y. Now we study the C!-estimates of the solutions of the Dirichlet 
problem. 

A consequence of Corollary 11.1.2 and Theorem 11.1.3 is: 


Corollary 11.2.3 Let H € [0,1] and let 2 C Ug. be a bounded domain. Then 
there exists a constant Cz = C2(Q2) depending only on 92, such that if M is an 
H-graph of f € C?(2)C°(Q) with f =0 on Q, then 


O<f<O. 
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We analyze the case H ¢ [0, 1]. 


Theorem 11.2.4 Let 82 C Ug,r be a bounded domain and H ¢ (0, 1]. Then there ex- 
ists a constant C3 = C3(H) depending only on H such that if f € C2(2)NC%(2), 
f =00n 022 and M = graph(f) is an H-graph, we have | f | < C3. Moreover, 


1,02 f<C3,if H <0, 
2. -C3< f<0,fH>1. 


Proof Combining (2.27) and (2.28) (letting c = —1), we deduce 
A(H (p,a) + (N,a)) =—(\o|? — 2H’)(N, a) > 0. (11.10) 
The maximum principle for the function H(p, a) + (N, a) says 


H(p,a) + (N(p), a) <max(Ht + (N,a)) < Ht. (11.11) 


Now we have 
0= al? =|a"|*+(N, a)? — (p,a)? = (N, a)? = (p,a)? 
= ((N,a) + (p,a))((N, a) — (p.a)), 

where a' is the tangent part of a on M. Since (N(p), a) — (p, a) < 0, we have 
(N(p), a) + (p,a) = 0. (11.12) 

From (11.11) and (11.12), we get 
(H — 1)(p,a) < Ht. (11.13) 

By (11.5), the inequality (11.13) yields the desired C°-estimates of f by letting 


H-1 
C3 = log 7 


Moreover, it is straightforward from (11.13) that f > 0 if H <0 and f < Oif 
A>. 


The height estimates of this result can be seen as an extension in our context of 
Serrin’s estimate given in Theorem 2.3.5. We have proved in Theorem 11.2.4 that an 
H-graph of a function f defined on a domain (2 of a horosphere U,,,, with f =0 
on 082 satisfies 


H- 
0<|f| <log] —— 


’ 


whenever H <QOor HA > 1. 
For the estimate of |V f|, we have: 
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Theorem 11.2.5 Let 2 C Ug,, be a bounded domain such that [ = 092 is strictly 
mean convex. Consider an H-graph M of f € C?(Q)NC°(Q), f =0 on dQ. If 


—Hr<H <i, 
then there exists a constant C4 = C4(2, H), depending only on 92 and H, such that 


sup |V | < Ca. 
2 


Proof (Compare with Theorem 8.3.1) The estimate of |V f| is given provided we 
have a priori bounds of the function (N, a) according to (11.6). From Eq. (11.10), 
there exists a g € 0M such that 


H(p,a) +(N,a) < Ht +(N(@), 4). (11.14) 
Furthermore, by the maximum principle, at the point g we find that 


H (vq,a) + ((dN)qvq,4) < 


0, 


where v is the inward unit conormal vector of M along 0M (vq = v(q)). Using 
H < 1, we know from Corollary 11.1.2 that (p,a) < t and then (v,a) <0 on 022. 
This implies 


(H — 0(vq, vq))(vq,a) <0. 
From this inequality and since (vg, a) < 0, we obtain 
O (Ug, Vg) = H. (11.15) 
At the boundary point g we see that 


N, 
0 (Ug, Vg) = 97" (vg, Vg)(N(Q),0(q)) — = (11.16) 


where o/ denotes the second fundamental form of I as a curve of Ua,r and n is 
the inward unit normal field to 7 in Ug,,. Since € = —p — a/T is the unit normal 
field on Ug,r, 


2 (va)? 


1 = (€,&) = (v,&)? + (N, 6) = + (N,&)?. 


This formula, together with 1 = (N, N) = (N, n)* + (N, €)’, assures us that 


(v, a) 


(N,n)= 


Combining (11.15) and (11.16) and since Hr > 0, we have 


(N(q), 4) < Hr(q)(vq, a) — TH. (11.17) 
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1. Case 0 < H <1. The inequalities (11.14) and (11.17) yield 
H(p,a) +(N(p), a) <0 (11.18) 
on M. As a consequence of Corollary 11.2.3, we deduce 
(N(p), a) <—H(p,a) < —Hte @ = By <0 


and B» depends only on £2 and H. 
2. Case —Hr < H <0. As (a, a) =0, we have 


(v, a) = —,/t2 — (N, a)?. 
Then (11.17) gives 
(1+ Hr(q)°)(N(q), a) + 2c H(N(q), a) + 17(H? — Hp(q)’) = 0. (11.19) 


We view (11.19) as a quadratic inequality on (N(q), a). Using H?. > H?, the 
left hand side has one positive and one negative root. As (N, a) <0, we deduce 


(N(q).a) (H = Hr@y1+Hr@y-H?). (11.20) 


= ae 
1+ Ar(q) 


The assumption on H assures us that the right-hand side of (11.20) is negative. 
Consider 


ko = min : K, = max 7 : 
i= Tm r(p) a r(p) 


Now (11.14), (11.20) and —Hr < H <0 imply 


T 


jamear Hr 1+ Hr(q)? — #2) 


(N,a) < H(t —(p,a)) + 


T 
ee 2 eee 1+ Hr(q)? — H2 
= eae r@y rq) ) 


T 
< H —xo,/1+«2 — H?) = B3 <0, 
ear q ) 


where B3 depends only on 92 and H. 


Summarizing, we have on 2, 


(N,a)<B. <0, if0O<H <1. 
(N,a)<B3 <0, if -Hrp<HA <0. 
From these estimates, Corollary 11.2.3, Theorem 11.2.4 and the expression of 


(N, a) in (11.4), we conclude that there exists a constant C4, depending only on 2 
and H, such that |V f| < C4. 


228 11 The Dirichlet Problem in Hyperbolic Space 


Proof of Theorem 11.2.5 The above estimates of | f| and |V f| imply that the set .7 
is closed in [0, 1]. In order to prove that .Y is open, it suffices to show that the 
kernel of the linearized operator of the mean curvature is trivial (see Lemma 8.1.4 
and Remark 8.1.5). In this case, the Jacobioperator is L = A-+|o|* —2. The function 
(N, a) is negative and by (2.28), 


L((N,a)) = —2(H(p, a) + (N,a)). 


If0 < H <1, we see that L((N, a)) > 0 by (11.18). When H <0, Theorem 11.2.4 
gives f > 0 and (11.5) implies L((N, a)) > 0 because (p, a) > 0 and (N, a) <0. In 
both cases, we have L((N, a)) > 0, which proves that .Y is an open set in [0, 1]. 


11.3 Graphs on a Geodesic Plane and an Equidistant Surface 


In this section we study the Dirichlet problem for geodesic graphs on a domain 
of a geodesic plane or an equidistant surface U,,,. For an appropriate orientation, 
suppose the mean curvature of Uz, is h > 0. The main result is: 


Theorem 11.3.1 Let 2 C Ug,r be a bounded domain such that [ = 0Q2 is strictly 
mean convex. Suppose H a real number such that 


—Hr <H <h, 


where Hr denotes the mean curvature of 082 — Ug,, with respect to the inward 
orientation. Then there exists a geodesic H-graph on Q with boundary 09. Fur- 
thermore, if Hr > 1, the interval of existence extends to —Hr < H <1. 


Starting from the trivial solution f = 0 on 2 (for H =h), which corresponds 
to the domain 2 itself, appropriate C!-estimates will allow us to blow up f =0 
obtaining solutions for each H’ until we arrive at the value H’ = H. As in the pre- 
ceding section, and using (11.3) and (11.4), we derive C!-estimates for f provided 
that there are bounds for the functions (p, a) and (N, a). 

We first study height estimates of f. We start by considering the case |H| < 1. 
A direct consequence of Corollary 11.1.2 and Theorem 11.1.3 is: 


Theorem 11.3.2 Let H € R satisfy |H| < 1. Let 2 C Ug,, be a bounded domain. 
Then there exists a constant C; = C\(S2) > 0 such that if f € C?(2) a Co), 
f =0 on 02 and M = graph(f) is an H-graph, then | f\| < C,. Furthermore, 
O<f <Ci (resp.—Ci < f <0) if-1<H <h (resp.h< H <1). 


We also need a priori estimates of | f| in the range |H| > 1. 


Theorem 11.3.3 Let H € R satisfy |H| > 1. Let 82 C Ug. be a bounded do- 
main. There exist constants Cz = C2(82,H) and C3 = C3(82, H) such that if 
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f €C?(Q)NC%(Q), f =0 on 92 and M = graph(f) is an H-graph, then 

Crs f<Cs. 
Proof By (11.10), the maximum principle gives again 


H(p,a) +(N,a) < max (H(p,a)+(N,a)) < Ht. (11.21) 
qeoM 


Since (a, a) = 1, for each p € M we have 
(a,a)=1=(a",a™)’ + (N, a)? — (p,a)? > (N, a)? — (p, a)’, 
where a? denotes again the tangent part of the vector a on M. Then 
(N,a)? <1+ (p,a)’. 


Inequality (11.21) yields 


H((p,a) —t) <—(N,a) < 14 (p,a)?. (122) 


From Corollary 11.1.2, if H > 1 then (p,a) >t and if H < —1, we see that 
(p,a) <t. Squaring (11.22) we get 


H?((p,a) a t) <1+ (p, a)’, 
or equivalently, 


(H? —1)(p, a)? — 2tH?(p,a) + H°t? -1<0. 


Consequently 
tH? — /H?124 H?-1 tH? +/SH?1? + H2-1 
<(p,a)< ‘ 11.23 
Wo <(p.a) Wi (11.23) 


Hence we have lower and upper bounds for the function (p, a) and therefore, the 
corresponding C°-estimates of the function f that defines the graph. This proves 
the theorem. 


Inequalities (11.23) may be viewed again as the generalization to the hyperbolic 
setting, with |H| > 1, of Serrin’s height estimate. If the boundary is included in a 
geodesic plane (t = 0), we have 


By (11.3), the function f satisfies 


| f(q)| <arc sinh (=). 
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This estimate appeared in [KKMS92]. In addition, we derive from (11.23) a similar 
estimate of the height of a geodesic graph on a domain of an equidistant surface, 
where now (p,a) = —sinh(f + log(t(1 —h)/h)). 

We obtain the gradient estimates for the solution of the Dirichlet problem. 


Theorem 11.3.4 Consider a bounded domain 82 C Ug,r such that [ = 082 is 
strictly mean convex. Let H € R satisfy —Hr < H < Hr. Then there exists a 
constant C4 = C4(Q2,H) such that if f € C?(2)N C°(2), f =0 on AQ and 
M = graph(f) is an H-graph, then 


sup |V | < Ca. 
2 


Proof According to the relation between |V f| and the function (N,a) given 
in (11.4), it suffices to estimate (N, a). We distinguish two cases. 


Case 1.-—Hr < H <h. 

From Corollary 11.1.2 we see that (p, a) < t. Hence it follows that (v,a) <Oin 
02, where v denotes the inner conormal vector of M along 082. In view of (11.21), 
there exists ag € 02 such that the function H(p,a)+(N, a) assumes its maximum, 
that is, 


H(p,a) +(N,a) < Ht +(N(@), 4). (11.24) 
Furthermore (11.21) implies 
H (vq, a) + (dNqvq, a) <9, 
where WN is a unit normal field on M such that (N, a) < 0. Hence 
(H —o(vq, ¥q))(vq,.4) <0, 


where o is the second fundamental form of M. Since (v,a) < 0 along 092, we 
deduce 


H —o(vq, vq) = 0. (11.25) 


On the other hand, let a be an arc length parametrization of I” with a(0) = gq and n 
be the unit normal field to 02 in U,,, pointing to 2. Then 


a (a'(0), a” (0)) = (Ng), &””(0)) 
= —Ah(N(q),a) +07 (a'(0), a ())(N(q).n(q)). (11.26) 
Since along 092 


1=(N,N) =(N,n)? +(N,&)? = (Nn)? +4°(N, a)’, 


(N,n) =—1/1—A2(N, a)?2. (11.27) 


it follows that 
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Combining (11.26) and (11.27), we get 


a(a’(0), a’ (0)) = —Ah(N(q), a) — Ar(q)Vy1—- (N(q), a). 


Then (11.25) yields o(a’(0), a’(0)) — H > 0, that is, 


—Ah(N(q), a) — Hr(q)V 1 —22(N(q), a)" > H (11.28) 
or equivalently 
Hr(q)v1—22(N(q),a) < —Ah(N(q), a) — H. 
Squaring, we deduce 
7 (h? + Hr(q)’)(N(@), ay + 2ahH(N(q),a)+ H?—-HAr(qy=0. (11.29) 


We view this expression as a quadratic inequality on (N(q), a). Let p1 < 2 be the 
two roots of the left-hand side of in (11.29): 


—hH +Hp(q)Vh? + Ar (q)2 — H? 


le 
ACh? + Hr (q)") ce 


P1,p2= 
Inequality (11.29) implies that (N(q), a) < p1 or (N(q), a) = p2. Let 
ko = min Hr(p), kK, = max Hr(p). 
ped%2 pEed%2 


We distinguish three cases according the value of H: 


(a) Case H <0. We point out that in this case U,,; is a geodesic plane, since h = 0. 
As H <0, 62 > 0 and since (N(q), a) < 0, (N(q), a) < p1. The assumption 
Hr(q) > —H implies p; < 0. From (11.24), we obtain 


(N,a) < H(t —(p,a)) +(N(@). a) <(N(q), 4) 


~ ThH — Hr@Vh? + Hr@? — H? 
~ A(h? + Hr (q)*) 


Then we verify directly that 


—hH —ko,/h? + «5 — H? 
(N, a) 


Mh? + Kk?) 


Ko(h — \/h? + xe — H?) 
= (11.31) 


Mh? + 7) 
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(b) Case 0 < H <h. We view p, and (2 as two continuous functions in the vari- 
able H. Since 02 is mean convex, we have (1(0) < 0 < 2(0). By continuity, 
there exists a (small) constant hop = ho(S2) < h, such that p;(H) < 0 < p2(A) 
for all H € [0, ho]. Hence (N(q), a) < o1. For each H € [0, ho] and by virtue 
of (11.24) and (11.30), we find that 


(N,a) < Ht — H(p,a)+(N(q),a) < Ht +(N(q), a) 


_ Hh(h? + Hr(q)”) ~ hA ~ Arq) h? + Arq)? = H? 
~ Mh? + Hr (q)”) 
Hh(h? + x?) — K6 
< 
Ah? + K?) 


(11.32) 


where in the second inequality we apply Corollary 11.1.2 to ensure that 
(p, a) = 0. Choose ho sufficiently small so that 


2hoh(h* +«;) — Ko <0. (11.33) 
Then (11.32) becomes 


hoh(h? +?) — K6 
Mh? + «?) 


(N,a) < 


<0. (11.34) 


(c 


wm 


Case H € [ho, h]. By (11.28), we have —Ah(N(q),a) => H or equivalently 
(N(q), a) < —H/(Ah). Corollary 11.1.2 and the inequality (11.24) yield 


1 h2—1 


h2-1 h2—1 ho 
<H <ho = <0. (11.35) 


Case2.h<H < Hr. 

The proof is similar. Now (p, a) > t. With appropriate modifications in (11.25), 
(11.27) and (11.28), we derive the same inequality (11.29). Since 2 is positive again 
(because Hr > H), we see that (N(q), a) < o1. As in (11.31), we have 


(N,a) < Ht — H(p,a) +(N(q), a) < Ht +(N(q), a) 


—hH —ko,/h? + «5 — H? hko TK 
< 


Mh? + K?) ~ A+ KA) WK oon 
Set 
: i — Jl? +5 — A?) ahoh(h? +42) — 42 hg TKO | 
= max , ’ ’ : 
Mh? + 7) Mh? + K?) tT’ A? +k?) 
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This constant is negative and depends only on 2 and H. Recall that if U,.; isa 


geodesic plane, we set 
K04/ Ke — H? 


2 
Ky 


Now we obtain that (N, a) < C. This follows from Theorems 11.3.2 and 11.3.3 the 
desired estimates of |V /|. 


Proof of Theorem 11.3.1 
Consider the set .Y defined by 


= {H € (—Hry,h]: there exists an H-graph on 92 with boundary dQ}. 


Since h € %, we have .Y 4 YJ. We show that .7 is open as in the case of the previous 
section. If L is the Jacobi operator, the function (NV, a) satisfies 


L((N,a)) = —2(H(p, a) + (N,a)). (11.37) 
If H <0, we get directly L((N, a)) => 0. If H € (0, ho], Eqs. (11.33)-(11.34) imply 


hoh(h? + KZ) — KG 


<0. 
Ah? + K?) 


H(p,a)+(N,a) <Ht+ 


If H € (ho, hj, (11.35) gives 


H(p.a) + (Noa) 2 H(r— 5) <0. 


In conclusion L((N,a)) > 0. Therefore Remark 8.1.5 applies, showing that .7 is 
an open set in [0, 1]. 

Finally, the proof is completed by means of the continuity method provided a pri- 
ori C!-bounds independent of H are established for each solution with —Ko < H < 
h. We turn our attention to the upper bound for (N, a) in Theorem 11.3.4. 


1. Case —1 < —ko. Theorem 11.3.2 provides C°-estimates depending only on @. 
On the other hand, if H < 0, the inequality (11.31) yields 


Ko(h — \/h? + xe — H?) 


Wea 


Set 


= — ./h2 2_ 2 2 2 2 
c= mas| Koh — /h? + Ky — H*) fo Ko — hoh(h vl 


A(h? + K?) "th? + «7) 
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When U,; is a geodesic plane, take 


K0,/ Ka — H? 


2 
Ky 


C= 


In both cases, the number C’ > 0 depends only on 9 and H and satisfies 
(N,a) < —C’ and hence we obtain the C!-estimates of f. Since .Y is an open 
set, the continuity method implies that for each H, —xo < H </h, there exists a 
function f on §2 vanishing on its boundary and whose graph has constant mean 
curvature H. 

2. Case —kg < —1. The previous construction for —1 < —xo guarantees the ex- 
istence of graphs with constant mean curvature until the value H = —1. Since 
S is open, in a neighborhood of H = —1, there exists an interval of solutions, 
namely [—1 — 6, —1], where 6 = 6(2) > 0. Let —xg < —1 — 5. The bound C’ 
for (N,a) holds as above. Then for each graph on §2 whose mean curvature H 
satisfies —Ko < H < —1—6, Corollary 11.1.2 and estimate (11.23) imply 


_ 2,2 2 _ 22 i 
T—\/Kgt- + kG a VKot +g 1 


H?-1 — 627 +.25 


T= (p,a)= 


Consequently, we have obtained C°-bounds (independent of H) in the interval 
(=x, —1= 3), 


Finally, it remains to examine the final statement of Theorem 11.3.1. Assume 
ko > 1. Let be as in the definition but changing the interval of H to (—Hr, 1]. 
The C°-bounds are derived in Theorem 11.3.2 and the C!-estimates hold as above, 
since in the interval [h, 1] we have 


TKO 


N,a) < —————_~. 
n> +K? 


In order to prove that [h, 1] is open in .”, we apply Remark 8.1.5. We only have to 
verify that L((N, a)) > 0. Since Hp > 1, inequality (11.36) implies 


Hh+ Ar(q)Vh? + Ar (q)2 — H? 
A(h? + Hr (q)?) 


2 ya oe Ji? + Arq? —1 
eit + Hr(q)° — 1) — Hr(q)Vh? + Hr (q)* D2h 


ACh? + Hr (q)”) 


H(p,a)+(N,a)< Ht 


By (11.37), L((N, a)) => 0 and this completes the proof of Theorem 11.3.1. 


Chapter 12 
Constant Mean Curvature Spacelike Surfaces 
in Lorentz-Minkowski Space 


A spacelike surface in Lorentz-Minkowski space L? is a surface whose induced met- 
ric is Riemannian and thus its study is similar to that of a surface of Euclidean space. 
The importance of constant mean curvature spacelike surfaces or, more generally, 
cme hypersurfaces in Lorentzian spaces, is well known in physics because of their 
role in general relativity where we are interested in finding real-valued functions on 
a given spacetime, all of whose level sets have constant mean curvature. Then the 
mean curvature function may be used as a global time coordinate and provides a 
time gauge, which it is important in the study of singularities, the positivity of mass 
and gravitational radiation. A summary of these topics can be found in the survey 
papers [Bar87, CY80, MT80]. 

In this chapter we focus on compact spacelike surfaces in L? with constant mean 
curvature spanning a given boundary curve. Again we are interested in studying 
the influence of the geometry of the boundary on the shape of the surface. As in 
hyperbolic space, we begin this chapter by recalling basic notions of the geometry 
of L3 with a special emphasis on spacelike surfaces. Although the mean curvature 
equation for such a surface is again elliptic, we shall encounter some differences 
with the Euclidean setting. For example, a flux formula is derived and which is 
formally identical to that for Euclidean space, however we do not obtain similar 
consequences. This is due to the fact that for the formula measures the flux of the 
surface along a spatial direction, but now the metric in L? is Lorentzian, which does 
not allow us to estimate the inner product of two vectors. In contrast, and in the case 
that the boundary is a circle, we obtain that umbilical surfaces are the only compact 
spacelike cmc surfaces spanning a circle. This greatly differs from what happens in 
Euclidean space. 

We conclude the chapter with the Dirichlet problem for the mean curvature equa- 
tion for spacelike graphs. Again this differs from the Euclidean case. For example, 
given a bounded domain @ C R?, the solvability of the Dirichlet problem in L? is 
assured for arbitrary boundary data and values of H. The reason is based on the 
properties of the rotational cme surfaces in L*, which are graphs over all R? except 
at one point, where the surface presents a conical singularity. This provides good 
barriers for the necessary C!-estimates. 
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12.1 Basics on Lorentz-Minkowski Space 


In this section we review several elementary facts inLorentz-Minkowski space, spe- 
cially the definition of a spacelike surface and some of its properties. We refer 
to O’ Neill [One83] and Weinstein [Wei96] for further details. Consider the three- 
dimensional Lorentz-Minkowski space L*, which is defined as the vector space R? 
equipped with the Lorentzian metric 


(-,°) = (dx1)? + (dx)? — (dx3)”, 


where (x1,*2,%3) are the canonical coordinates in R*. Then (-,-) is a non- 
degenerate metric of index 1 classifying the vectors of R? into three types. 


Definition 12.1.1 A vector v € L? is said to be: 


1. spacelike if (v, v) > 0 or v = 0; 
2. timelike if (uv, v) <0; 
3. lightlike if (v, v) =O andv +0. 


The modulus of v is |v| = /|(v, v)|. 


The set ay + xe = ae = 0 of all lightlike vectors and the origin is called the light-cone 
of L?. 

We shall also work with the usual affine structure in R?, the vector space that 
supports L?. Horizontal directions are indicated by the (x1, x2) coordinates and the 
vertical direction is given by the x3-axis. Let 


e3 = (0,0, 1), 


which is a unit timelike vector and will play an important role in this chapter. 

In Lorentz-Minkowski space L? there does not exist a Cauchy-Schwarz inequal- 
ity for the inner product of two arbitrary vectors except when they are timelike. If 
u,v € L? are timelike vectors, then (u,v) #0. Then |(u, v)| > |u||v| is valid and 
equality holds if and only if u and v are proportional. In fact, if (u,v) < 0, then 
(u,v) < —|ul|v]. 

A vector subspace U C R? is said to be spacelike (resp. timelike, lightlike) if the 
induced metric on U is positive definite (resp. non-degenerate of index 1, degen- 
erate and U ¥ {0}). Any vector subspace belongs to one of the above three types. 
Moreover, U is spacelike (resp. timelike, lightlike) if its orthogonal subspace U+ is 
timelike (resp. spacelike, lightlike). 


Definition 12.1.2 Let M be acurve or a surface. An immersion x : M > L? is said 
to be spacelike if the induced metric on M is positive-definite. 


We also say that M is a spacelike curve or a spacelike surface, depending on 
the dimension of M. As usual, we denote the induced metric on M by (.,-). If 
x:M — L? is acurve, the spacelike condition means that (x’(s), x’(s)) > 0 where 
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x = x(s) is a parametrization of the curve. In a spacelike surface, every tangent 
plane T,,M is spacelike which is equivalent to the property that any orthogonal 
vector to M is timelike. Since the induced metric on M is Riemannian, we can 
define on M concepts such as distance, length and area. However, the spacelike 
condition is strong, as shown in the following results. 


Proposition 12.1.3 There are no closed spacelike surfaces in L*. In particular, if 
x: M — L? is a spacelike immersion of a compact surface M, then 8M #9. 


Proof Let v 4 0 be a spacelike vector of L?. Define on M the function f(p) = 
(x(p), v). Since M is compact, there is a point p € M where f attains the maxi- 
mum. If the surface M is closed, the point p is interior, in particular, (df) p(v) = 0 
for all v € T,M. Thus T,M = (v)+. Since v is spacelike, T,M is a timelike plane, 
yielding a contradiction. 


Proposition 12.1.4 Let 7 CL? be a closed spacelike curve included in a plane P. 
Then P is a spacelike plane. 


Proof We may suppose that P is a vector plane. If P is not a spacelike plane, there 
exists a lightlike vector v € P. Leta: S! + I’ be a parametrization of I’. Define 
on S! the function f(s) = (a(s), v) and let so € S! be a point at which f attains a 
maximum. Then f’(so) = (a’(so), v) = 0, which means that a’ (so) is perpendicular 
to v. If the plane P is lightlike or timelike, the only orthogonal vectors to v are 
proportional to v. This says that a’(so) is a lightlike vector, a contradiction because 
a is spacelike. 


The next result states that a spacelike surface is orientable. 


Proposition 12.1.5 Let M be a surface and let x : M — L? be a spacelike immer- 
sion. Then M is orientable. 


Proof We know that M is always locally orientable and we shall define a global 
orientation on M. Let N be a local orientation of M. For each p € M, N(p) isa 
timelike vector. Taking into account that two timelike vectors of L? are not orthog- 
onal, and since e3 is timelike, (N(p), e3) 4 0. Given po € M, let Vo be a neigh- 
borhood of po such that (NV, e3) <0 on Vo. This allows us, by connectedness, to 
choose a global orientation N on M such that (N, e3) < 0 on M, which proves the 
orientability of M. 


Since there are two possible orientations, we say that M is future oriented if 
(N, e3) <Oon M and, in such case, we say that N pointsto the future direction. With 
this choice, the horizontal planes x3 = f are future directed when the orientation 
points upwards, i.e., N = e3. 

Given a surface M, we know that an immersion x : M — R? is locally a graph 
on one of the three coordinate planes. If we endow on R? the Lorentzian metric, 
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for a spacelike surface we can be precise with respect to what coordinate plane is a 
graph. 


Proposition 12.1.6 A spacelike surface in L? is locally a graph on the plane x3 = 0. 


Proof Let x : M — L? be a spacelike immersion and 7 : R* —> R? the projection 
1 (X1,X2, X3) = (x1, x2). Consider = 2 ox: M > R?. If v = (v4, v2, v3) € T)M, 
then 


((dX) p(v), (dX) p(v)) = vy + vz = v7 + v3 — vz = (v, v). (12.1) 


Then (dx) p is injective and this proves that x is a local diffeomorphism, proving the 
result. 


We prove that a compact spacelike immersed surface is a graph provided its 
boundary projects onto a simple plane curve. 


Proposition 12.1.7 Let x : M — L? be a compact spacelike surface bounded by a 
simple closed curve I’. Assume that there exists a spacelike plane P such that the 
orthogonal projection I’ of I on P is a simple closed curve. Then there exists a 
diffeomorphism F : 2 — M from a bounded domain Q2 C R? such that x o F is a 
spacelike graph on Q. 


Proof Assume without loss of generality that P is the horizontal plane x3 = 0. Us- 
ing (12.1), the projection x = 2 o x : int(M) — R? is a local diffeomorphism and, 
therefore, it is an open map. Let 2 = x(int(M)) Cc R2, which is an open subset 
of R?, and let 92’ be the planar domain bounded by the plane simple closed curve 
I’ =n()=x(0M),. 


1. We prove 0x(M) Cc I’. Since M is compact, for any q € 0X(M) there exists 
a p € M such that x(p) = q. We show that p € 0M. Assuming the contrary, 
p € int(M) and there is an open neighborhood U, of p in int(M) and an open 
neighborhood V, of g in 2 such that x: Up, — Vy is a diffeomorphism. This 
implies that g € 92, contradicting that g is a boundary point of «(M). 

2. We prove 2 = 9’. If there exists a point in 2 which is not in 2’ and since 2 is 
bounded, there are points in 92 outside 2’, which is impossible. Analogously, 
if there is a point in 2’ which is not in Q, there are points in 02 inside 2’, 
which is again not possible. 

3. As a consequence, ¥: M — 2 is a local diffeomorphism, and the compactness 
of M implies that x is a covering map. Since 92 is simply connected, the map x 
must be a global diffeomorphism. 


Hence, letting F = x~! 


f =+30F. 


, we see that x o F is the graph determined by the function 


From Propositions 12.1.4 and 12.1.7, we have: 
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€3 


H?(p,p) 


Fig. 12.1 Left: a hyperbolic plane. Right: a hyperbolic cap 


Corollary 12.1.8 A compact spacelike surface immersed in L? spanning a plane 
simple closed curve is a graph. 


Umbilical surfaces in L? are planes, hyperbolic planes and pseudospheres. 
Among them, the only spacelike surfaces are spacelike planes and hyperbolic 
planes. A spacelike plane is of the form as P = {x € L? : (x — p, v) = 0}, where p € 
L? and v is a timelike vector. After an isometry of L*, a hyperbolic planecentered 
at p and radius p > 0 is of the form 


H’(p, p) = {x €L?: (x — p,x — p) =—p”, (x — p,e3) <0}. 


See Fig. 12.1. This surface is isometric to the hyperbolic space of dimension 2. An 
orientation of H?( Pp, pe) is N(x) = (x — p)/p, and N points to the future direction. 
Let H? = H?(O, 1), O being the origin of R?: 


H? = { (x1, x2, x3) Ale xf +23 —x3 =-1, x3 > 0}. 


If M is a spacelike surface of L?, the orientation N pointing to the future is a dif- 
ferentiable map N : M — H?. This shows that in the context of spacelike surfaces 
of L?, the role of a sphere is played by H?. 

Finally, we define a hyperbolic cap. 


Definition 12.1.9 A hyperbolic cap of L* is a compact piece of a hyperbolic plane 
whose boundary is a circle. 


Indeed, after an isometry of L*, a hyperbolic cap is a compact surface that stems 
from the intersection of H?(p, e) with a horizontal plane, as depicted in Fig. 12.1. 
For each p € L? and r > 0, consider the disk D,(p) = {(x1, x2) € R* : (41 — pi)? + 
(x2 — p2)” <r7}. Define the hyperbolic cap H*(p, p;r) as 


H?(p, p;r) =H? (p, p) N {x € L3: x3 < p3 + yr? + p?}. 
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The hyperbolic cap H*(p, p; r) is the graph of the function v 0 


vp: De(p) > R, Vp (x1. x2) = p3 +o? + Cr — pr)? + (2 — p2)? 


and the boundary condition is 


Up =p3tr2+p2 ondD,(p). 


The boundary curve of H?(p, p; r) is the circle of radius r given by the intersection 
of H?(p, p;r) with the plane with equation x3 = p3 + /r? + p2. Note that the 
functions v, are smooth on D,(p) for any r > 0, in contrast to the case of Euclidean 
space. Recall that a hemisphere in R* of mean curvature H > 0 is the graph of a 
function u that is smooth in the interior of a circular disk of radius 1/H but u does 
not extend smoothly to the boundary. 


12.2 The Mean Curvature of a Spacelike Surface 


Let x : M — L? bea spacelike immersion of a surface M. Let X(M) be the space 
of tangent vector fields to M and denote by V° the Levi-Civita connection of L? 
and by V the induced connection on M by the immersion x. The expression of the 
Gauss formula is 


VoY=Vx¥+o(X,Y), X,Y eX(M), (12.2) 


where o is the second fundamental form. Let NV be a unit normal vector field on M 
pointing to the future. If X,Y ¢ X(M), 


(A(X), ¥) =(0(X, Y), N), (12.3) 


where A is the Weingarten endomorphism associated to N. As N is timelike, this 
relation implies 


a (X,Y) =—(0(X, Y), N)N = —(A(X), Y)N, (12.4) 
and (12.2) now becomes 


VYY = Vx¥ — (A(X), Y)N. (12.5) 


Definition 12.2.1 Let x : M — L? be a spacelike immersion of a surface M. The 
mean curvature vector field H and the Gauss curvature K of a spacelike surface are 
defined as 


_ det(a) 
~ det(1)’ 


where I = (-, -) is the first fundamental form of x. The mean curvature function H 
is defined as H= AN, that is, H = —(H, N). 


1 
H= -t ; 
5 race(a) 
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In terms of the Weingarten endomorphism A (see also (12.4)), the curvatures H 
and K are 


1 
H= — 7 trace(A), K = —det(A). (12.6) 


Since o is symmetric, identity (12.3) yields (A(X), Y) = (X, A(Y)). This means 
that A : X(M) > X(M) is a self-adjoint map with respect to the metric (-,-) and 
because the induced metric is positive definite, A is diagonalizable. Let «; and k2 
stand for the principal curvatures. Then (12.6) gives 


K\(p) + k2(p) 
H(p)=-= >, K(p) = 41 (p)«2(0). 
On the other hand, 
‘x ("5") 7 ("5") aiitig 


Thus H* + K > 0 and equality holds at a point p if and only if p is an umbilical 
point. Finally, 


2 
Jo? = > (Aej, ej)? =«> +43 = 4H? 42K. 
i,j=1 


As an example, for the hyperbolic plane H*(p, p) with N(x) = (x — p)/p, we have 
Av =—v/p, H =1/p and K =—1/p”. 
Using a local parametrization 


w:0cCR? +L, W = W (x1, x2), 
the expressions of H and K in terms of the coefficients of J and o are 


leG—-2fF4+gE = f* 
|: eee EEE eS (12.7) 
2 EG—F2 EG — F2 


Let u € C*(@) be a function defined on a domain @ C R? and consider the sur- 
face M given by x3 = u(x}, x2). Let W : 2 — L? denote the usual embedding 
W (x1, X2) = (x1, X2, U(X], X2)). The coefficients of the first fundamental form are 


E=1-wv 


2 
“3 F=—uy,Uy,, G=1-u;,. 


Thus EG — F?=1— ue - a. = 1 — |Vu|? and since the immersion is spacelike, 
|Vu|* < 1 on Q. Take on M the orientation pointing to the future given by 


(ux,, Ux 1) — (Vu, 1) 
J1—|Vu  J1—[Vul2 


N(x1, x2, u(x1, X2)) = (12.8) 
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With respect to NV, the mean curvature H satisfies 


3 
(1 — wf, )Uxyxy + Quix, UxyMxixy + (1 — uy, yxy = 2H(1—|Vul?)?, (12.9) 


that is, 


: Vu 
tiv( —_) = 2H, (12.10) 
JV1—|Vul2 


where div is the Euclidean divergence in R?. Observe that the mean curvature equa- 
tion in Euclidean and Lorentz-Minkowski spaces can be expressed with a unified 
notation (compare with Eqs. (3.2) and (3.3)): 


3 
(1 + €Uuy, )Ux;x; — 26x, Ux,Uxyx) + (1 + €Uy, )Uxyxy =2H(1 +e|V|*)? 


V 
aiv( —~_) 2H, 
J1+e|Vul2 


in the space (R3, (dx)? + (dx2)? + €(dx3)”), with e = +1. Again, the constant 
mean curvature equation (12.10) is of quasilinear elliptic type and we can apply the 
tangency principleas in Theorem 3.2.4. The same is true for the comparison princi- 
ple and the proof given in Theorem 3.1.5 works in this context. As a consequence, 
the Dirichlet problem has a unique solution in the following sense: 


Theorem 12.2.2 Let 2 C R? be a bounded domain. If M, and Mp) are two space- 
like H-graphs on 2 with 0M, = 0M)2, then M, = Mp). 


A spacelike surface with zero mean curvature at all its points is called a maximal 
surface. This name is motivated by the fact that a maximal surface locally maxi- 
mizes the surface area. Comparing with Proposition 2.1.8, we have: 


Proposition 12.2.3 Let 2 C R? be a bounded domain and let M be a compact 
maximal graph on 2. Then M maximizes the area among all graphs spanning 0M. 


Proof We follow the same steps, defining the vector field Y(x, y,z) = N(x, y, 


u(x, y)), where N is given by (12.8). If M’ is another graph on 2 with the same 
boundary as M, since Div(Y) = 0, we have 


o=| (Y, mam + f a N'}dM = —area(M) +f (Y, N’)dM’. 
M M' M’ 


As N’ and ¥ are unit timelike vectors pointing to the future, the Cauchy-Schwarz 
inequality says (N’, Y) < —1. Thus 


area) = — | (Yvan > [ dM’ = area(M’). 
M’ 


, 
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12.3 Spacelike Surfaces with Non-empty Boundary 


Given a simple closed curve I’ C L?, we investigate those spacelike cme surfaces 
of L? having I as its boundary. We may pose similar questions as in Euclidean 
ambient space such as if the symmetries of I” carry to the surface or if there are 
restrictions on the possible values of mean curvature. 

In order to illustrate these questions, we consider the simplest closed curve, I”, 
namely a circle. First we need to make precise the notion of a circle in L* because 
the metric is Lorentzian. See [LLSOO] for further discussions. In the preceding sec- 
tion, we used the word ‘circle’ when we said that the boundary of HE ( DP, p31) was 
the circle 


JH? (p, psr) = {x €L?: (a — pi)? + 2 — po)? =r? x3 = p3 +r? + p?}. 
(12.11) 
This curve is a Euclidean circle in a horizontal plane and this plane is isometric to 
the Euclidean plane. 


Definition 12.3.1 A spacelike circle in Lorentz-Minkowski space L? is a curve in- 
cluded in a spacelike plane with non-zero constant curvature. 


In the following, by a ‘circle’ we shall mean a spacelike circle. Recall that any 
curve in a spacelike plane P must be spacelike. Since P inherits a Riemannian 
metric, the notion of curvature for a curve included in P is defined in the usual 
sense. We may equivalently define a circle as the set of equidistant points of P from 
a fixed point of this plane, called its center. After a rigid motion of L3, we suppose 
that P is the plane x3 = 0, and in this case, a circle in P may be viewed as a 
Euclidean circle. Here, we understand that a circle is always defined on its maximal 
domain and this implies that a circle of L? is a closed curve. The parametrization is 
a(s) = p+r(coss, sins, 0), s €R, p € P and the curvature is k = 1/r. 

In the plane x3 = 0, let I” be a circle of radius r > O and centered at the origin. 
For each H > 0, there exists a hyperbolic cap with constant mean curvature H 
spanning I”, say, H?(—,/r? + p2e3, p;r), op = 1/H. This surface is the hyperbolic 
cap H*(O, p;1r), followed by a vertical motion until its boundary lies contained in 
the plane x3 = 0 and coincides with the circle I” itself. 

We call the attention to the fact that a circle contained in a hyperbolic plane 
separates the surface into two connected components, but only one of them is a 
compact set. In other words, when we intersect a hyperbolic plane with a spacelike 
plane, we only obtain one hyperbolic cap. This is a difference with Euclidean space, 
where two spherical caps are obtained by intersecting a sphere by a plane. Following 
our study of Euclidean and hyperbolic space, it is natural to ask: 


Are hyperbolic caps and planar disks the only compact spacelike cmc surfaces 
of L? whose boundary is a circle? 


Let I” be a circle of radius r > 0. By Corollary 12.1.8, we know that a compact 
spacelike H-surface spanning J” must be a graph. On the other hand, we already 
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know that for each H € R there exists a planar disk or a hyperbolic cap spanning I" 
and with constant mean curvature H. As a consequence of the uniqueness of space- 
like cme graphs given in Theorem 12.2.2, we conclude [ALT98]: 


Corollary 12.3.2. Planar disks and hyperbolic caps are the only compact spacelike 
cmc surfaces bounded by a circle. 


In the context of this book, this result contrasts to what happens in Euclidean and 
hyperbolic spaces because in this corollary there are no further assumptions on the 
surface, such as appeared in the three conjectures posed in R? and H. Only the case 
|H| < 1 in H? presents the same conclusions (see Theorem 10.5.1). 

Now, we consider a compact spacelike cmc surface whose boundary is a plane 
simple closed curve. In view of Corollary 12.1.8, we know that the surface is a 
graph and by a similar argument as in Corollary 3.1.6, the graph lies on one side of 
the plane P containing the boundary. Moreover, if P is the plane x3 = 0 and if the 
graph M is future directed with 0M C P, then H > Oif and only if M lies below P. 

We generalize this result in a more general setting. First, we drop the condition 
that H is constant and second, we consider that the boundary lies in a spacelike 
plane or a hyperbolic plane. We distinguish both cases. The proof of the next result 
has the same flavor as that of Corollary 3.1.6. 


Theorem 12.3.3 Let P be a spacelike plane. Let M be a compact surface and let 
x :M — L? be a spacelike immersion with x(@M) C P. If the mean curvature 
function H satisfies H #0, then x(int(M)) lies on one side of P. 


Proof Without loss of generality, let P the plane x3 = 0 and let { P; : t € R} be the 
foliation of L* given by the horizontal planes x3 = t. Consider on M the orientation 
N pointing to the future. By contradiction, assume that int(M) has points on both 
sides of P. Then there are p,q € int(M) such that p (resp. q) is the highest (resp. 
lowest) point of M with respect to P. Suppose x3(q) < 0 < x3(p) (the argument 
is similar if x3(q) <0 < x3(p)). With respect to the chosen orientation on M, and 
because P; is a minimal surface, Py,(p) = M around p. The comparison principle 
gives 0> H(p). Since H #0 on M, H <0 on M. At the lowest point qg, the plane 
Py3(q) is tangent to M at q and M > P,,(q) around g (even if x3(g) = 0). The 
comparison principle implies H(q) > 0, a contradiction. 


Corollary 12.3.4 A compact maximal surface in L? with planar boundary is a pla- 
nar domain. 


Proof The result is a direct consequence of Proposition 12.1.7 and Theorem 12.2.2. 
However, we can do the proof without invoking the tangency principle, following 
the same ideas as the proof of Theorem 3.1.12. Let I” be the boundary of M, which 
we assume is included in the plane P with equation x3 = 0, and let D, be a round 
disk of radius r > 0 such that I C D,. Assume that M has points below P and 
let M~ = MN { (x1, x2, x3) € R?: x3 < 0} (similar arguments apply if M has points 


12.3. Spacelike Surfaces with Non-empty Boundary 245 


M 


H?(—\/p? +72¢s,p:7) 


Fig. 12.2 Corollary 12.3.4: comparison of a maximal surface M with the hyperbolic caps 


HP (—y/p? + r?¢3, p;r) 
above P). Consider the 1-parameter family of hyperbolic caps with the same bound- 


ary 0D, given by 
{H? (—y p? +1e3, pir): p> O}. 


Moving each of these surfaces down, and then back up, and since with the 
orientation pointing to the future, the mean curvature of the hyperbolic cap is 
positive, we obtain that M™ is included in the bounded 3-domain defined by 
H?(—/p2 + r2e3, p;r) and D, for all p > 0. Note that the height with respect 
to P for each hyperbolic cap is \/p2 +r? — p. Letting > +00, the height goes 
to 0 and there would be a contact between some H?(—/ p?+re3, o;r) and M—, 
necessarily at an interior point: see Fig. 12.2. This contradicts the comparison prin- 
ciple. 


Assume now that the boundary curve lies in a hyperbolic plane. Given H > 0, 
the space L? is foliated by hyperbolic planes with mean curvature H. Indeed, given 
p = 1/H, consider the family of hyperbolic planes {HI*(te3, 0) : t € R} centered at 
te3 and of radius p. In fact, H?(te3, p) is a vertical translations of H*(O, p). All 
these surfaces have constant mean curvature H for the future-directed orientation 
and foliate the space L? in the sense that two distinct hyperbolic planes of this 
family are disjoint and that for each point of L? there is a unique hyperbolic plane 
through this point. The next result holds for non-constant mean curvature. 


Theorem 12.3.5 Let P be a hyperbolic plane of mean curvature h > 0. Consider a 
compact surface M and let x : M — L? be a spacelike immersion with x(8M) C P. 
If |H| 4h, then x(int(M)) lies on one side of P. 


Proof We may suppose that P is H?(O, pe), with p = 1/h. The surface H*(O, p) 
separates the space L? into two domains, one of them is W = {x € L?: (x, x) < 
— a x3 > O}, the so-called mean convex side of HZ(O, p), because it is the domain 
towards which the orientation that makes h > 0 points. Let us suppose for contra- 
diction that int(M)  (L3 \ W) £9 and int(M) N W XG (the argument is similar if 
int(M) N (L3 \ W) #9 and int(M) NW #@). We orient M by the future-directed 
orientation. By the compactness of M, for values t close enough to —0o, H*(te3, p) 
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H?(te3,p) 


HH? (t1e3,p) 


e3 


Fig. 12.3. The contradiction in the proof of Theorem 12.3.5 


does not intersect M. Let t 7 0 until H?(te3, p) first touches M at t = t, <0 at an 
interior point q. This occurs because int(M) M (L? \ W) # @. First observe that M 
and H?(t1e3, f) are oriented to the future and thus both orientations agree at g as 
depicted in Fig. 12.3. The comparison principle says that H(q) > h. 

Consider now t > 0. Approaching from t = +00, we continue until HI*(te3, p) 
first touches M at t = tz > 0. Here fy is positive because int(M) 1 W 40. Let pe 
HE? (t2e3, p)Nint(M). Now, H? (t2e3, p) = M around p and the comparison principle 
yields h > H(p). By connectedness, there exists an m € M with H(m) =h, which 
is a contradiction. 


In the case that | H| = h, the same argument proves: 


Corollary 12.3.6 Let P be a hyperbolic plane of mean curvature h > 0. Let M be 
a compact surface and let x : M —> L? be a spacelike immersion with x(0M) C P. 
If |H| =h, then x(M) C P or x(int(M)) lies in the mean convex side of P. 


12.4 The Flux Formula 


We turn to the study of compact spacelike cmc surfaces with circular boundary. 
In this section we provide a new proof of Corollary 12.3.2 by means of the flux 
formula. This is surprising when compared with Euclidean and hyperbolic space, 
where the flux formula does not allow us conclude that the surface is umbilical. As 
in Euclidean space, the flux formula relates two integrals along the boundary, one 
of which depends only on H and the boundary curve. Using the same 1-form as in 
the proof of (5.1), we obtain: 


Theorem 12.4.1 (Flux formula) Let M be a compact surface and let x :M > L3 
be a spacelike immersion spanning a simple closed curve I’. Assume that H is 
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constant. For any fixed vector a € L? we have 


cal (a(s) x a'(s),a)ds -{ (N(s) x a'(s),a)ds =0, (12.12) 
aM 0M 


where a: 0M — I is a parametrization of I’, N an orientation on M and x is the 
Lorentzian cross product. 


Proof We only remark that, using the same notation as in Theorem 5.1.1, the basis 
{e1, €2, N} is positively oriented is equivalent to det(e),e2, N) = 1 and e; x eg = 
—N. 


Assume now that I” is a simple closed spacelike curve contained in a plane P, 
which is necessarily spacelike. Let P = (a)+ where a is a unit timelike vector ori- 
ented to the future. Let us consider M oriented to the future direction by N. As in 
Euclidean space, we obtain the corresponding formula (5.5), which is 


-2f Weayam = [ (a(s) x a’(s), a) ds, (12.13) 
M aM 


where 0M is positively oriented. In the closed topological surface M U 2, where 
QC P is the domain bounded by I’, we extend the orientation given by N on M 
and let 7 be the induced orientation on 2. As 7 = —a, we have 


[naam =f ina) dQ = —area({2). 
M 


Q 


Then (12.12) and (12.13) give 


: (N(s) x a'(s),a)ds =2H area(.2). (12.14) 
aM 


It is worth pointing out that, in contrast to the Euclidean case, formula (12.14) does 
not imply any restriction on the possible values of the constant mean curvature. 
This is because it is not possible to get an upper estimate of the function (N x a’, a) 
since N x a’ is a spacelike vector and a is timelike. For example, given a circle I" of 
radius r > 0, the hyperbolic caps H*(O, p; 1), 0 < p < 00, followed by appropriate 
vertical translations, describe a family of compact spacelike H-surfaces spanning I” 
where H = 1/p varies in the interval (0, 00). 

The next proposition gives the Lorentzian versions of Eqs. (2.22) and (2.24). We 
omit the proofs. 


Proposition 12.4.2. Let x : M — L? be a spacelike immersion and let a € L3. Then 
A(x,a) =2H(N,a). (12.15) 


If the immersion has constant mean curvature, then 


A(N, a) —|o[2(N, a) =0. (12.16) 
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We are in a position to prove Corollary 12.3.2 using the flux formula [ALT98]. 


Theorem 12.4.3 Planar disks and hyperbolic caps are the only compact spacelike 
cmc surfaces bounded by a circle. 


Proof After an isometry of 3, assume that the boundary I is a circle of radius 
r > Oin the plane P with equation x3 = 0. Let M be a compact spacelike H-surface 
spanning I”. If H = 0, we know from Corollary 12.3.4 that the surface is a planar 
disk. Now assume that H 4 0 and orient M by the future-directed orientation NV. 
Equations (12.15) and (12.16) give 


A((N, e3) — H(x, e3)) =2(H* + K)(N, e3). (12.17) 
By the divergence theorem, 


i (—(aN(v),€2) + H(v.€3))d5=2 f (H* + K)(N,e3)dM <0, 
aM M 


where v is the inward unit conormal vector of M along 0M and where we have used 
H? + K > Oand (N, e3) < —1. Thus 


/ ((Av, v) + H)(v, e3) ds <0. 
aM 
As 2H = —(Aa’, a’) — (Av, v), we see that 
-| (Aa’, a’)(v, e3) ds < nf (v, e3). (12.18) 
aM aM 
If w is an arc length parametrization, then a’’(s) = —a(s)/r?. As N(s) x a(s) = 


v(s) and e3 is the future orientation of the plane P, the flux formula (12.14) can be 
expressed as 


/ (v, e3) ds =20 Hr’. (12.19) 
aM 
Moreover, 
1 
(Aa’, a’) = —(N’, a’) _ (N, a”) = —aN, a), 
(N,a) = —(a’ x v, a) = —(o xa’, ))= r(v, e3). 
Then 
1 
(Aa’(s), a'(s)) — —=(r(9), 3). 


Substituting into (12.18) and using (12.19), we find that 


i (v, e3)* ds < 20 H?r?. (12.20) 
0M 


12.4 The Flux Formula 249 
Finally, flux formula (12.14) and the Cauchy-Schwarz inequality imply 
2 
An? H?r4 = (/ (v, ex) ds) <2ar [ (v, e3)7 ds. (12.21) 
aM aM 
Combining (12.20) and (12.21), we have equalities and so, 
i (v, €3)° ds = 20 Hr’. 
aM 


In particular, H 24. K =0 on M, which means that M is umbilical. As H + 0, the 
surface is a hyperbolic cap because I” is a circle. 


Remark 12.4.4 The proof is similar to that of Theorem 2.3.8. In this case, since the 
surface is spacelike, the function (N, e3) does not vanish on M. In Theorem 2.3.8 
we assumed that the surface is a graph, which means that (NV, e3) does not vanish. 


We point out that in Euclidean space, Eqs. (2.22) and (2.24) allowed us to obtain 
estimates of the height of a cmc graph or an embedded cme surface (Theorem 2.3.5). 
In Lorentz-Minkowski space, it is not possible to get these estimates depending 
only on H. For this, we follow the same argument assuming that the boundary 
of the surface lies in the horizontal plane x3 = 0. Let N be the orientation of the 
surface pointing to the future. In view of (12.17), AC(N, e3) — H(x, e3)) < 0 and 
the maximum principle gives 


(N, e3) = (x, e3) = min((N, e3) =< A(x, e3)) aN e3). 


On the other hand, 
min N €3 <— 
aM ( ’ ) — ’ 


which is precisely the reverse inequality and we cannot follow the same reasoning. 
Indeed, let HI*(O, ) be the hyperbolic plane of mean curvature H = 1/p and fix a 
horizontal plane /7. Intersect HI*(O, o) with a horizontal plane obtaining hyperbolic 
caps and next displace these caps vertically until the boundaries lie in 7. Then we 
obtain H-surfaces with arbitrary height spanning circles contained in /7. 

However, motivated by the above examples, we get height estimates for a com- 
pact spacelike cmc surface in terms of H and the diameter 6({2) of 2, the latter 
being the domain where the surface is a graph. 


Theorem 12.4.5 Let 2 C R* be a bounded domain and let u € C?(2) N C°(2) 
be a function whose graph is a spacelike surface with mean curvature function H. 
Suppose h > 0 such that |H| <h. Then 


. 1 5(Q2)2h2 1 5(Q2)*h2 
minu 1+ 1) <u <maxu+ 1+ 1). 
aQ h aQ h 


4 4 
(12.22) 


In the particular case that H = 0, we have mingg u < u < maxgqe u. 
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Proof The estimates are obtained by comparing the graph of u with hyperbolic caps 
with mean curvature coming from below and above. There is no loss of generality 
in assuming that {2 is included in the closed disk D,(0) of the plane P of equation 
x3 = 0 where r = 6(&2)/2. Let vp, denote the function whose graph is the hyperbolic 
cap H*(O, p;r), p = 1/h. Let M be the graph of u. Translate H*(O, p; r) vertically 
downward until it is disjoint from M. Then move HZ(O, 31) up until H? (te3, P31) 
first touches M at t = t). Denote by p the contact point. The mean curvature of this 
hyperbolic cap is h with h > |H|. By the tangency principle and 2 C D,(0), there 
cannot exist touching points at a time ¢, until the boundary of HH? (te3, p; 1) arrives 
at the position mingg u. Then 


nt yee +r? <minu. (12.23) 


There are two possibilities for the point p. If p is an (interior or boundary) tan- 
gent point between M and H?(t,e3, p; rr) and because |H| < h, the tangency prin- 
ciple tells us that |H|=h, Mc HH? (tye3, p;r) and we have equality in (12.23) and 
consequently in (12.22). 

The other possibility is that the point p is a boundary point where both surfaces 
M and H?(tye3, pr) are not tangent. Then we have equality in (12.23), that is, 


th + Vo? +r? =mingg u. If g € Q, we find that 


u(4) = vp (4) 2 vp (0) = + p= minu + p— ator B 


Since r = 6(§2)/2 and p = 1/h, we derive the estimate of the left-hand side 
of (12.22). In order to prove the right-hand inequality in (12.22), we use a simi- 
lar reasoning with the reflection of H*(te3, 0; r) about a horizontal plane, coming 
from above. 

For the case H = 0, the proof can be achieved by letting h — 0 in (12.22) or by 
comparing M with horizontal planes. 


If the mean curvature is constant and the boundary is included in the plane P, 
Theorem 12.3.3 gives: 


Corollary 12.4.6 Let 2 cR be a bounded domain. Let H #0 be a real number 
and let u € C?(Q) N.C°(Q) be a solution of (12.9) with u =0 on 82. Then 


1 5(Q2)2H2 
02la S| /14+— 1) one 
|| 4 


and equality holds if and only if the graph of u describes a hyperbolic cap. 


Remark 12.4.7 Let u € C?(Q) M C°(Q) describe a spacelike graph whose mean 
curvature is not necessarily constant. If $2 is a bounded domain, then u is bounded 
in terms of 2 and the value of u on 0{2. Indeed, let p € 2 and consider po € 002 


12.5 A Monotonicity Formula for the Area 251 


the nearest boundary point to p. In particular, the open segment joining p and po is 
included in (2. As |Vu| < 1, the function u is Lipschitz and so, 


|u(p)| < |u(po)| + |u(p) — u(po)| < max |u| + |p — Pol 
Zane. (12.24) 
a2 


However, if the mean curvature is a constant H # 0, the estimate (12.22) improves 
(12.24). 


We may obtain similar height estimates by comparing the graph M with a space- 
like cylinder. After a rigid motion of L?, a spacelike cylinder of radius r > 0 is 


3 2 2 2 
C, = {(x1,x2,.%3) € L 1x4 —X3=—1r ,x3 > O}. 


Take the Gauss map N (x1, x2, x3) = (0, x2, x3)/r, which is future-directed. Then 
the mean curvature is H = 1/(2r). Given a bounded domain 22 C IR?, consider the 
set A of all pairs (L;, £2), where L}, Lz C R? are two parallel lines such that §2 is 
included in the strip of R* determined by L; and Lz. As 2 is compact, let 


O= min{dist(L1, Lo): (L1, L2) € A}. 


Observe that © < 6({2). After a rigid motion if necessary, assume that {2 is included 
in the strip {(x1, x2) € R?: —@O/2 < x2 < ©/2}. Consider the cylinder C,, r = 
1/(2h). Moving C, vertically, as in the proof of Theorem 12.4.5 with hyperbolic 
caps, we obtain: 


Corollary 12.4.8 Let 2 C R* be a compact domain and let u € C?(2)N C°(2) 
be a function whose graph is a spacelike surface with mean curvature function H. 
Suppose h > 0 such that |H| <h. Then 


min u — si + @7h? —1) <u <maxu + A (/1+O%—1). (12.25) 


a2 h 2h 


Notice that this estimate cannot be compared with (12.22) because © < 6({2). 


12.5 A Monotonicity Formula for the Area 


From the preceding section, we know that there are no height estimates for spacelike 
cmc surfaces depending only on the mean curvature. However, we will obtain height 
estimates that relate to the area of the surface, as was established for Euclidean space 
for Theorem 6.1.1 [Lop04]. 
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Theorem 12.5.1 Let x : M — L? be a spacelike immersion of a compact surface 
with boundary included in a plane P.. Assume the mean curvature H is constant. If 
h* denotes the height of M above P, we have 


+ _ |HIAt 
~~ Qt 


h 


, (12.26) 


where A* is the area of the region of M above the plane P. Equality holds if and 
only if M is a planar domain (H = 0) or a hyperbolic cap (H 40). 


Proof After an isometry of the ambient space, assume that P is the plane x3 = 0. 
Let ’ = x(0M). If H =0, M is included in P by the tangency principle, proving 
the result. 

Let us assume then H ¥ 0 and that there are points of M above P. Consider the 
function f : M — R given by f = —(x, e3) = x3, which measures the height of M 
with respect to the plane P. Let h* = maxpem f(p) = 0 and define 


M(it)={peM: f(p=t}, laH={peM: f(p)=t}. 


Set A(t) and L(t) to be equal to the area and the length of M(t) and I(t) respec- 
tively. 

We compute the critical points of the function f. Since V(x, e3) = e3 + 
(N,e3)N, p € M is acritical point of f if |Vf|?(p) = —1 + (N(p), 63)? = 0, ie., 
N(p) = e3. Define on M the functions g; = (N,e;), i = 1,2, where e; = (1, 0, 0) 
and e2 = (0, 1, 0). Therefore the set C of critical points of f is contained in. Nj NNo, 
where N; = g, | ({0}) is the nodal line of g;, i = 1, 2. As in Theorem 6.1.1, the set 
C has zero measure. It follows that A(t) is a continuous function and the coarea 
formulaimplies 


1 
a@=- f ea 
ra lVFI 


where ds; is the line element on the level "(t). By Hélder’s inequality, we find that 


1 
Lays [ aes: | Wilds =a" f IV flds,. (12.27) 
ri IVS rt) rw) 


Recall that |V f| along the curve I(t) is |V f|* = (v;, e3)”, where v; is the inner 
unit conormal vector of M(t) along I’(t). As M(t) lies above the plane P; = {x € 
L? : —(x, e3) =t}, we know (1, e3) < 0. Hence 


IV fling) = — (4, 3). 


It follows from (12.27) that 


L(t) < aw f (vz, €3) dSy. (12.28) 
I(t) 
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For almost ¢ > 0, and by the flux formula (12.14) we have 
-| (v7, €3) ds; = 2|H|a(&2;), 
aM(t) 


where S2; C P; is the region defined by J"(t). Then (12.28) becomes 
L(t)? < —2|A|A’(t)a(Q;). (12.29) 
A similar argument as in Theorem 6.1.1 gives 
Qn <—|A\A‘(t) (12.30) 
for all t > 0. Integrating this inequality from 0 to the height h*, we get 
2ah* <|H|(A(0) — A(h)) =|HIA*, 


yielding the desired estimate (12.26). 

Now we suppose that (12.26) is an equality. In such case, we have equality in 
(12.27) and in the isoperimetric inequalities. This means that |V f| is a constant 
function in each J"(t) and I(t) is a circle, for all t > 0. By Theorem 12.4.3, the 
surface is a hyperbolic cap. On the other hand, it is straightforward that for a planar 
domain and a hyperbolic cap, (12.26) is an equality, and this concludes the proof of 
Theorem 12.5.1. 


Corollary 12.5.2 A compact spacelike surface M of 1? with constant mean curva- 
ture and with planar boundary has area greater than that of a hyperbolic cap with 
the same height and mean curvature as M. 


12.6 The Dirichlet Problem 


Let 2 C R? be asmooth domain, H € R and gE C°(a2). In this section we inves- 
tigate the Dirichlet problem 


div Gat =2H in 
|Vu| <1 in 2 (12.31) 


u= 9 on 082. 


Here div and V are the Euclidean divergence and gradient operators of R?. If u 
is a solution of this problem, its graph is a spacelike surface with constant mean 
curvature H with respect to the orientation given in (12.8) and the boundary curve 
is the graph of the function g. The second condition in (12.31) means that the surface 
is spacelike, as was shown in Sect. 12.2. Let P(H, g) denote the problem (12.31). 

The study of the Dirichlet problem (12.31) presents analogies with the Euclidean 
case, but also some differences. Among these, we mention the following: 
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1. We consider the problem of comparing the size of {2 with the value H. Given 
H #0, hyperbolic caps are H-graphs defined in arbitrarily large domains. This 
contrasts with Theorem 3.3.2. 

2. Let H #0. There are spacelike H-surfaces that are graphs on R? such as, for 
example, the hyperbolic planes z = x2 + y2 + 1/H?. 

3. As in the Euclidean version, Bernstein’s theorem holds in this setting and was 
proved by S.Y. Cheng and S.T. Yau [ChYa76]: the only maximal graph de- 
fined on R? is a spacelike plane. However, the result holds for arbitrary dimen- 
sions, that is, for maximal hypersurfaces in L”. In contrast, a famous theorem of 
E. Bombieri, E. De Giorgi and E. Giusti asserts that in Euclidean space, Bern- 
stein’s theorem is only valid for minimal hypersurfaces of R” with n <7 [BGG]. 


In order to illustrate the techniques involved in the study of the Dirichlet problem, 
and to compare them with the Euclidean case, we shall restrict our efforts to the case 
that 2 is bounded (see [Maz07b] for maximal graphs in unbounded domains). 

We employ the method of continuitydefining the set 


S= {t € [0, 1]: there exists a solution u; of P(tH, tg) \. 


First, we see that S 4 because the domain £2 itself is a graph and so, 0 € S. Next 
we prove that the set S is open in [0, 1] using the implicit function theorem. The 
linearized operator of the mean curvature is the Jacobi operator L = A — |o|? (see 
(12.16)). In this context, the function (NV, e3), where N is the Gauss map, satisfies 
(N, e3) < 0 and L((N, e3)) = 0. By Remark 8.1.5, this suffices to show that the 
kernel of L is trivial and S is an open set of [0, 1]. 

Finally, we show that S is closed in [0, 1]. This is equivalent to having C!- 
estimates of the solutions u, for t € S. The C°-estimates are guaranteed by Corol- 
lary 12.4.6. Moreover, when g = 0, if u is a solution of P(H,0), then u < u; <0 
for all t € [0, 1] and the estimate of |u| implies that of |u;|. 

Estimates of |Vu|are obtained by means of the function (N, e3) and Eq. (12.16). 
As A(N, e3) = |o|7(N, e3) <0, we have inf y(N, e3) = mingy (N, e3). Thus 


sup | Vu;| = max |Vu;|. 
ra aQ 


By the spacelike condition |Vu;| < 1 and the previous argument, we deduce that 
there are gradient estimates provided there is a constant C = C(H, 2) < 1 depend- 
ing only on A and £2 such that 


max |Vu;| < C. (12.32) 
02 


This guarantees the boundedness of the denominator in the mean curvature equa- 
tion (12.31). If g = 0 and in view of Lemma 8.1.12 and since u < u; < 0, we have 


max |Vu;| < max|Vu|. 
IQ IQ 
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Remark 12.6.1 For Euclidean graphs, the smoothness of the solution on 0{2 was 
guaranteed if the graph close to the boundary point did not blow-up at infin- 
ity. For a spacelike graph, we have to prevent the possibility that |Vu| —> 1 as 
(x, y) + 092. The existence of the constant C shows that the surface cannot ‘go 
null’ in the terminology of Marsden and Tipler [MT80, p. 124]. 


Now we are in position to state the main theorem of this section, due to R. Bart- 
nik and L. Simon [BS82], which says that given a bounded domain, there exists a 
solution of the corresponding Dirichlet problem P(H,q@) for any H and for any 
spacelike function @. 


Theorem 12.6.2 Let 2 C R? be a bounded domain. Given H € R and a spacelike 
function @ € C°(9Q), there is a solution of P(H, ¢). 


Other existence results appear in [Bay03, Gri00, Kly95, Qui85, Tho12, Tre82, 
Urs03]. 

For simplicity, the proof will be given in the case g = 0 and we will outline the 
proof of the general case. Before proving the theorem, we will study the particular 
case that §2 is convex. The proof that we present in this case is different from [BS82]; 
it is similar to the proof of Theorem 8.3.2, using on this occasion spacelike cylinders 
as barriers. 


Proposition 12.6.3 Let 2 C R? be a bounded convex domain. Given H € R, there 
is a solution of P(H,0). 


Proof Let u be a solution of the Dirichlet problem P(H, 0). Let C; be the cylinder 
ee _ x = —r?,x3 > 0 whose mean curvature is H = 1/(2r). For each m > r, 
denote by C,(m) the piece of C, given by 


C,(m) = {(x1, x2,43) € Chir < x3 <m}. 


This surface is a graph on the strip Q)m = {(x1,x2) € R? : —Vm? — 7? < x2 < 
Vm? — r2}. See Fig. 12.4. 

There is no loss of generality in assuming that H > 0 and letting M be the graph 
of uw. In particular, u <0 on 92. Fix r = 1/(2H) and take m sufficiently large so that 
5(Q2) < 2/m2 —r? and 2 C Q,.m. By vertical translations ¢;, we move C;(m) 
down until ¢;(C;(m)) does not intersect M and next, we increase ¢ until ¢;(C;(m)) 
first intersects M at t = t,. Since M and ¢;,(C;(m)) are oriented pointing to the 
future and 2 C &2,,m, the tangency principle prohibits a tangent point between both 
surfaces. Thus the value t; is given by the property that d¢;, (C;(m)) is included in 
the plane x3 = 0, that is, t; = —m. Furthermore, M lies in the 3-domain bounded by 
dn (C,(m)) U 2pm. 

We move the surface ¢;, (C;(m)) horizontally until it touches M. Again, the tan- 
gency principle implies that we can move @;, (C;.(m)) without contacting M until its 
boundary touches 02. Since the boundary of {2;., is formed by two parallel lines, 
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Fig. 12.4 Comparing cylinders with spacelike graphs with planar boundary. Along 092, the slope 
of the graph is less than that of the cylinder 


5(2) < 2m? — r2 and 2 is aconvex domain, the above displacements can be per- 
formed in any horizontal direction and touching each point of 02. In conclusion we 
deduce that 


sup |Vu| < sup|Vw| 
aQ IQ 


along 092, where w is the function defining the cylinder ¢;, (C;(m)). This function 
w is w(x1, x2) =4/x5 +r? —m. On O2,,m we find that 


me re 
[Vw] = -—_—_ = C <1 
m 


and this constant C depends only on m and r, or in other words, on 92 and H, 
proving the result. 


We return to the proof of Theorem 12.6.2. Imitating the Euclidean setting we 
need to understand the behaviour of the rotational spacelike cmc surfaces of L?. 
Consider the rotational surface about the x3-axis obtained by the curve (r, 0, w(r)), 
0 <a <r <b. With respect to the orientation pointing to the future (12.8), the mean 
curvature H satisfies 


w" w’ 


2F= wht aa ed 


Recall that the spacelike condition is equivalent to 1 — w’? > 0. Multiplying by r, 
we derive a first integral, namely, 


Hr°-+c= 
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w(0;c) w(r3c) 


&3 


‘ ro = /—-c/H 


Fig. 12.5 Let H > 0. Rotational spacelike H-surfaces {S(c) : c < 0} parameterized by c. The 
rotation curve is w = w(r;c) where w(ro) = 0 with ro = /—c/H 


for a constant c € R. This is written as 


H 2 
w’ = oe (12.34) 


Jr? + (Hr? +0)2. 


Take H > 0. If c=0, the solution is w(r) = /1/H2 +t? + wo, for a constant wo. 
In this case, the surface describes, up a vertical translation, a hyperbolic plane of 
type H?(O,1/H). 

Assume c ~ 0 and denote by S(c) the rotational surface. Given ro > 0, consider 
the initial condition 


w(ro) = wo > 0. 


Denote the solution by w = w(r; c) to indicate the dependence on c, which is de- 
fined on an interval around rg. As the function w’ is bounded, w is defined as long 
as (12.33) is valid, that is, r > 0 and w’ ? < 1. This means that the maximal interval 
of w is (0, 00). Assume that the integration constant c is negative. Let r9 = /—c/H 
and write w = w(r; c) to indicate the dependence on c. It is straightforward that the 
curves w(r; c) have the following properties. See Fig. 12.5. 


1. The function w has at r = ro an absolute minimum, w(ro) = and w” > 0 on 
(0, co). Moreover, lime_, 95 r9(C) = +00. 

2. lim;+9 w’(r;c) = —1. This means that S(c) presents a singularity at the inter- 
section point with the rotation axis and at this point, the surface is tangent to the 
(backward) light-cone from w (0; c). 

3. lime+—o9 w(0; c) = +00. 


Proof of Theorem 12.6.2 for the case ¢ =0 Let u be a solution of P(H,0) and 
denote by M the graph of u. We know that u <0 on 92. Since 2 is smooth, 2 
satisfies a uniform exterior €-circle condition for a small enough € > 0. Take the 
family of surfaces S(c) with the same mean curvature H for rg > € and consider 
the part of S(c) obtained by rotating the function w(r; c) where r € (€, 79). Denote 
this surface by S(c) again, whose boundary 0S(c) is formed by two coaxial circles 
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Fig. 12.6 Comparing the H-graph M with the surfaces of type S(c) 


of radius € and ro. By the properties of these surfaces, take c sufficiently large and 
negative such that ro — € > 5({2). See Fig. 12.6. 

Let g € 92 and take C, acircle in R* \ Q tangent to 0 at the point q. Translate 
the surface S(c) horizontally so that its axis of rotation coincides with the vertical 
line through the center of C,. Move S(c) down below IR? until it does not intersect 
the surface M. Next we move S(c) back by translating vertically upwards. By the 
height estimates given in (12.24), and the choice of c and e, the tangency princi- 
ple guarantees that we can position S(c) so that C,. is a boundary component of 
dS(c) and the surface M lies above S(c) in 92. As w(q) = u(q) = 0, it follows that 
|Vu|(q) is bounded by |Vw|(q), obtaining the desired a priori gradient estimates 
of u along 092. 


Finally, we outline the proof of Theorem 12.6.2 for an arbitrary (spacelike) func- 
tion g. Consider the surface S(c) with boundary the circle C, as in the above proof. 
We replace the notation w by w*. Let w~ = —w*, whose graph S(c)~ is the re- 
flection of S(c) through the plane IR? and dS(c)~ = 0S(c)*+ = Ce. Then S(c)~ has 
mean curvature H > 0 with the downward orientation. 

Claim. Let q € 092. It is possible to choose |c| sufficiently large and choose € 
small enough depending only on y and 2 so that S(c)t and S(c)~ can be positioned 
with the following properties: 


1. Cec R?\ 2 withg eC. 
2. wt <g—(q) < w in dQ — {q}. 


Having proved the claim, an argument similar to that for the case g = 0 proves 
that we can move S(c)* and S(c)~ vertically be an amount g(q) until M is posi- 
tioned between both surfaces and they agree at (g, g(q)). Thus 


|Vul(q) <|Vw*|(q) <max|Vw"| =C<1 


and C= C(H, g, £2). 

The proof of the claim is a consequence of a detailed study of the solutions 
of (12.34): see [BS82, Appendix]. Take the solution of (12.34) with initial condi- 
tions w = w(ro) = 0, where ro = ./—c/H. Let € = —1/c and consider the function 
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w(r; €) defined on the interval (0, r9). Observe that w” > 0 in this interval and that 
w has a minimum at r = rg. Now (12.34) is 


Her? —1 
Ver? + (Are — 12 


wne= 


Let maxg |V¢| = p < 1 and fix uw < uy < 1. As w'(r; €) is strictly increasing on r, 
consider the value r; =r, (€) where w’(r1; €) = —1. We prove that lime_,9 71 (€) = 
+oo. For small values e, 


1 — Her? 1 — Her? 
> : 
Vi+eer2 1l+er? 


If we wish (1 — Her*)/(1 + €r7) > 11, then 


—w’'(r) > 


1 jl-m 
t= 
JVeV witH 


—> +00, 


ase —> 0. 

We prove the claim. Let g € 0§2. Choose € sufficiently small such that r;(€) > 
5(§2). Reducing € if necessary, consider the circle C, centered at the origin of coor- 
dinates and, after a translation, we suppose that g € 92M dC, with C, C R*\ Q. 
On 2 we have |V¢g| < 41 < |w’| < supg|Vw]. Let c = —1/e. Then S(c)t, with 
Ce C AS(c)*, coincides with ¢ at q and it lies completely below the graph of ¢. 


Appendix A 
The Variation Formula for the Area 
and for the Volume 


Consider an orientable surface M and let x : M — R? be an isometric immersion. 
Denote by the same symbol (-, -) both the metric of R? and the metric induced on M 
by the immersion x. A variation of x is a differentiable map X : M x (—e, €) > R? 
such that for each t € (—e,€), the maps x,: M—> R? given by x;(p) = X(p,t) 
are immersions for all t and for tf = 0, we have x9 = x. The variational vector 
fieldé : M —> R? associated to X is defined by 


_ aX(p.t) 
ne ae 


r) 
E(p) (p)= (dX) p,0) (0 x) pemM. 


ot 


If U € X(M) is a tangent vector field on M, U extends to a vector field along the 
variation X as 


U(p, t) = (dX)(p,t)(Up, 0) = (x1) p(Up). 


The covariant derivative of U is defined by 


where D/dt is the covariant derivative in R>. 
From now, assume that M is a compact surface. Denote the area element of x and 
x; by dM and dM, respectively, and define the functional area A : (—e, €) > R? by 


A(t) =) dM,. 
M 


Proposition A.0.1 (First variation for the area) The function A is differentiable at 
t =0 with 


A= —2 f HIN, 6)aM — | (v,&) ds, (A.1) 
M aM 


where v is the inner conormal vector of M along 0M and H is the mean curvature 
of the immersion. 
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262 A The Variation Formula for the Area and for the Volume 
Proof Consider a geodesic frame {e;, e2} around a point p € M and let {E 1, E>} be 


vector fields along the variation X that extend e; and e2 in a neighborhood of p, 
respectively. Then 


dAr(p) = (|(dx1) p(ev)|"|(dxr)p(e)|" — (dx) ple), (dar) pe)? 


= JEW. 1)G(p,t) — F(p, t)2, 


where we denote by E, F and G the coefficients of the first fundamental form of 
the immersion x;. Since M is compact, the parameter dependence theorem gives 


a= f + 
=] 5 


1 
= Al (E'(p,0) + G'(p, 0) dM. 
M 


VE@.DG(p.1) — F(p.)2dM 
=0 


t 


Here we have used that E(p, 0) = |E\(p, 0)|* = 1, G(p, 0) = |E2(p, 0)? = 1 and 
F(p,0) = (Ei (p,0), E2(p, 0)) = 0. Denote by E; and E2 two vector fields along 
X extending E; and EF». For the first coefficient EF, we find that 


E(p, t) = ((dx;)p(E1(p, 8), (dx1) p(E1(p. 1) = (£1, 1), Ep, 0). 
Then 


d : DE, % DE, 
—| =E(p,0)= (0, 0), Ei(p, 0) = (0, 0), (as)plen)) 


dt |,=0 
(A.2) 
If [-, -] denotes the Lie bracket in the product manifold M x (—e, €), we see that 


| (£00).0), (0 x) = 


0 
(a) (E00). 0), (dxo(°. >) =e 


Then 


and so, 


ax 
0 a wll) 
Vax cp, 41) p(E1()) = Viens t), 


where V® is the Levi-Civita connection of R?. At t = 0 we obtain 


ax 


0 mae 
E\(p.0) at” ee) 


a 
Vi(p) E1 = V 
The Gauss formula gives 


Ve, £1 = Ve, Ei +(e1, er) N, 
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where V is the induced connection on M, o is the second fundamental form of x 
and N is an orientation on M. We decompose the variational vector field & into its 
tangent and normal parts: € = €' + €+. Then 


ox 
Venogr 0), (dx)p(e)) 
= (Ve, €, (dx) p(e1)) = e1(&, dx(E1)) — (E(p), Ve, E1) 
= e\(&',dx(E1)) — (Ve, E1,€')—o(e1, e1)(N, €) 
= (Ve,&,e1) — o(e1, e1)(N, &), 


where & € X(M) such that dxp(p) = &, . Finally, (A.2) is now 
E'(p, 0) = 2(Ve,€, e1) — 2a (e1, 1) (N, €). 
Similarly for the coefficient G, we obtain 
G'(p, 0) = 2(Ven8, €2) — 20 (en, €2)(N, €). 
Then 


E'(p, 0) + G'(p, 0) = 2div(é) — 4H(N, &). (A.4) 


Using the divergence theorem: 


a= f (siv@) — 211(N,8))am =— [ (v. Bods —2 f H(N,é)dM, 
M 0 M 


M 


where v is the unit inward conormal vector of M along the boundary. 


For each ft, define the volume of x; as 
1 
Vt)=-Z (x;, N(t)) dM,, 
3 Ju 


where N : M x (—e, €) > R? is a differentiable map and N(t) = N(—, t) defines 
an orientation on x;. 


Proposition A.0.2 (First variation for the volume) The function V is differentiable 
at t =0 with 


vo=-| (N,é)dM. (A.5) 
M 


Proof Using the above notation, the expression of the volume functional is 
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1 
vin=—5 f (No. x)am 
M 


1 
=-; [ (v(t), x: E(p. NG(p,) — F(p, 12d. 


The parameter dependence theorem for the function V(t) and (A.4) imply 


3V'(0) = z 
@=-f 5 


For the first integral, 


(weo.x)am — | (divé —2Hf)(N,x)dM.  —_ (A.6) 
t=0 M 


dt 


d 
(N(t), x1) = (5 


No.) + (N,&). (A.7) 
=0 


t=0 t= 


As (N(t), N(t)) = 1, 2 |-0N (1) is orthogonal to NV. On the other hand, if u € T,M, 
(N(t)(p), (dx;) p(u)) = 0 and then 


a 
ot 


Let U(p, t) = (dx) p(w). Then 


0 
N(t)(p), i) + (won, ai (axp Co) =0. (A.8) 


t=0 t=0 


ax 
0 0 
U(p.t)= VEv(p) ay = Nae 


ot 


ioj=— 
pate ae 


t=0 t=0 


For each u € T,M, (A.8) gives 
) 
ot 


Since this holds for all u € T,M, we conclude that 


N(t)(p), ‘) = —(N(p), Vi}é) = —u(N, &) + (VN, &) 
t=0 


= —u(f) —(A(u), €) = —u(f) — (Au), €"). 


ot 


N(t)(p) =-Vf — A(E"). 
0 


t= 


Now (A.7) gives 


a (N(t), x1) = —(V f, x) — (A(E'), x) + f. 


t=0 


Thus (A.6) is 


sv(O)=— fl (f= (fix) (AST x} + (Wx) div ~ 2H, x)) dM. (A.9) 
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On the other hand 
div((N, x)€') = (N, x) divé' +(V(N, x),€") = (N, x) divé' + (dN(x'),é") 
= (N,x)divé —(Ax',é"). 
Furthermore 
div(fVx') = fdiv(x') +(Vf,x')= f(2+2H(N,x)) + (Vf, Vx"). 


Using the previous two expressions, (A.9) yields 
3V/(0) =— / (3,f + div((N, x)&') —div(fVx'))dM 
M 
- -3[ fdM +f ((N, x)(v,€")+ f(x", v)) ds. 
M aM 


If the variation preserves the boundary, then = 0 along 9M. Thus f andé! vanish 
along 0M, obtaining finally 3V’(0) = — ie fdM. 


We now calculate the second derivative for the area A(t). First, we compute 
J; (0). 
H 


Proposition A.0.3 (Second variation for the area) Let M be a compact surface 
and let x : M — R? be an immersion of constant mean curvature H. Let X: M x 
(—e, €) > R? be a normal admissible variation of x and — = f N the variational 
vector field. Then 


1y0)=-[ F(af+ioPf) am, 
M 
where Af is the Laplacian of f. 
Proof For a proof, see also [BC84, Law80, Spi79]. Denote by H(t) the mean cur- 


vature of each immersion x;. 
Claim. The derivative of H(t) at t = 0 is 


1 
H'(0) = 5(4f + lol’ f). (A.10) 


Assume that the claim is proved. From (A.1), (A.5) and the expression of Jy we 
have 


Jyy=—2 | (HH) Foam, 
where 


OX. 
fo=(>. w}. 
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The second derivative of Jy is then 


ini) =—2 f “SOL” roam, -2f (am -m)OY. 
M t M ot 


As att = 0, H(0) = H, we have 
JZ0)= -2 f H'(0) f dM 
M 


and (A.10) proves the result. 
Therefore, it remains to prove (A.10). Let p € M and let {e1, e2} be a geodesic 
frame around p. Let e;(t)(p) = (dx;) p(e:). Then the mean curvature H(t) of x; is 


H(t)= 


1 GOVE e1O, NO) —2FO(V2 yea), NO) + EOAV2, yea), NO) 
2 E()G() — F(t)? 


We follow the proof of Proposition A.0.1. Since the variation is normal, & T—0, and 
thus, € = 0. As (N,é) = f, we have 


E'(p, 0) = —20(e1, e1) f, F'(p, 0) = —20 (e1, e2) f, 
G'(p, 0) = —20 (ep, e2) f. 


Since N’(0) is orthogonal to N, eye e;, N’(0)) = 0. The derivative of H(t) att =0 
is: 


1 
H'(0) = (Gore, e1) — 2F'(O)o (e1, €2) + E’O)o (e2, €2)) 


1 / / 
= 5 (7 (e1,e1) + 0 (e2, €2))(E'(O) + G0) 


2 
1 d 
+5 


Ve, ayei), v) 
t=0 


2 


d 
_ 2 
= (4H* -—2K)f+ Ay dt|_ 2 


Vo ne): v) (A.11) 


Using that the variation is normal and (A.3), we obtain 


2 2 2 
d 0 00 
(ng ca ae = 2% Vina ar’ 
i=l t=0 


t=1. i=l 
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2 


“Zool (SE) roan 


i=1 


Together with (A.11), this proves the identity (A.10). 


We point out that the statement of Proposition A.0.3 holds for any variation, not 
necessarily a normal variation: for a proof, see [BC84]. 


Corollary A.0.4 Let M be a compact surface and let x : M — R? be an immersion 


of constant mean curvature H. Let X : M x (—€, €) > R? be a volume preserving 
normal admissible variation of x and = f N the variational vector field. Then 


Ano =— | f(Atlo? f)aM. 
M 


Proof We know that J;;(t) = A’ (t) + 2HV"(t). As the variation preserves the vol- 
ume, V’(t) = 0, hence, J;,(0) = A” (0) and we apply Proposition A.0.3. 


Appendix B 
Open Questions 


We formulate some open problems that arise from the discussions in this book. 
We exclude those problems that can be proposed in other ambient spaces, arbitrary 
dimensions or where H is not constant. Here, when we say ‘Show’ we mean ‘Prove 
or disprove’. 


1. 


10. 


Let M be an immersed cme disk in R? spanning a circle. Show that the surface 
is a planar disk or a spherical cap (Conjecture 1). 


. Let M be a compact embedded cme surface in R? spanning a circle. Show that 


the surface is a planar disk or a spherical cap (Conjecture 2). 


. Let M be a compact cmc surface in R* spanning a circle. Assume that the 


surface is stable. Show that the surface is a planar disk or a spherical cap (Con- 
jecture 3). 


. By combining two of the three above hypotheses, show that the surface is a 


planar disk or a spherical cap. 


. The analogous versions of the above conjectures in hyperbolic space H?. In this 


case, assume |H| > 1. Show that the surface is umbilical. 


. Show that a compact star-shaped cmc surface in R? spanning a circle is a spher- 


ical cap (boundary version of Jellet theorem). 


. Let I and I> be two coaxial circles in parallel planes and let M be a compact 


embedded cme surface in R* spanning I, U I>. Show that M is a surface of 
revolution. 


. Let I and I> be two convex curves in parallel planes and let M be a compact 


embedded cme surface in R* spanning I, U I. Show that M is a topological 
annulus (Meeks conjecture for cmc surfaces). 


. Let I’ be a simple closed convex curve in a plane P. Let M be a compact 


embedded cme surface in R? with 2M = I. Assume that M lies on one side of 
P.. Show that M is a topological disk (Conjecture in [BEMR91]). 

Under the assumptions of the previous item, assume, in addition, that M is a 
graph on P \ 2 around dM, where 2 C P is the domain bounded by I’. Show 
that M is a bigraph, that is, M = M, U Mo, where M, is a graph on a domain 
DC P, with 2 C D and Mj is a graph on the annulus D \ 2. 
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11. 


12. 
13. 
14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


B_ Open Questions 


Let I C R? be a simple closed curve included in a plane P. Denote by L 
its length and a({2) the area of the domain (2 that is bounded by J’. By the 
flux formula, we know that |H| < L/(2a({2)) for any H-surface spanning I". 
Determine whether the value H = L/(2a(S2)) is always attained, or otherwise 
find counterexamples. 

Study the above problem when J” is an ellipse. 

Given a bounded domain 2 C R?, consider H-graphs in R? on 2 with bound- 
ary 082. Study when Aina, = L(082)/(2a(&2)) (see Corollary 8.1.16). 

Let M be a compact H-surface immersed in R? spanning a circle, H #0. If M 
is included in a slab of width 1/|H|, show that M is a small spherical cap. If 
the width of the slab is less than 2/| |, show that M is a spherical cap. 

Let H > 0. Show that the only closed H-surface immersed in R? included in 
the closure of a slab of width 2/H is a sphere. 

Consider a compact cme surface M immersed in R? spanning a circle I’. If the 
angle between M and the boundary plane is constant along I”, show that M is 
a planar disk or a spherical cap. 

Let 2 C R* be a bounded domain. Let M be a compact cmc surface immersed 
in R? spanning 8§2. Assume M is included in the solid right cylinder deter- 
mined by (2. Show that M is a graph on §2. Consider stronger assumptions on 
92, for instance that §2 is convex. 

(Rosenberg conjecture: see [Hof93, p. 21].) Consider a non-circular closed con- 
vex curve J” included in a plane P.. Show that there exists a positive number Vr 
depending only on I" such that, if M is a compact cme surface in R? spanning 
I and with volume V > 0, then: 


a. If V < Vr, then M lies over the plane P. 
b. If V = Vp, then M is tangent to P at the points of minimum curvature of I”. 
c. If V > Vr, then M has points on both sides of P. 


Let 2 be a planar domain. Show that the only compact cme surface in R? with 
boundary 02 is a graph if the enclosed volume is sufficiently small. 

Let 92), 22 C R? be two bounded convex domains with 21 M 922 = ¥. Show 
that there do not exist compact cme surfaces immersed in R? spanning 82, U 
022 with volume sufficiently small. 

Let M be a compact embedded H-surface in R? with planar boundary such that 
its area A satisfies 


AH? <2n. 


Show that M is a graph. 
Let I C R? be a simple convex plane curve of length L. Show that there exists 
a compact H-graph in R* spanning I" if 
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23: 


24. 


25. 


26. 


27. 


28. 


29. 


Let 2 C R? be a bounded convex domain of area a(2). Show that there exists 
a compact H-graph in R? spanning 32 if 


a(Q2)H? <x. 


Let 2 C S* be a domain. Let M C R? be a compact radial cme graph on 2 
with boundary 3{2. Give conditions to guarantee that M lies on one side of S?. 
Let 2 C R? be a convex planar domain. Prove that the level curves of a cmc 
graph in R? with boundary 9 are convex. S. Sakaguchi and J. McCuan gave an 
affirmative answer assuming, respectively, that the value of the mean curvature 
H or the enclosed volume by M is sufficiently small [Mcc99, Sak89]. Recently 
X.-J. Wang has announced a counterexample where the level curves are not 
all convex [Wng12]. In such a case, give a control of the distribution of the 
convex level curves. It is known that the height of the graph is less than or equal 
to 1/|H|. Show that the levels between the heights 1/(2|H|) and 1/|H| are 
convex, as occurs for pieces of unduloids. 

Let @ C R* be a convex domain and let M be an H-graph on 2 with 
dM = 082. Give conditions that ensure that the surface is convex. We point 
out that by cutting off an unduloid with a parallel plane to the axis of rotation in 
such a way that the compact part contains an inflection point of the generating 
curve, this surface is a graph with convex plane boundary but there exist points 
with negative Gaussian curvature K: [Fin88, pp. 189-191]. See also the com- 
puter graphics in [Hof93] using Brakke’s Surface Evolver program. In fact, the 
control of the set M~ = {p € M; K(p) < 0} allows us to show that if M~ 49, 
then M~ must extend up to the boundary 0M of the graph [HL98]. In the con- 
text of capillarity, see [CY82, Fin83, Kor83a, Kor83b]. 

Extend the monotonicity formula given in Theorem 6.1.1 to hyperbolic space 
when the boundary lies included in a geodesic plane, an equidistant surface or 
a horosphere. 

Let P be a horosphere or an equidistant surface of H? and let M be a compact 
embedded cme surface in H? whose boundary is a convex curve included in P. 
Show that if M is transverse to P along 0M, then M lies on one side of P. 
Let I” be a simple closed curve in HI’ contained in a horosphere or an equidis- 
tant surface. Find an amenable formula for H in terms of I” for a compact 
H-surface in HP spanning I’. 
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